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Boundedness for multilinear commutator of multiplier
operator on Hardy Spaces

Wang Kewei and Liu Lanzhe

Abstract. In this paper, the (Hp
~b

, Lp) and (H1, L1) type boundedness for the

multilinear commutator associated with the Multiplier operator and BMO(Rn)

functions are obtained.

1. Introduction.

Let b ∈ BMO(Rn) and T be the Calderón-Zygmund operator. The commutator [b, T ]
generated by b and T is defined by

[b, T ]f(x) = b(x)Tf(x)− T (bf)(x).

A classical result of Coifman, Rochberg and Weiss (see [1, 2]) proved that the com-
mutator [b, T ] is bounded on Lp(Rn) (1 < p < ∞). However, it was observed that the
[b, T ] is not bounded, in general, from Hp(Rn) to Lp(Rn)(p > 1). But if Hp(Rn) is
replaced by a suitable atomic space HP

~b
(Rn), then [b, T ] maps continuously HP

~b
(Rn)

into Lp(Rn). In addition we easily known that Hp
~b
(Rn) ⊂ Hp(Rn). The main purpose

of this paper is to consider the continuity of the multilinear commutators related to the
multiplier operators and BMO(Rn) functions on certain Hardy spaces. Besides this
paper also proves the multilinear commutators’ boundedness from H1(Rn) to L1(Rn).

2. Definitions and Lemmas.
Let us first introduce some definitions. Given a positive integer m and 1 6 j 6 m,

we denote by Cm
j the family of all finite subsets σ = {σ(1), · · ·, σ(j)} of {1, · · ·,m}

of j different elements. For σ ∈ Cm
j , set σc = {1, · · ·,m} r σ. For ~b = (b1, · · ·, bm)

and σ = {σ(1), · · ·, σ(j)} ∈ Cm
j , set ~bσ = (bσ(1), · · ·, bσ(j)), bσ = bσ(1) · · · bσ(j) and

||~bσ||BMO = ||bσ(1)||BMO · · · ||bσ(j)||BMO.
A bounded measurable function k defined on Rn r {0} is called a multiplier. The

multiplier operator Tk associated with k is defined by

(Tkf)(x) = k(x)f̂(x), for f ∈ S(Rn),
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where f̂ denotes the Fourier transform of f and S(Rn) is the Schwarz test function
class.

Let α = (α1, α2, · · · , αn) be a multi-index of non-negative integers αj(j = 1, 2, · · · , n)
with |α| = α1 +α2 + · · ·+αn. Denote by Dα the partial differential operators of order
α as follows:

Dα =
∂α

∂xα1
1 ∂xα2

2 · · · ∂xαn
n

.

Now, we recall the definition of the class M(s, l). Denote by |x| ∼ t the fact that
the value of x lies in the annulus {x ∈ Rn : at < |x| < bt}, where 0 < a 6 1 < b < ∞
are values specified in each instance.

Definition 1.([17])
Let l > 0 be a real number and 1 6 s 6 2. we say that the multiplier k satisfies the
condition M(s, l), if (∫

|ξ|∼R

|Dαk(ξ)|sdξ

) 1
s

< CRn/s−|α|

for all R > 0 and multi-indices α with |α| 6 l, when l is a positive integer, and in
addition, if (∫

|ξ|∼R

|Dαk(ξ)−Dαk(ξ − z)|sdξ

) 1
s

6 C(
|z|
R

)γR
n
s−|α|

for all |z| < R/2 and all multi-indices α with |α| = [l], the integer part of l, i.e., [l] is
the greatest integer less than or equal to l, and l = [l] + γ when l is not an integer.

Definition 2.
Let

−→
b = (b1, b2, · · · , bm)(m > 1), Tkf(x) = (K ∗ f)(x) for K(x) = ǩ(x), we define the

multilinear commutator of multiplier operator

T
−→
b (f)(y) = [

−→
b , Tk]f(y) =

∫
Rn

m∏
j=1

(bj(y)− bj(z))K(y − z)f(z)dz,

and T (f)(y) = Tk(f)(y) =
∫

Rn f(z)K(y − z)dz.
Definition 3.([9, 17])

Let 0 < p 6 1, a is called a (1, q)− atom, if a satisfies:
(1)suppa ⊂ B(x0, r);
(2)‖a‖Lq 6 |B(x0, r)|1/q−1;
(3)
∫

a(x)xγdx = 0, for any 0 6 |γ| 6 [s](s > 0).
A temperate distribution f is said to belong to H1(Rn), if, in the Schwartz dis-

tribution sense, it can be written as

f(x) =
∞∑

j=1

λjaj(x),

where aj are (1, q) atoms, λj ∈ C and
∑∞

j=1 |λj |p < ∞. Moreover, ||f ||H1(Rn) ≈∑∞
j=1 |λj |.
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Definition 4.([9, 17])
Let bi (i = 1, · · · ,m) be a locally integrable function and 0 < p 6 1. A bounded
measurable function a on Rn is said a (p,~b) atom, if

(1) suppa ⊂ B = B(x0, r)
(2) ||a||L∞ 6 |B|−1/p

(3)
∫

B
a(y)dy =

∫
B

a(y)
∏

l∈σ bl(y)dy = 0 for any σ ∈ Cm
j , 1 6 j 6 m .

A temperate distribution f is said to belong to Hp
~b
(Rn), if, in the Schwartz dis-

tribution sense, it can be written as

f(x) =
∞∑

j=1

λjaj(x),

where aj are (p,~b) atoms, λj ∈ C and
∑∞

j=1 |λj |p < ∞. Moreover, ||f ||Hp
~b

(Rn) ≈
(
∑∞

j=1 |λj |p)1/p.
Lemma 1.([17])

Let k ∈ M(s, l), 1 6 s 6 2, and l > n
s ; then the associated mapping Tk, defined a priory

for f ∈ D̂0(Rn), Tkf(x) = (f ∗K)(x), extends to a bounded mapping fromLp(Rn) into
itself for 1 < p < ∞, K(x) = ǩ(x), for D(Rn) = {φ ∈ S(Rn) : supp(φ) is compact}
and D̂0(Rn) = {φ ∈ S(Rn) : φ̂ ∈ D(Rn) and φ̂ vanishes in a neighbourhood of the
origin}.

Lemma 2.([18],[19])
Let 1 6 s 6 2, 1 < s̃ < ∞, suppose that l is a real number with l > n/r, 1/r =
max{1/s, 1 − 1/s̃}, and k ∈ M(s, l), K(x) = ǩ(x). If one of the following three
conditions is verified

1){l} < {n
r }, 0 < mβ < 1 + {l} − {n

r };
2){l} = {n

r }, 0 < mβ < 1− {n
r };

3){l} > {n
r }, 0 < mβ < {l} − {n

r }.
Then there is a positive constant t, such that

(
∫

2k+1Qr2kQ

|K(x− z)−K(xQ − z)|s̃dz)1/s̃ 6 C2−kt(2kh)−n/s̃′ .

Lemma 3.([4])
Let 1 < s 6 2, l is an integer, with n/s < l 6 n, and k ∈ M(s, l), then |{x ∈ Rn :
|T (f)(x)| > λ}| 6 Cλ−1‖f‖L1 , for any constant C > 0 and λ > 0.

3.Theorems and Proofs

Theorem 1.
Let bi ∈ BMO(Rn), 1 6 i 6 m, ~b = (b1, · · · , bm), n/(n + t) < p 6 1, t > 0, then the
multilinear commutator T

~b is bounded from Hp
~b
(Rn) to Lp(Rn).

Proof.
It suffices to show that there exists a constant C > 0, such that for every (p,~b) atom
a in Definition 4,

||T~b(a)||Lp 6 C.
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Let a be a (p,~b) atom supported on a ball B = B(x0, r).
Write∫

Rn |T
~b(a)(x)|pdx =

∫
|x−x0|62r

|T~b(a)(x)|pdx +
∫
|x−x0|>2r

|T~b(a)(x)|pdx ≡ I + II.

For I, taking q > 1, by Hölder’s inequality and the Lq− boundedness of T
~b, we

see that

I 6
(∫
|x−x0|62r

|T~b(a)(x)|p·
q
p dx

)p/q

· |B(x0, 2r)|1−p/q

6 C||T~b(a)(x)||pLq · |B(x0, 2r)|1−p/q

6 C||~b||pBMO||a||
p
Lq |B|1−p/q

6 C||~b||pBMO.

For II, denoting λ = (λ1, · · · , λm) with λi = (bi)B , 1 6 i 6 m, where (bi)B =
1

|B(x0,r)|
∫

B(x0,r)
bi(x)dx, by Lemma 2, Hölder’s inequality and the vanishing moment

of a, we get

II =
∞∑

k=1

∫
2k+1r>|x−x0|>2kr

|T~b(a)(x)|pdx

6 C

∞∑
k=1

|B(x0, 2k+1r)|1−p

(∫
2k+1r>|x−x0|>2kr

|T~b(a)(x)|dx

)p

6 C
∞∑

k=1

|B(x0, 2k+1r)|1−p

×

∫
2k+1r>|x−x0|>2kr

|∫
B

m∏
j=1

(bj(x)− bj(y))K(x− y)a(y)dy|

 dx

p

6 C
∞∑

k=1

|B(x0, 2k+1r)|1−p

×

∫
2k+1r>|x−x0|>2kr

|∫
B

m∏
j=1

(bj(x)− bj(y))(K(x− y)−K(x− x0))a(y)dy|

 dx

p

6 C
∞∑

k=1

|B(x0, 2k+1r)|1−p

×

∫
2k+1Br2kB

∫
B

m∏
j=1

|(bj(x)− λj)− (bj(y)− λj)||K(x− y)−K(x− x0)||a(y)|dy

 dx

p

6 C
∞∑

k=1

|B(x0, 2k+1r)|1−p
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×

∫
2k+1Br2kB

∫
B

m∑
i=0

∑
σ∈Cm

i

|(~b(x)− λ)σ(~b(y)− λ)σc ||K(x− y)−K(x− x0)||a(y)|dy

 dx

p

6 C
∞∑

k=1

|B(x0, 2k+1r)|1−p

×

 m∑
i=0

∑
σ∈Cm

i

∫
2k+1Br2kB

|(~b(x)− λ)σ|
(∫

B

|(~b(y)− λ)σc ||K(x− y)−K(x− x0)||a(y)|dy

)
dx

p

6 C
∞∑

k=1

|B(x0, 2k+1r)|1−p

×

 m∑
i=0

∑
σ∈Cm

i

∫
B

|(~b(y)− λ)σc ||a(y)|
(∫

2k+1Br2kB

|(~b(x)− λ)σ||K(x− y)−K(x− x0)|dx

)
dy

p

6 C
∞∑

k=1

|B(x0, 2k+1r)|1−p × [
m∑

i=0

∑
σ∈Cm

i

∫
B

|(~b(y)− λ)σc ||a(y)|(
(∫

2k+1B

|(~b(x)− λ)σ|s̃
′
dx

)1/s̃′

×
(∫

2k+1Br2kB

|K(x− y)−K(x− x0)|s̃dx

)1/s̃

)dy]p

6 C
∞∑

k=1

|B(x0, 2k+1r)|1−p

×

 m∑
i=0

∑
σ∈Cm

i

∫
B

|(~b(y)− λ)σc ||a(y)|dy

(∫
2k+1B

|(~b(x)− λ)σ|s̃
′
dx

)1/s̃′

2−kt(2kB)−1/s̃′

p

6 C
∞∑

k=1

2−kpt|B(x0, 2k+1r)|1−p

 m∑
i=0

∑
σ∈Cm

i

(k + 1)σ‖~bσ‖BMO

∫
B

|(~b(y)− λ)σc ||a(y)|dy

p

6 C
∞∑

k=1

2−kpt|B(x0, 2k+1r)|1−p

 m∑
i=0

∑
σ∈Cm

i

(k + 1)m|B|−1/p · |B| · ‖~b‖BMO

p

6 C
∞∑

k=1

2−kpt(k + 1)mp|B(x0, 2k+1r)|1−p|B|(1−
1
p )p‖~b‖p

BMO

6 C
∞∑

k=1

2k(n−p(n+t))kmp‖~b‖p
BMO

6 C‖~b‖p
BMO.

This finishes the proof of Theorem 1.
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Theorem 2.Let 1 < s 6 2, l > n/s is an integer, k ∈ M(s, l). If 0 < mβ < 1−{n
s },

~b ∈ BMO(Rn), then T
~b is weak bounded from H1(Rn) to L1(Rn), for {n

s } = n
s − [n

s ].

Proof. Let f ∈ H1(Rn), and f(x) =
∑∞

j=1 λjaj be the atomic decomposition for
f as in Definition 3, for aj is a (1, q)-atom(q > 1), λj ∈ C, suppose suppaj ⊂ Bj =
B(xj , rj), and denote bij = 1

|Bj |
∫

Bj
bi(x)dx, then

T
~b(f)(x) =

∑∞
j=1 λj

∏m
i=1(bi(x)− bij)Taj(x)χ2Bj

(x) +
∑∞

j=1 λj

∏m
i=1(bi(x)− bij)Taj(x)χ(2Bj)c(x)

−T (
∑∞

j=1 λj

∏m
i=1(bi − bij)aj)(x)

= J1(x) + J2(x) + J3(x).

For J1(x), noting that T is bounded from Lq(Rn) to Lq(Rn)(q > 1)(Lemma 1).

‖
∏m

i=1(bi(x)− bij)T (aj)(x)χ2Bj
(x)‖L1(Rn)

6
∫
2Bj

|
∏m

i=1(bi(x)− bij)T (aj)(x)|dx

6 C‖~b‖BMO|Bj |1−1/q‖T (aj)‖Lq

6 C‖~b‖BMO|Bj |(1−
1
q )+ 1

q−1

6 C‖~b‖BMO,

so
|{x ∈ Rn : |J1(x)| > λ/3}|

6 3λ−1
∑∞

j=1 |λj |‖
∏m

i=1(bi(x)− bij)T (aj)(x)χ2Bj
(x)‖L1(Rn)

6 C‖~b‖BMOλ−1
∑∞

j=1 |λj |.
By the Hölder inequality and the size condition of a in Definition 3, we have

‖
m∏

i=1

(bi(x)− bij)aj‖L1(Rn) 6 C‖~b‖BMO,

since T is a weak type of (1,1)(Lemma 3), we get

|{x ∈ Rn : |J3(x) > λ/3}|
6 Cλ−1

∑∞
j=1 |λj |‖

∏m
i=1(bi(x)− bij)aj(x)‖L1(Rn)

6 C‖~b‖BMOλ−1
∑∞

j=1 |λj |.

Denote 4K(x, y, xj) = K(x−y)−K(x−xj), Dk(xj) = {x : 2krj < |x−xj | < 2k+1rj},
by the Hölder inequality, Lemma 2, the size condition and the vanishing moment of a
in Definition 3, for J2(x), we get

‖
∏m

i=1(bi(x)− bij)T (aj)(x)χ(2Bj)c(x)‖L1(Rn)

6
∫
(2Bj)c |

∏m
i=1(bi(x)− bij)

(∫
Bj

K(x− y)aj(y)dy
)
|dx

6
∫
(2Bj)c |

∏m
i=1(bi(x)− bij)

(∫
Bj
4K(x, y, xj)aj(y)dy

)
|dx

6
∫

Bj
|aj(y)|

∑∞
k=1

(∫
Dk(xj)

|4K(x, y, xj)
∏m

i=1(bi(x)− bij)|dx
)

dy

6 C
∫

Bj
|aj(y)|

∑∞
k=1

(∫
Dk(xj)

|4K(x, y, xj)|s̃dx
)1/s̃ (∫

2k+1Bj
|
∏m

i=1(bi(x)− bij)|s̃
′
dx
)1/s̃′

dy

6 C‖~b‖BMO

∫
Bj
|aj(y)|dy

∑∞
k=1 2−kt(k + 1)m

6 C‖~b‖BMO|Bj |
1
q−1|Bj |1−

1
q
∑∞

k=1 2−k(l−n/s)(k + 1)m

6 C‖~b‖BMO.
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Thus, we get

|{x ∈ Rn : |J2(x)| > λ/3}| 6 C‖~b‖BMOλ−1
∞∑

j=1

|λj |,

and

|{x ∈ Rn : |T~b(f)(x)| > λ}|
6 C

∑3
i=1 |{x ∈ Rn : |Ji(x)| > λ/3}|

6 C‖~b‖BMOλ−1
∑∞

j=1 |λj |.

This completes the proof of Theorem 2.
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