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Certain classes of Bilateral Generating Functions involving
multiple series with arbitrary terms

M.A .Pathan, B.B. Jaimini’ and Shiksha Gautam/

ABSTRACT. In this paper we have established three theorems on bilateral gen-
erating relations for functions of several variables. In Theorem 1 the bilateral
generating relation for two multiple series with essentially arbitrary terms is ob-
tained while the Theorem 2 is its confluent case. The Theorem 3 aims at deriving
a new generalization of the confluent form of the Theorem 2.

As applications of these theorems the bilateral generating functions for mul-
tivariable hypergeometric polynomials are obtained. Certain expansion formu-
lae involving generalized Lauricella function of several variables are also derived.
Some polynomial expansion for hypergeometric series of one and more variables
and certain bilateral generating functions for celebrated hypergeometric polyno-
mials are also mentioned as known special cases of our main findings.

1. Introduction

The Pochhammer symbol is defined by [3, p.16; eqns. (2),(3)]:

1, ifn=0,

(1.1) (Mn = AA+1)---(A+n—-1), forallne{l,2,3,---}.

so that [3, p.17. eqns. (9),(12)]

(1.2) O‘)ern = (Mm ()\—i-m)n )

and

1.3 Ly = E0I g g
( . ) ( n)k = my IR N
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The generalized Lauricella function of several variables is defined and represented
as follows [3, p.37, eqns.(21)-(23)];

&

[(a):0,--- 79(n)] () ;- ;[(b(n)) . ¢(n)];

= C:D';-- ;D(n) L1, ,Tn
[(€): /s ] [(d) 2 8] 5 [(d™) = 6);
o) ™ e
14) = Q ) Yt S
(1.4) Z ) (my,---,m >m1! o
My, yMp=—
where
A B’ ) B n)
H (aj)mlef-+"~+mn9,(-") H (bj)m@; H (bj )mndﬁ")
Q(m m ) J=1 ’ 7g=1 j=1 3
1 y M) =
C D’ D)
11;11(Cj)m1w§'+"'+mnw.§'n) jl;ll(d;')m“sé jl;[1 (d ))mn5§”>

The coefficients

ej(k)v .7:1’27 aAv ¢§k)a ]:172a aB(k)7 w§k)7 .7:1727 707

0, j=1,2,--- D" forallk € {1,--- ,n}

are real and positive, (a) abbreviates an array of A parameters ay,--- ,ax, (b*) abbre-
viates the array of B¥) parameters bEk), j=1,2,,---,B® forallk € {1,2,---,n}
with similar interpretations for (¢) and (d®)), k =1,2,--- ,n etc.

The Legendre’s duplication formula [3, p.17 eqn.(13)]:

(1.5) (Mo = 22" (2>n <A2+1>n

and following series transformations are also required [4, pp.100-102 eqns. (1),(17)]:

(1.6) SN Akn) = YD A(k, n—k)

n=0 k=0 n=0 k=0

and
00 M<n ) 0o

(1.7) S> T bk ken) = > > ke kein+ M)
n=0ky, - k=0 n=0kq,- k=0

where M = mqky + - +m,k,.

Motivated by the results on bilateral generating functions due to Srivastava and
Pathan [6,7] and the polynomial expansion due to Srivastava [2], we have established
our main results. Our proposed generalizations include the multivariable hypergeo-
metric polynomials as well as the hypergeometric functions of several variables.
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2. Main Theorems

For bounded complex coefficients A(ky, - - - , k,.) and Q!2:+Ls for all n, k; € {0,1,2---},
l;e{0,1,---},i=1,---,r,j=2,---,s, and let

oo (oo}
¢(t71ﬂlxla"' 7t§nrx7‘; t27"' ats) = Z Z A(kla 7kT)
ki, kr=01g,,1s=0
loy )l te otk .
(2.1) Q)P ()P 2 M=) mik;
I ! P

the following three theorems are established in this section.

Theorem 1. Let ¢t x1, - ,t]" @y ta, -+ ,ts) be defined by (?7), then

[eS) (7t )n M<n
tmlxa"'atmrm;t7"'7t = ! -n A+n
STy, s by 1) ;n!(Hn)nk;ﬂ( Jar(AFn)

1, yRr=—
k RS R
2.2 x Aki.---  k 1L gk _nth 71 7s
22 e bl xrl Z;_O A+2n+1), Ll L]
15" 5ls—

T

where M = Y m;k;, provided that for every complex number X # 0,—1,—2,--- the
i=1

result in (?7?) exists.

Theorem 2. Let ¢t x1, - ,t]" @y ta, -+ ,ts) be defined by (?7), then

oo n M<Ln
S ) = 5 TS,
n=0 ki, kn=0
- Lo, Bt
(23) X A(klv 7kr)1.]1€11,71frl zl: OQTfjrll,gﬁll l::'
1y 3ls=—

-
where M = Y m;k;, provided that the result in (??) exists.

i=1

Theorem 3. Let ¢t x1, -+ ,t]"xy;ta, -+ ,ts) be defined by (??), then for arbitrary

a and 3, 3 # 0;

Z(—t)" NN (-n)
tmlma"'atmrxr;tv"'»ts = — M Aka 7kr
(t" 1 1 2 ) 7;) o kl.;,.:o(ﬁ_om)M (k1 )

l1 ls
I, Lo b1 ts

(B—an)n, Q20 T
1 st

(2.4) x gkt .. ghe (L= )M+ 0] S
2

T
where M = > m;k;, provided that the result in (??) exists.
i=1
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Outlines of Proofs. To prove the Theorem 1 we denote the R.H.S. of (??7) by A4,

ie.,
o] (—t )n M<n
A=Y o Y (nu(A+n)y
|
n—o " (A T n)n k1, k=0
Loyl
S Q712+l1 tll tlg

XA(k17...’kT)$’f1...mf‘:7‘ Z

11, ,ls=0
Then with the help of (?7?) and (??), we have

00 M<n n
M S (1) M s A+ D
ot T o o (= MO (N2n (A D2ty

A+2n+1), I L

(2.5) X A(ky, - k) Qb gk gk ntg ot
' Lot Mt T L

Now on making use of series rearrangements (??) and (?7?) respectively, it reduces
to:

Do Ak k) QT ()R ()
k

y tg (=" (MNnramr A+ Danran B
lo! Ls! "0 n! (I = 1) (Nanaary AN+ Dogmsnmr)y+i,—n

On applying (??) and (??) respectively and then on using the formula (?7?)
therein we have

oo o0
A=Y ST A(kr, k) QE )b ()R
I, ls=0ky, - k=0

A
I AF2M, 51+ M, b
(2.7) x ... 5 LR, 1
Lol A
SEMAF2M 4l +1

The above hypergeometric 3Fs series is well poised and therefore by applying
Dixon’s summation theorem [1, p.243, eq.(III-9)]

A
A+2M, S +1+M, -1, ;
2 1 ,asl; =0
4F 1] =
A 0 ,forallly =1,2,3,--- .
§+M,)\+2M+l1+1 ;

we at once arrive at the desired result in (?7).
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Theorem 2 is a confluent case of Theorem 1 and is obtained on replacing z; by
%, for all ¢ € {1,2,--- ,r} and ¢; by At; in (??) and making use of the principle of
i
confluence [3, p.20, eq. (26)].

Ji {0 (5)') = g {4

for bounded z and n =0,1,2---

To prove the Theorem 3, we denote the R.H.S of (?7) by Ag, i.e.,

oo n M<n
A=Y (—t1) 3 (—n)nm Ay, oo Rp)abt gl
' _ ) ? T
=0 " ki k=0 (B —an)y
(1-a)M+ 8] < by Bl
_ n Q 25" 7 s 1L .8 .
[M —an+ 5] l leo(ﬁ Oz’n) +11 n+ll Iy! I,

Then with the help of (??) and (?7?), we have
M<n

_ (=)™ M (B = an)pi, [(1 = )M + ] o
Az = Z Z (n— M) [M —an+B](8—an)m Al s for)

nll,»-,l —Okl, ~, —0

lid+n 4l R
(2.8) TR A R S W W
' i, Tohl Ll

Now on making series rearrangements (?7?) and then (??) respectively it reduces

to
oo 00 B tl2 t{;‘
Bo= Y Y Al k) Qe N
Iy, La=0 Ky e hp=0 ol !
(A —a)M + B][B — (M +n)|m1,
2. '
(2.9) X an 1—a —an+ A8 — a(M +n)]u(ly —n)!

On applying (??) we have

3 S lo, ook P Mgl gl
Az= > Do Akr,ee k) Qe N E...ls'
NN

Lo Le=0ky o kp =0

Lo (=D ( l?}b )[(l—a)M-i-ﬁ][ﬁ—an—FM(l—a)]ll
2100 x 3 M(1—a)+ 5 —an]

Now in (??) on using the following generalization of an elementary combinatorial
identity (corresponding to the special case o = 0)

Sy (1) e 1 b=
o n (¢ —an) 0 ,foralll;=1,2,---
at ¢ = (1 — a)M + 3, B # 0; we atonce arrive at the desired result in (?7?).
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3. Applications

(i) Ifin (??) and (??) we take r = 1 and set

C
(31) A(klv 0,--- 70) - 1?17’ anz—’&-h’ls = A’ﬂ+ll+12+'“+ls BnJrllA(le T 7ZS);

{A,}, {Bn}, {C,} are arbitrary sequences, then on replacing x; by w these
reduce to the known results [6, pp.26-27, eq.(3.1); p.29, eq.(3.9)] respectively,
which in turn at s = 2 provides the known results [6, p.25, eq.(2.1);p.26,eq.(2.3)].
(ii) On similar setting at r = 1, as in (??) the result in (??) reduces to the known
results [7, p.110, eq.(2.2); pp.108-109, eq.(1.18)].
(iii) If in (??), (??) and (??) we take s = 1ie. Iy = --- =1y = 0 and set

Q?H_llo — Qp44, these reduce to known results [3; pp.339-340, eqgs.(251)-
(253)] respectively.

(iv) If in (??) we take a = 0 and set as in (??) it reduces to the known result [6,

p-29, eq.(3.9)].
s\ (29 ?? = 1.1
e )y e b — 4y by » VI Vs ’
(v) Ifin (?7?), (?7) and (?7) we take s = 1, i.e., ta,t3 ts — 0, t; — w and
set
A 14 B’ , B "
ll(aﬁkmb+~+mﬂﬁ)II@UM4I](%)M¢;”', (b; )m¢@
A(kj k) _ j=1 J Jog=1 Jj=1 =1 J
1 )T TS U B D =) )
H (cj)kld,/,Jr...Jrkrw(” H (U])M H (d;)kléé (dj )k,.tS(.T)
j=1 i ioj=1 j=1 j=1 J
E U
[T (ej)ar TT (uj)m
Qo0 _ =L j=1
A =

—Q
&
=
<
=
3

<

Il
-
.

I
=

then we obtain the known expansion formulae [3, pp.341-342, eqs.(254)-
(256)].
(vi) If in (??) we set

_ Br
k1!

0,40 _
and s =1, t1 —x, Q)" = Amk

(32) r=1, x1 - w A(k1,0,---,0)

then it reduces to the known result [6, p.26, eq.(2.3)], which in turn at m; =1
provides another known result [8, p.348, §4, eq.(1)].

(vii) On similar setting as in (??) the result in (??) reduces to the known result
[7, p-111 eq.(3.1)] which in turn at m; = 1 provides another known result [9,

p.75, eq.(3.1)] {see also [5, p.20, eq.(9)]}.
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(viil) If in (??) we take 7 = 1, &1 — w, my = 1, A(k1,0,---,0) = -2
[T (vj)ky Fa!

j=1
and
p q1 , q2 / qs (S)
I @)y ttototrs LBy TL (B )i -+ TL(B;7 i,
(3 3) Q?,...,ls _ =t j=1 j=1 j=1
’ 1 P Q1 Q2 Qs
TT (o) ktatrt, TLOm TT () -+ TT (05,
j=1 j=1 j=1 j=1

t; = ny, foralliel,--- s, it reduces to the known result [6, p.28, eq.(3.6)].
(ix) On similar setting as in (??) the result in (??) reduces to the known result
[7, pp.112-113, eq.(3.7)].
(x) Ifin (?7?) we take

a1 D’ D™ )
H (b/)]W H ( )k1¢'/ e H1 (dg )krd)(,r)
: j= J
A(kla 7kr) p oy e "
I 2(6))ar T -+ T (), g0 | T
J= j=1 J=
and
- i 2 P (s)
[T () ariz+ae TT(aj)ar TT(@F)i; -+ T1 (a5,
Qé\g/[,m,ls _ J;I J;ll ]71 _](;1
[T (bs)arstaeost, 11O ar 11O~ 11O,
Jj=1 j=1 j=1 j=1

then we get the following result:
L:D3+ ;D) ipyseeipy [(a); My, My, 1y 71]; [(d/)7¢l};"' ;[(d(r))’¢(7‘)] )
F B B g2 5gs
[(b)v my, - My, 17 R 1] ; [(el)7 6/]5 s [(6(7“))’ 6(T)]
[(@”), 1]+ 5 (@), 1]

tgnlmla"' 7t{nr‘rr7 t27"' ,ts
[(b”)7 1]7 Tty [(b(S))7 1]

’ 7m’f)7()\+n;m17"' 7m’r‘)
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(@), @)+ [(d™), ¢1")]

[(e/)a 51]? T [(e(r))v 6(r)]

L1, Ty

(3.4)
[(a) +n] : [(a') + 7] (a5 (al)
FLspipa;ips tioeee  t
liq1+1;925 3qs ‘ 15 yUs
[(b) +n] = [(0) +n],(A+2n+1) = (67);- 5 ()
where F[t1,-- - ,ts] is the generalized Kampé-de-Fériet function of r-variables
[3, p.38].
(xi)If in (??) we take

Hl(ﬁi)ki
Ak, - k) = = @000
heobe) = oy ]
and
L / Pz " Pe (s)
(M TL (@) mtip4t, [T (@) - T1 (a7,
2,0 ,ls J= J= J=
(3.5) QL ! ! - .
: M - l q2 s
TT ) ar st TLO - TLOS )
j=1 j=1 j=1

then we get the following result:

[(G‘L); my, e My, 1, 7“) (ﬂlal)a 7(/67”1) )
FLedishipasips
1:0;-++305q2; - 5qs

[(bi); M, s My, 1, )5 5 ;. 7
[(@”), 1]+ [(@),1]
tTlnlxl’ e ’t;nrva to, -+, ts
("), 1]+ 5 [(09), 1]
L
o (=t1)" l:ll(aj)n(v)n
= = FO(—n,ma); (Bi, 1); (vima); 1, 0]
=0 TL' H(b])n
j=1
@y ) (@) (@)
B6) xR .

(b) + 3 P (07);-- 5 (09)
where Fg) [[] is the Lauricella polynomial [4, pp.462-463, eq.(4)] and F[t1,--- ,ts] is
the Kampé-de-Fériet function [3, p.38, eq.(24)].

(xii) If in (??) we take o = 0 and set as in (??) then it also reduces to the result
(??) which in turn provides at L=1=1,p;=1,¢; =0, for all i € {2,--- ,s} and in
view of [4, p.462, eqns.(1),(2),(4)] we get the following results:

FB+871[(al;m1>"' am’r‘717"' 71>7(6171)7 7(57”71)7(0//71)7"' ’(a('r’)71);
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e
_t n
(bl;m17"' amT717"' 71)7 t;nlxla"' at11nrm7“7t2a"' 7ts] = E ( 1) ] (al)n (7)n

n=0

x FS[(=n,my); (B, 1); (vyma); 2, - - ]

(3.7) xF,(DS)[al +nsy+n, a0 by by, L)

where Fér+571)[~] is the generalized Lauricella function [4,p.462] and FI(DS) [] is the
Lauricella function [4, p.462-463, eq.4].

Due to general nature of sequences considered in the main results many new

and known results involving generalized Lauriclla function as well as Kampé-de-Fériet
function of several variables may obtained but due to lack of space these are not
recorded here.
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