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SOME CHARACTERIZATIONS OF LOCALLY SEPARABLE
METRIZABLE SPACES

XUN GE

ABSTRACT. In this paper, we prove that a space X is a locally separable metrizable
space iff X has a locally countable base, iff X is a locally Lindel6f space with a
o-weakly hereditarily closure-preserving base.

1. INTRODUCTION

A space X is locally separable (resp. locally Lindelof, locally hereditarily separable)
if for each z € X, there is a neighborhood U of x such that U is a separable (resp.
Lindelof, hereditarily separable) subspace of X. A locally separable metrizable space
means a metrizable and locally separable space (see [4], for example). P. Alexandroff
[1] characterized locally separable metrizable spaces by topological sums of separable
metrizable spaces (also see [4, 4.4.F(c)]). Notice that a space X is a metrizable space
iff X has a o-locally finite base (the classical Nagata-Smirnov Metrizable Theorem,
see [7, 8], for example) and a space X is a separable metrizable space iff X has a
countable base. It is natural to raise the following question.

Question 1.1. Can locally separable metrizable spaces be characterized by spaces with
a certain base?

On the other hand, D. K. Burke, R. Engelking and D. Lutzer[3] proved that a
space X is a metrizable space iff X has a o-hereditarily closure-preserving base to
generalize Nagata-Smirnov Metrizable Theorem, and give an example to show that
“hereditarily closure-preserving” can not be relaxed to “weakly hereditarily closure-
preserving” here. Thus we have the following question.

Question 1.2. Is a locally separable (resp. locally hereditarily separable, locally
Lindelof) space with a o-weakly hereditarily closure-preserving base a locally separable
metrizable space?
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In this paper, we investigate Question 1.1 and Question 1.2. We prove that a space
X is a locally separable metrizable space iff X has a locally countable base, iff X is
a locally separable space with a o-locally countable base, iff X is a locally Lindelof
space with a o-weakly hereditarily closure-preserving base.

Throughout this paper, all spaces are assumed to be regular and 77. N and wq
denote the set of all natural numbers and the first uncountable ordinal, respectively.
Let P be a family of subsets of X. | JP and P denote the union |J{P : P € P} and the
family {P : P € P}, respectively. If A is a subset of a space X, then (P)4 and P A
denote the subfamily {P € P : P\ A # 0} of P and the family {P(NA : P € P},
respectively. If x € X, then (P)y,, is abbreviated to (P),. Let U and V be two covers
of a space X. V is called a refinement of U, if for every V € V there is U € U such
that V' C U. A refinement V of U is called an open refinement of U, if each element
of V is open in X. One may refer to [2] for undefined notations and terminology.

2. SPACES WITH A o-LOCALLY COUNTABLE BASE

Definition 2.1. Let U be a family of subsets of a space X.

(1) U is called point-countable if (U), is countable for each x € X.

(2) U is called locally-countable if for each x € X, there is a neighborhood U, of
such that (U)u, is countable.

x

(8) U is called star-countable if (U)y is countable for each U € U.

Remark 2.2. [t is clear that each star-countable open cover of a space X is locally-
countable.

Definition 2.3. A space X is called meta-Lindelof if each open cover of X has a
point-countable open refinement.

Lemma 2.4. Let X be a separable, meta-Lindelof space. Then X is Lindelof.

Proof. Let U be an open cover of X. X is meta-Lindelof, so there is a point-countable
open refinement V of . Let D be a countable dense subset of X, and put V' = (V)p. It
is clear that V' is countable. We claim that V' covers X. In fact, if z € X, thenz € V
for some V € V. Disdense in X,s0V (D # (), hence V € V', consequently, V' covers
X. For each V € V', there is Uy € U such that V C Uy. Put U’ = {Uy : V € V'},
then U’ is a countable subcover of /. So X is Lindelof. O

Lemma 2.5. The following are equivalent for a space X.
(1) X has a locally-countable base.
(2) X has a star-countable base.

Proof. (2) = (1) from Remark 2.2. We only need to prove that (1) = (2).

Let B be a locally-countable base of X. For each x € X, there is a neighborhood
U, of = such that (B)y, is a countable subfamily, put B, = {B € B: B C U, } and
B'=J{B, : x € X}. Tt is easy to prove that B’ is a star-countable base of X. O

The following lemma is due to [2, Lemma 3.10].
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Lemma 2.6. Let B be a star-countable family of subsets of a space X. Then B
can be expressed as B = |J{Ba : @ € A}, where each subfamily B, is countable and

(UBx) N(UBg) =0 whenever o # 3.

Theorem 2.7. The following are equivalent for a space X .
(1) X is a locally separable metrizable space.
(2) X is a locally separable space with a o-locally-countable base.
(8) X is a locally Lindelof space with a o-locally-countable base.
(4) X has a locally-countable base.
(5) X is a topological sum of separable metrizable spaces.

Proof. (1) = (2). It is clear.

(2) = (3). Let X be a locally separable space with a o-locally-countable base B.
For each x € X, there is a neighborhood U of x such that U is separable. It suffices to
prove that U is Lindelof. It is easy to see that B(U is a o-locally-countable base of
subspace U. Notice that each space with a o-locally-countable base is meta-Lindelof.
Thus, U is separable and meta-Lindel6f. By Lemma 2.4, U is Lindel6f.

(3) = (4). Let X be a locally Lindelof space with a o-locally-countable base
B = J{B, : n € N}, where each B,, is locally-countable in X. Let 2 € X and let
U be a Lindel6f neighborhood of x. Let n € N. For each y € U, there is an open
neighborhood Uy, of y such that U, intersects at most countable many elements of B,,.
The open cover {U, : y € U} of U has a countable subcover V. Put V = [JV, then
U C V and V intersects at most countable many elements of B,,. So U intersects at
most countable many elements of B,,. Moreover, U intersects at most countable many
elements of B. Thus B is a locally-countable base of X.

(4) = (5). Let X have a locally-countable base. Then X has a star-countable
base B from Lemma 2.5. By Lemma 2.6, B can be expressed as B = |J{B, : @ € A},
where each subfamily B, is countable and (|J B.) (U Bg) = O whenever « # 3. For
each a € A, put X, =JB,, then {X,, : @ € A} is a family of mutually disjoint open
subspace of X. So X is a topological sum of {X, : @ € A} X = &{X, : a € A}
For each v € A, it is easy to see that B, is a countable base of subspace X, so X,
is a separable metrizable space. Thus, X is a topological sum of separable metrizable
spaces.

(5) = (1). Let X be a topological sum of separable metrizable spaces. It is clear
that X is locally separable. On the other hand, it is well known that each topological
sum of metrizable spaces is metrizable (see [4, Theorem 4.2.1] or [6, Theorem 2.1.8],
for example). So X is metrizable. O

3. SPACES WITH A o-WEAKLY HEREDITARILY CLOSURE-PRESERVING BASE

Definition 3.1. [3]. Let P be a family of subsets of a space X .

(1) P is called closure-preserving if | JP' =P’ for any P' C P.

(2) P is called hereditarily closure-preserving if {H(P) : P € P} is closure-preserving
for each P € P and any H(P) C P.

(3) P is called weakly hereditarily closure-preserving if {xp : P € P} is closure-
preserving for each P € P and any xp € P € P.
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Lemma 3.2. Let X be a Lindelof space with a o-weakly hereditarily closure-preserving
base. Then X is first countable.

Proof. Let B = |J{B, : n € N} be a o-weakly hereditarily closure-preserving base of
X, where each B,, is weakly hereditarily closure-preserving. We only need to prove
that for each non-isolated point x of X, there is a countable neighborhood base at x.
Let x be a non-isolated point of X, it suffices to prove that (B,,). is countable for each
n € N. If not, then there is n € N such that (B,), = {Ba : @ < A} is uncountable,
where A > wy. Because X — {z} is not closed in X, U((X — {z}) # 0 for any open
neighborhood U of z in X. Pick 21 € By (((X—{z}), 22 € (Ba—{x1}) (X —{x}). For
a < wq, assume that we have obtained z, € (Boy—{zs: 8 < a}) (X —{z}) such that
xzg € (Bg —{zy : v < B}) (X — {a}) for each § < a. Since {B, : a < A} is weakly
hereditarily closure-preserving, {zg : 8 < a + 1} is closed in X, thus (Ba+1 — {23 :
B <a+1}) (X —{z}) #0. Pick zo41 € (Bay1 —{zp: 8 < a+1}) (X — {z}).
By the induction method, we construct an uncountable subset B = {24 : @ < w1} of
X such that B is a closed discrete subspace of X. This contradicts Lindelofness of
X. O

Remark 3.3. “Lindelof” in Lemma 3.2 can be replaced by “hereditarily separable”
from the proof of Lemma 3.2.

Corollary 3.4. Let X be a locally Lindelof (or locally hereditarily separable) space
with a o-weakly hereditarily closure-preserving base. Then X 1is first countable.

Proof. By Remark 3.3, we only give a proof for the non-parenthetic part. Let B be
a o-weakly hereditarily closure-preserving base of X. Let z € X, then there is a
neighborhood U of x such that U is a Lindel6f subspace of X. It is easy to check that
B\ U is a o-weakly hereditarily closure-preserving base of subspace U. By Lemma
3.2, U is first countable, so There is a countable neighborhood base B, at x in U.
Note that U is a neighborhood of z, so B, is a countable neighborhood base at = in
X. O

Lemma 3.5. Let P ={P, : a € A} be a weakly hereditarily closure-preserving family
of subsets of a first countable space X. Then P is hereditarily closure-preserving.

Proof. If P is not hereditarily closure-preserving, then there are A’ C A and z €
U{Hs :a e N} — | {H, : @ € A}, where H, € P, for each o € A’. Because X is
first countable, there is a sequence {x,} in | J{H, : @ € A’} such that {x,} converges
to x. Without loss of generality, we can assume that z, # z,, for all n # m and
x # xp for each n € N. Put K = {x, : n € N} U{z}. If there is « € A’ such that
K (N H, is infinite, then z is a closure point of K (| H,, so x € H,, a contraction.
If for each « € A’, K() H, is finite, put ny = 1, then there is ay € A’ such that
Xn, € Hy,. As K[\ H,, is finite, there is ny > n; such that x,, € H,, for some
as € A — {a1}. By the induction method, we obtained a subsequence {z,, } of {z,}
such that x,, € H,, for each k € N, where {ay : k¥ € N} is mutually inequivalent.
Thus = € {z,, : k € N} and = & {z,,, : kK € N}. This contradicts that P is a weakly
hereditarily closure-preserving. O
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The following theorem is obtained immediately from Corollary 3.4, Lemma 3.5 and
[3, Theorem 5].

Theorem 3.6. A locally Lindeléf (or locally hereditarily separable) space X is metriz-
able iff X has a o-weakly hereditarily closure-preserving base.

Corollary 3.7. A space X is a separable metrizable space iff X is a Lindelof space
with a o-weakly hereditarily closure-preserving base.

Related to Theorem 3.6, we have the following question.

Question 3.8. Is a locally separable space X with a o-weakly hereditarily closure-
preserving base metrizable?
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