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A fixed point theorem for contractive closed-valued mappings
on metric spaces

Xun Ge ! and Jingyu Qian 2

ABSTRACT. In this paper, we prove that if f is a contractive closed-valued map-
ping on a metric space (X,d) and there exists a weak-contractive pseudo-orbit
{zn} for f at zp € X such that both {zy,} and {zn,41} converge for some sub-
sequence {zn,} of {xn}, then f has a fixed point, which improves a fixed point
theorem for closed-valued mappings by relaxing “contractive orbits” to “weak-
contractive pseudo-orbits”.

A set-valued mapping f on a space X is a mapping f : X — Py(X), where
Po(X) = {P Cc X : P # (}. Moreover, f is a closed-valued mapping on X if
f:X — Fo(X), where Fo(X) = {F € Po(X) : F is closed in X} (see [8], for
example). A point z € X is a fixed point for f if x € f(z). Throughout this paper,
N denotes the set of all nonnegative integral numbers. {x,} denotes the sequence
{zn :n € N} ={zo, 21,22, -+ ,Tp, - }.

A study of fixed points for set-valued mappings is an interesting question in theory
of set-valued mappings ([3, 4, 6, 7, 8, 9, 10, 12]). Many fixed point theorems for
contractive set-valued mappings (with some contractive orbits) have been obtained
(12, 5, 6, 7, 11, 13]). In [6], the following theorem had been given.

THEOREM 1. Let f be a contractive closed-valued mapping on a metric space
(X,d). If there exists a contractive orbit {x,,} for f at xo € X such that both {x,,}
and {xn, 1} converge for some subsequence {xy,} of {x,}, then f has a fized point.

Having gained some enlightenment by some generalizations from “orbit” to “pseudo-
orbit” for single-valued mappings on metric spaces (see [1], for example), in this pa-
per, we introduce “pseudo-orbits” for set-valued mappings on metric spaces, and im-
proves Theorem 1 by relaxing “contractive orbit” in this theorem to “weak-contractive
pseudo-orbit”, which gives a new fixed point theorem.
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Let (X,d) be a metric space. For z € X, 8 > 0 and A, B € Py(X), we use the
following brief notations (see [6, 13], for example).

S(x,8) = {y € X : d(z, ) < B},

B+A={xe X :d(z,A) < B},

p(A,B)=inf{8 >0: AC S+ B},

0(A, B) = max{p(A4, B),p(B,A)}.

The following two propositions are known.

PROPOSITION 1. The following hold.
(1) p(A, B) < (A, B) for A, B € Py(X).
(2) p(A, B) < p(A,C) + p(C, B) for A, B,C € Po(X).

PROPOSITION 2. If f is a closed-valued mapping on a metric space X, then x €

) iff p({z}, f(y)) =0 for z,y € X.

DEFINITION 1. Let (X,d) be a metric space. A set-valued mapping f on X is
called contractive, if §(f(x), f(y)) < d(x,y) for all z,y € X with = # y.

DEFINITION 2. Let f be a set-valued mapping on a metric space (X, d), and let
{z,} be a sequence in X.

(1) {z,} is called a pseudo-orbit for f at x¢ if for arbitrary e > 0, there exists
k € N such that p({z,}, f(xn-1)) < € for all n > k.

(2) {zn} is called an orbit for f at xq if zp41 € f(zy) for every n € N.

REMARK 1. By Proposition 2, let f be a closed-valued mapping on a metric space
X and {z,} be a sequence in X. If {z,} is a pseudo-orbit for f at xg, then {z,} is a
orbit for f at xg.

DEFINITION 3. Let {z,,} be a pseudo-orbit (resp. orbit) for f at o € X.
(1) {x,} is called weak-contractive if for every n € N, d(zp+1, Znt2) < 0(f(@n), f(Tnt1))-
(2) {x,} is called contractive if for every n € N, d(zp41, Tnt2) < (f(@n), f(Xnt1))

and d(Zp11, Tny2) < d(Tpn, Tny1).

REMARK 2. Let f be a contractive set-valued mapping. If {z,} is a weak-
contractive pseudo-orbit (resp. orbit) for f at zp € X, then {x,} is contractive.

Now we give the main theorem in this paper.

THEOREM 2. Let f be a contractive closed-valued mapping on a metric space
(X, d). If there exists a weak-contractive pseudo-orbit {x,} for f at xog € X such that
both {xn,} and {x,,+1} converge for some subsequence {x,,} of {z,}, then f has a
fixed point.

PrOOF. Let {x,} be a weak—contractive pseudo-orbit for f at o € X, which has
a subsequence {z,, } such that both {x,,} and {x,,+1} converge. Put
a= lim z,,, b= lim x,,11,
1—00 11— 00

then for arbitrary € > 0, there exists k € N such that for all ¢ > k,

d(‘rni’a’) <g, d(b7 xni+1) <e and p({xni+1}’f(xni)) <e.
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Note that f is contractive. So 6(f(xn,), f(a)) < d(xn,,a) < e. By Proposition 1,
p({b}; f(a)) < p({0}, {wn,11}) + p{zn 41} f(@n,)) + p(f (@n,), f(a)) < d(b,2n,41) +
o({n i1} f(n) + 0(F(n,), f(@)) < 36 S0 p({b}, (@) = 0. Moreover, b € f(a)

from Proposition 2. Now we only need to prove that a = b.
Put A = {(z,z) : © € X}, i.e., A is the diagonal of X x X. Let

g: (X xX)—-A—R
5(f (), f(y))

by g(z,y) = Ay where R is the set of all real numbers. Then g is continuous

because g is a quotient of two continuous functions p(f(x), f(y)) and d(z,y). f is
contractive, so g(z,y) < 1 for (z,y) € (X x X) — A. Thus if a # b, then g(a,b) <1
and hence there exist disjoint neighborhoods U and V of a and b, respectively, such
that g(z,y) < A for all (z,y) € U x V and for some A < 1. Choose 8 > 0 such that

< éd(a,b), So=S(a,8) CU and Sy=S(b,f3)C V.

Since
a= lim z,,, b= lim x,,11,
there exists [ € N such that z,, € S, and z,,4+1 € S, for all ¢ > [. So, if i > [,
1
then d(a,b) < d(a, Tn,) + d(Tn,, Tny1+1) + A(Xn,1+1,0) < 20+ d(Tn,, Tn,41) < gd(a, b) +

1
d(xp,,Tn,+1) and hence d(zy,, Tn,+1) = gd(a,b) > .
On the other hand, for ¢ > I, since (n,, Zn,+1) € U XV, g(f(@n,), f(@n,41)) <A,
and hence 6(f(zn,), f(@n,+1)) < Ad(Zn,, Tn,+1)- Note that {x,} is a weak-contractive
pseudo-orbit for f at z. d(zn, 41, Tn,+2) < 0(f(zn,), f(@n,41)) < Ad(Tpn,, Tn,+1). Fur-

thermore, d(’rni+1 ) an‘,+1+1) < d(xn71+1—17 an‘,+1) SRR d(an,-i-l? anz+2) < Ad(xﬂ17x"z+1)

Iterating this inequality, we have d(zy,, Zn,+1) < N7t d(xy,,, p,41) for all j >0 > 1.
In particular, d(zy,, Tn,4+1) < M 7'd(2p,, Ty, 41) for all j > I. Letting j — oo, then

1
d(xpn;,Tn;41) — 0. This contradicts that d(zp,, 2n,11) = gd(a, b) > 3. Soa=b. O
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