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Weighted estimates for multilinear Marcinkiewicz Operators in the
endpoint cases

Zhou Xiaosha

ABSTRACT. In this paper, we establish weighted endpoint estimates for multilinear Marcinkiewicz
operators.

1. Introduction

As the development of singular integral operators, their commutators and multilinear op-
erators have been well studied(see [2-8]). In [11], authors obtain the boundedness properties of
the commutators for the extreme values of p. The purpose of this paper is to introduce some
multilinear operator associated to the Marcinkiewicz integral operator and prove the weighted
boundedness properties of the multilinear operators for the extreme cases.

2. Preliminaries and Results

First, let us introduce some preliminaries. Throughout this paper, @ will denote a cube of
R™ with sides parallel to the axes. For a cube () and any locally integrable function f on R™, we

denote that £(Q) = Jo f()dz, fo = QI fo J(x)dx and 1#(x) = sup Q™1 [, 11(v) ~ faldy.

For a weight functions w € A;(see [10, p.389]), f is said to belong to BMO(w) if f# € L*(w)
and define ||f||spow) = |[f#]|Le(w), if w = 1, we denote that BMO(R™) = BMO(w).
Also, we give the concepts of the atom and weighted H' space. A function a is called a
H'(w) atom if there exists a cube @ such that a is supported on @, ||a||p=(w) < w(Q)™" and
Jn a(x)dz = 0. 1t is well known that, for w € A;, the weighted Hardy space H'(w) has the
atomic decomposition characterization(see [1]).

Suppose that S™~! is the unit sphere of R"(n > 2) equipped with normalized Lebesgue
measure do = do(a’). Let Q be homogeneous of degree zero and satisfy the following two
conditions:

(i) Q(z) is continuous on S"~! and satisfies the Lip, condition on S"~1(0 < v < 1), i.e.,

Q(z') = Q)| < Mla" —y/", oy € 8"
(ii) [gn_1 Qa’)d2’ = 0.
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Fix A > max(1,2n/(n + 2)). Let m be a positive integer and A be a function on R™. We
denote that T'(z) = {(y,t) € R}*" : |v — y| < t} and the characteristic function of I'(z) by
Xr(z)- The multilinear Marcinkiewicz operator is defined by

2

ufU?@ﬁ==L//gwl(t+iZA)HAM?LﬂCmyH2$ﬁg -

where ( ) ( )
Uy —2z) Rnt1(452,2
FAfJ:,y:/ 2 f(2)dz
e I e = e P T
and )
Ry1(Asz,y) = Az) — Z JD(XA(ZI)(CU —y)*.
la|<m
Set

fxﬂuazj‘ A=Y p)ay.

z—y|<t |(E - y‘nil

We also define that

nA 1/2
umﬂm»=</[;ﬂ(t+g_y0 |mwxwﬁfﬁ> ,

which is the Marcinkiewicz integral operator(see [9][17]).

1/2
Let H be the Hilbert space H = {h |||l = (f Jpn |h(y,t)|2dydt/t"+3) < oo}7 then
+

for each fixed 2 € R™, FA(f)(z,y) may be viewed as a mapping from (0, +00) to H, and it is
clear that

)

ni/2
;&ux@H(ﬁH;_m) FA(D (@)

(ﬂ%;_m)mﬁfxﬁ@>

pa(f)(z) =

We also consider the variant of ,uf, which is defined by

i (f)(x) = V /Rn“ (H;_yom |ﬁf(f)(a:,y)lfff§]l/2,

FtA(f)(%y):/ Ny —2) Qmi1(Asx,2)

ly—z|<t |y_z|n71 ‘x_z|m

where

f(z)dz
and

Qm+1(A;2,2) = Ry (A2, 2) — Z éDO‘A(x)(m —z)*
lal=m

Noticing that when m = 0, ﬂf is just the commutator of Marcinkiewicz integral operator
(see [17]). It is well known that multilinear operators, as the extension of commutators, are
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of great interest in harmonic analysis and have been widely studied by many authors (see [3-
8][12]). In [11], the endpoint boundedness of commutators generated by the Calderén-Zygmund
operator and BMO functions are obtained. In [13-15], the multilinear Littlewood-Paley oper-
ators are studied. The main purpose of this paper is to discuss the weighted boundedness
properties of the multilinear Marcinkiewicz operators for the extreme cases of p. Some works
in this aspect have done(see [16]).

We shall prove the following theorems in Section 3.

Theorem 1. Let D*A € BMO(R") for |a| = m and w € A;. Then 4 is bounded from
L>*(w) to BMO(w).

Theorem 2. Let D*A € BMO(R") for |a| = m and w € A;. Then [i§ is bounded from
H'(w) to L*(w).

Theorem 3. Let D“A € BMO(R") for |a| = m and w € A;. Then 4 is bounded from
H(w) to weak L!(w).

Remark. In general, 4 is not bounded from H'(w) to L(w).

3. Proofs of Theorems

To prove the theorems, we need the following lemmas.
Lemma 1.(see [6]) Let A be a function on R™ and D*A € L4(R"™) for || = m and some
q > n. Then

1/q
1
|Rin(4;2,y)| < Clz —y[™ Z <M /Q( )|DQA(Z)|qu) )
9 T,y

|a]=m

where Q(z,y) is the cube centered at x and having side length 5\/n|z — y|.
Lemma 2.(see [9]) Let w € A; and 1 < p < oco. Then py is bounded on LP(w), that is

()| zewy < CllfllLe (w)-
Lemma 3.(see [2][3]) Let T} be the commutator defined by
b(z)—b
O e ]
e T —Y

Ifwe A, 1<p<ooandbe BMO(R™). Then
(i) Ty is bounded on LP(w), that is

Ty () Lrw) < ClFl L w);
(ii) 7; is weak type bounded of (H'(w), L*(w)), that is, for any n > 0,
w({z € R" [Ty (f)(2)] > n}) < Cllf | (w) /-

Proof of Theorem 1. It is only to prove that there exists a constant Cg such that

1
w(Q) /Q 13 () (@) = Colw(@)dz < ClIfl] o w)

holds for any cube Q. 3 :
Fix a cube @ = Q(zo,1). Let @ = 5y/n@ and A(z) = A(z) — > i(DO‘A)QxO‘. Then

loe|=m
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Ry (A;x,y) = Ry (A;2,y) and D*A = D*A — (D*A)g for |al =

We write FA(f) = F/'(f1) + F(f2) for f1 = fxg and f2 = fXg. g

fa(z)dz

FtA(f)(m,y) :/ Qy —2) Rm+1(z‘~1;a:,z)

ly—z|<t |y - Z|n71 ‘.’E - Z‘m

Qy — 2) Rm(/i;lf z) x—z) ~
+/y oz —Z\m Z / i<t |y— Z|n 1 |z — 2™ D*A(z) f1(z)d=

_ ~|n—1
—z|<t |y Z| la|=

then
i (1)(@) = i (f2) (o)
- i) e () F e
< () moen - () FEe
S (t+ |:iy|)nm Fe (Wﬁ> )
- At
¥ (H';_m)/ FAG2) 9) (M)/ FA(2) (wo,)|| = 1) + 11(x) + 111(2),
thus
%/ ‘m — 1 () (o ’w Vdz
< w(lQ) /Q I(2)w(e )dx—l—ﬁ / II(x)w(x)dx—i—@ /Q [IT(2)w(z)de = T+ 1T+ I11.

Now, let us estimate I and I1. First, for z € Q and y € Q, using Lemma 1, we get

R (A;z,y) < Clz —y|™ Z || DAl Brmo,

loe|=m
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thus, by the LP(w)-boundedness of py for 1 < p < oo(see Lemma 2), we gain

1< g O 10 Ao @l
jal=m 1 y

< 03 0" Alawe (ot | Im(m@Put)

1 1/p
< € % 10 Alawo (W /| Ifl(w)lpw(x)dw>

~ 1
< Claz_mHD“A|BMO (Zgg;) /p||f||Loo(w)
< clz 1D Al arolf 1] 1 (w) -

Secondly, since w € A1, w satisfies the reverse of Holder’s inequality:

<|Ql|/(2w(x)qda:>l/q < |QC|/Qw(a:)dx

for all cube @ and some 1 < ¢ < oo(see [10, p.396]), thus, taking p > 1, by the LP(w)-
boundedness of ) and the Hélder’s inequality, we gain

1< oy (S 0 0 e
la|=m
<oy > (g [, mora aA>@>f1><x>|pw<x>dx)l/p
< ( 1040 - (D)) fila )|Pw<x>dx)l/p
< clalz_mw(@w/p ( / |D“A<m>—<D“A>Qm’dx)1/m/ ( / w(x)"dw>1/m|f||m(w)
< ngm(@ [ 1074w - ), i) (b / wieyas) (LAY g
< 03 1D Allwo (@2 | w(m)dx)l/p (f@)l/pnﬂmw)

< C Y IDAllsaoll fllLew):-

|a]=m
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To estimate 11, we write

t nA/Z t nA/2
(=) Awen - (=) Feae

-/ [ L1 }( t )"WQ(y—z)RmM;x,z)fz(z)dz
ly—z|<t “I - Zlm |I0 - Z|m

t+ |z -yl ly — z|"~!

t M2y - 2) fo(2) . .

ly — 2" o — 2™
+/ ( t )71)\/2 ( t >TL)\/2
y—zl<t | \EF [T =yl t+ lzo -yl ly — 2" Hao — 2™

-y ( t )”Wu—zw_( t )/<—>
la|=m o ly—z|<t t+ ‘I—y‘ |I*Z|m t+ |:L‘0 *y|

|z — 2™
" Qy — 2)D*A(2) f2(2)
ly — 2|1
= IIT'(x) + ITTL(x) + IIT(2) + TIT(x).

Uy — 2)Rin(A; 20, 2) fo(2)

dz

dz

Note that |z — z| ~ |zo — 2| for z € Q and z € R" ~ Q. Also Note that |z — z| < 2t,
ly—zl =2 je—2—|lv—y|l = |z —2/—¢t > |v— 2 —3t when |[x —y| < ¢, |y — 2| <t and
|z — 2| <t(14+2FH1) <2642t |y — 2| = |z — 2| — 283 when |2 — y| < 28T, |y — 2| < t, we
get, by Minkowski inequality,

1111 ()]

" B 9 1/2
/ / / t * (e = 20lly — | Rma (A2, 2)] | o(2)] N
Rn rrtl \ 1+ |1~—y| XT(2)\Y,
:

N

|y _ Z|n71‘x _ Z|m+1 tn+3

~ - n 1/2
_ o RuaGhie, 2l — / / ( { ) P @@l dydt) T
R |xiz‘m+1 0 lz—y|<t i+ |‘T*y‘ (

o — 2| — 30)2n-2 (3
‘o |Rpi1(A; 2, 2)|| f2(2)| |2 — o]
Rn |:I/z - Z|’rn<k1

oo n 1/2
/ Z/ ( t ) A Xr(z) (1) dydt| "
0 1= Joricla—yl<nre \E+ |7 — (1

X

xr — Z| _ 2k+3t)2n—2 n+3
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_ 1/2
|Rint1(A; 2, 2)|[ f2(2) ||z — 20| /°° dt
< C - d
/ . [ — 21472 jomsiyz (=2 =367 | %
| R i1 (A2, 2) || f2(2) ] — o / —knA fokyny— 2~ dt
C 27 RNA(R)M T
+ o |z — Z|m+1+1/2 Z 22 k|o_z] (2%) (| — 2| — 2F+3¢)2n
- - o 1/2
|Rmy1(A; 2, )| f2(2)] |z — 2o |Rms1(A; 2, 2) || f(2)] kn(1—X
< C dz 4 C d 2kn(1=3)
T s B = P
| R, 1(A;x7z)|\x—x0|
= C R +|.Z‘—Z|m+n+1 |f2(2)|d2’7

by Lemma 1, we have

|Bin(A52,2)] < Cle—2™ Y (ID*Allsaro + [(D*A) g, o) — (D A)g)

la|=m

< Cklz — 2™ Z || D*Al|Bmo,

|a]=m
thus, for z € Q,

| Ry (A; 2, 2)[ [ —

t xo‘
1110 ()| gc/m\@ oot M (2)ldz

3 | Rong1 (A 7, 2) | = o)

< C d
,;)/gk+1é\2ké |z — z|mtntl | f(2)|d=
>kl

< C (2kl)n+1 Z || D A|BMO/Q|f(Z)|dz
k=1 la|=m

< c Z HDQAHBMon||Lx(w>Zk2 ¢
laf=

< C Z 1D All aroll 1] = (w)-

|a|=m

For ITI(z), by the formula (see [6]):

Rm(A,l’,Z) - Rm(A;w(hZ) = Rm(A;xva Z B' ’H’L |B\(D A 3 L0, 2 )($ - xO)ﬁ

0<|B|<m

and Lemma 1, we get

| R (A; . 2) — R (A; 20, 2)| < C Z [|D*Allsamo(Jx—xo|™ + Z lzg— 2™ Bz — x| 121,

lal=m 0<|Bl<m

1/2
1 dz
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thus, similar to the proof of I11}(z), we get, for x € Q,

[III4(x)|| < C Mmm(ﬁ;x,z) — R (A; 20, 2)|dz

R |T — 2|t

|z —@o|™ + > |0 — 2|~ Pl|z — x| 1P
< ¢ X I Allswo [ lplen a(2)lds

|xg — z|mtn
la]=m
< oY | AHBMOZ i o 1N
lal=m

< C Z |D‘)‘A||191\4o||f||L<><>(w)Zk2 e Z [[D*Al|Bamoll fll Lo (w)-

lo|= = ll=

For ITI4(z), by the inequality: a*/? —b'/? < (a —b)*/? for a > b > 0, we obtain, similar to the
estimate of I11t(x),

1115 ()] <

1/2
nA/2|,. _ 1/2 Oy — R Jt _ 2
cf (/R [( M2 — 202|221y = 2)xr v )|Rm<A;xo,z>|} dydt) o

A PR e P o

. . B 1/2
< C | f2(2)|| R (A; w0, 2) \95*900|1/2 // < > ALy Xr(z( )d dt .
h R |z — 2|™ N R ] ly — 2[2n+2
| f2(2)|| R (A; w0, 2)| |2 — 20| /2
< C/n |.730 _z|m+n+1/2 dZ
oo kll /2 Z

< OY g 3 D7 Alono / F(2)ldz

— (2kl)n+1/2 —~ o

< C Y IIDaAIIBMOHfHLoo(w)Zkfk/z<C' > 1D AllBuol| f1] Lo (w)-

ja=rm k=1 jal=m
For ITT}(z), similar to the estimates of ITT}{(z) and I1I%(z), we have

|z — 2 |z — wo['/? o §
[|$ _ Z|n+1 + |33 _ Z|n+1/2 Z ‘D A(Z)||f(z)|dz

la]=m

11T ()] < c/

R"\Q

< C Y ID*AllsumollfllL=w) Y_ k@ +27%2) < > ID*Allsmoll Il o (w)-

lal=m =t o=
Thus
1< C " DAl ol fllLe(w)-

lee|=m

Combining these estimates, we complete the proof of Theorem 1.
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Proof of Theorem 2. It suffices to show that there exists a constant C' > 0 such that
for every H'-atom a (that is that a satisfy: suppa C Q = Q(xo,7), llal oo (w) < w(Q)~! and
S a(y)dy = O(see [1])), we have

173 (@) L1 ) < C.
We write

/n i3 (a)(x)w(z)de = [/x_%l@r +~/|x—xo>27“‘| i3 (a)(x)w(z)de == J + JJ.

For J, by the following equality
1
Qmi1(4;2,y) = Rmy1(Ajz,y) — Z a(x —y)*(D*A(z) — D*A(y)),
lal=m

we have

@@ <o ¥ [ PR ay,

|a]=m
thus, i3l is LP(w)-bounded by Lemma 2 and 3. We see that
I < I8 (@)l 2o (wyw(2Q)' 1P < Cllal | yw(@) 77 < C.

To obtain the estimate of .J.J, we denote that A(z) = A(z) — > lal=m L (D*A)apa®, then

Qm(A;z,y) = Qm(A;z,y). We write, by the vanishing moment of a and Q,41(A;x,y) =
Ry (A52,9) = 32 a1=m L(z —y)*D>A(x), for z € (2Q)°,

Qy — z)Rm(A;x,z)
<t Y- Z\”*1|~T —z|™

FA@)(wy) = f o)z

/ — 2)D*A(z)(x — Z)aa(z)dz

‘04 ly—z|<t ‘y_z|n71‘x_z‘m

/ Xr() (2, )y = 2) R (4; 2, 2) Xy (o, )y — 20) R (4; 2, o) a(2)dz
" \y*ZI”’llfv*Z\m ly — o[~ 10w — mo|™

B Z / |:XF(y )y — 2)(z — 2)® Xr(y)(fﬁo, )y — xo)(x — xo)o‘]
2 o |y T v — ol T — 20"

xD*A(z)a(z)dz,

thus, similar to the proof of 11 in Theorem 1, we obtain

|Q‘1+1/n

A

Y ID*Allsarole — 2o ™"t + |& — 2o " THDA(2)] |

laj=m

note that if w € A, then “"<QQ2|> w‘(QQl ; < C for all cubes Q1,Qp with Q1 C Q. Thus, by

Holder’s inequality and the reverse of Holder s inequality for w € A; and some p > 1 with
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1/p+1/p’ =1, we obtain

Ql w(@+1Q
o< oY | A||BMOZ2 (e D)

la|=m

. ‘Q| 1 1/p’ 1 1/p
C 2~ L D A(z)P S p
+ Z Z (|2k+1Q| 2kt10 | ( )| dx) (|2k+1Q| 2k+1Q'LU(x) dl‘)

|a]=m k=1

2k+1
< C Z ||DaA||BMOZk2_ (2’“*16;?) ?|)) <Ca

which together with the estimate for J yields the desired result. This finishes the proof of
Theorem 2.
Proof of Theorem 3. By the equality

Rerl(A;xa y) = Qerl(A;may) + Z %(‘(L‘ - y)a(DOzA(x) - DaA(y))

loe|=m

|a]=m
we get
D« A y
b)) <P +C Y / A = 2 ),
loe|=
by Theorem 2 and Lemma 3, we obtain
w({z € R™: p{(f)(z) > n})
_ n D~ A
< iR 2 v (Grers 3 A= lay > ¢4
laf=m 71"
< Cllflar ) /n-
This completes the proof of Theorem 3.
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