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Series associated with Polygamma functions

Anthony Sofo

ABSTRACT. We use integral identities to establish a relationship with sums that
include polygamma functions, moreover we obtain some closed forms of binomial
sums. In particular cases, we establish some identities for Polygamma functions

1. Introduction

The aim of this paper is to give a proof and some examples of the following
theorem:

THEOREM 1. Let a be a positive real number,m >0, [t <1,j >0, ¢e N, peN
and j > 0, then

1) S@impan=3 e (" QW)
n=0
- q/o =2 P () [log(1 — @) da

T / (1= )" P (D] log(1 — @) de,

where Q9 (a,j) = % is the ¢'" derivative operator of the binomial coefficient

-1
Qa,j) = (‘“?“) and [\, (f)]® is the pt" consecutive derivative operator of
1—

j
A (F) =300 o (M) fro=(1— )7 where f = f(z) = tz® for x € (0,1).

First we state a number of lemmas that will be useful in the proof of Theorem
1. For specific values of the parameters (a, j,m, p,q,t) we then highlight a number of
examples, some of which include the summation of harmonic numbers.
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2. Technical Lemmas

LEMMA 1. For a and m positive real numbers, and t € R let

(2.1) f=f(x)=ta®

The consecutive derivative operator of the continuous function (1 — f)~" forz € (0,1)
is defined as

©0) _ 1
Ao (DY = =g
o d [ d d 1
(01 =2 (2 (o (= 7m)))
so that
22 PP =S f = — Nt () f
n=0 (1_f) r=1

where the convolution coefficient

(2.3) Cpom(r) = iel)u(m)y (” B ) S (p.v)
and

1 < (v »

5000 = {7} =520 (M) -

are Stirling numbers of the second kind.
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PROOF. We note from (2.1), that x% =af and

> n+m-—1 n maf
azn< n )f _(1_f)m+1

n=0

P ()

[)\m(f)]@):aQZnQ (n+m_1)fn:(1_am+2{mf(1_f)+m(m+1)f2}
n=0

A (f (3):(1300”3 n+m-—1 I
A (£) g ( " )
a3
- W{mf(l — )2 +3-m(m+1)f 2(1 = f) +m(m+1)(m+2)f °}

[/\m(f)](l’) :apznp (n+7:1)fn
n=0

) MZSW) (m), [ (=P

@ g R e
_(1_f)m+p;‘s(pv ) ( )r f jz:(:)( 1) < i >f .

Collecting powers of f we have that

P

Ao DT o) £
r=1

where C), (1) is given by (2.3).
By induction we see that

aP

Do (NP =

D (17 = @ D (1)) = 2 Zs (1) (m), (1~ f)_"”]
=a S Dmf A=) 4
7P A=) A p = Dm)poaS (pp = 1)
+p(m),S (p.p)} + (m+p) (M), S(p,p)f 7 (1= )]
From properties of Stirling numbers of the second kind,
Sp,1)=S(p+1,1)=1, Sp,p)=Skp+1lp+1) =1

Furthermore, S (p,p — 1)+ pS (p,p) = S (p + 1, p) is the recurrence relation of Stirling
numbers of the second kind and from the fact that

(m+p—1)(m)p—1 = (M), (m+p) (m)p = (M)pt1,
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we may write
T[S (p 1y mf (1= 7
A= F)T A p = 1) (m)paS (p,p = 1)
+p(m)pS (p,p)} + (m + p) (M), S(p,p) f P (1 - f)*m*pfl}

qpPt1

:W[S(p+l,1)(m)lf (1= f)P -
+S(p+1p)(m)y f7 (1= )+ (m)pnSp+1p+1)f 7]
ap—i—l p+1

1—r
:( _ m+p+1ZSp+1r m)y f (L= )

so that (2.2) follows. I
The next lemma deals with the derivatives of binomial coefficients.

LEMMA 2. Let a be a positive real number with j > 0, n > 0 and let Q(a,j) =

-1
(a"jﬂ ) be an analytic function in j then,

(24) QW(a,j)

sg | ~Q@IP@), where Plaj) = ¥ 75 forg >0

=
—Qa,))[¥ (G +1+4an) = ¢ +1)]
and for A > 2
A—1
(25) QW (a,j) = d;? == (A ) 1) Q¥ (a, PP a, ),

where PO (a,j) = ¥ (j+1+an) — ¢ (j+1), for n = 1,2,3,..., and Q¥ (a,j) =
Q(a,j). For i =1,2,3, ...

(2. P<i><a,j>:‘§f j (6 G+ 1+ am) — (i + 1))
7)
Z'

r=1 7‘+] H_l

=(=D)4%'CGE+1,j+1)—C(E+1,5+14+an)].
PROOF. Let

o fan+j\' T(an+1)T(+1)  D(an+1)
owi = (") = iy G+ )

Taking logs of both sides and differentiating with respect to j we obtain the result
(2.4).
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Now from (2.4) and for A > 2

A—1

QW(a,j) = = g1
] p=0

and PA=177) (qa, j) is given by (2.6). 1

REMARK 1. We list the following

N —1
. an +j
QW (a,j) = — ( ; ) [H,EZ)H B HJ(;)}

N =1
. an+ ) 1 1)) 2 2 2
Q(Z)(aaj) = ( ] ) |:(Hc(zn)+j o HJ( )) + Hz(ln)+j o HJ( ):|

(" e

r=1s=1

)

N —1
) an + j 3
Q®(a,j) = — < | > [(Hfjjﬂ — 1) w2 [HE) - 1|

j
_ H(z)} [ 7w
J

an+j

+3 [Hﬁfﬂ
In the special case when a =1 and j = 0 we may write
QW (1,0) = —Hy",
Q(z)(LO) _ (Hﬁl)y +H7(12)’
Q®(1,0) = (H,S”)3 +3gVHP +oHP.

The generalised harmonic numbers are given by
"1
7 — . L= HW.
n Z kr’ H Hn
k=1
The Digamma function 1 (z) is defined as

()
()

b (2) = L logT (2)

7 or logT'(2) :/1 Y (t) dt,

and has [5] the series representation

w(z)i(ril riz) -

r=0

where v is the Euler-Mascheroni constant, defined by

n—oo

"1
v = lim <Z ~ —log (n)> = —¢ (1) = 0.5772156649015328606065

r=1

d)\Q ) d)\fl A—1 o
=) ar=-3 (M 1) ewre

-]

12...,
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and T (z) is the Gamma function. Similarly the polygamma function P® (2), k €
Nu{0}, N={1,2,3,...}. is defined by

k+1 k / -

1 k 4z—1
:—/ log(®)]" 77 ) k€ Ny :=NU{0},
t=0 1—t

w(o) (z2) = ¢ (2). The polygamma function is connected to the Hurwitz zeta function

by v (2) = (~1)F1C (k + 1,2) . The Digamma function is connected to the classical
result

(2.7 > w) - - m)

n=1
forR(p—m)>0; p¢Zy :={-1,-2,-3,...}, where
F'(m+n) L n=0

(m),, =
I'(m) m(m+1)(m+2)---(m+n—1); neN

denotes the Pochhammer symbol, or the shifted factorial symbol. The well documented
Gauss summation formula

— (m),(¢), T@Tp-m-yq)
2 nl(p), T—-m)L(p—q)

R(p—m—q)>0; p¢Zy

n=0

is also closely related to the summation (2.7). One dimensional FEuler sums may be
written in the form (other forms are possible)

1
s [n)
n=1

In the study of Fuler sums E,,, there inevitably appears a rich zoo of special functions
including gamma, digamma, polygamma, polylogarithms, zeta and many other func-
tions, see for example [3], [2], [4], [1] and [7] . Some of these functions are related in
a special way, such as

HPY =y (n+1) (1) =v(n+1)+7y

and

HOHD — (_Til')r (zp“‘) (n+1) — ™ (1)> :

We state the following theorem which was given in [6].
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THEOREM 2. Let a be a positive real number, m >0, |t/ < 1 and j > 0, then

g (n+m—1 1 (] )it
(2.8) Z ((anﬂ)) j/o g_m)a)mdx

n=0

123 a
a’a’a’" "7 a

=at1 Fo | 1 oy 54y ati ||
a’ a’ a7 a

REMARK 2. Many specific examples of (2.8) were given in [6], such as:

2,1—3
j 2j2F1 1
00 (”+m—1)1—‘(ﬂ+1) ] 1(1_37)]71 ]+2_m ]
- ey 0o (1-v7) (j+1—m)(j—m)
_ 1 mo
m! (J—Jl_—lm> pu=0 H,{;T (V + %)
and
00 n /n+3 . , 1
(l) (+) / (1—$) 47571 1
@ n =4 daj: B 1 ’a¢1
5T T e o
1 5 a a+1 3(@)3/2 o1
= " 2 1( _1> 2 1 a—1

Now we give a proof of Theorem 1 of this paper.

PRrROOF. From (2.8) we can write

o0 yn n+7:—1 e _m)j—l
2 ((a"fj) ):‘7/ (11—ta:“>mdx’

if we now apply the operator [\, (f)](

(o) tn np (TL+TI’L71

n )7 ! 71,3'*1 (») T
3 ﬁ/O(l Y P (1]

4

Now we utilise the operator Q(%)(a, 5), from (2.5), to obtain

§ "o <n+m 1)Q(q)(a,j)
_ ! _ )t (p) o — N dr
—q / (1= 2™ P ()] flog(1 — 2))" " d

) from (2.2), we see that

j / (1= 2 P (N flog(1 — )] da.
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As a matter of interest it is worthwhile to note that for the special case of j = 0
We may express

n.p [(MTM— @ (. 0) = ! _ )t (p) — N
zt ( )Q (a,0) q/o (1=2) " P ()] log(1 — 2)]* " d
1

The following examples can now be given.

3. Examples
COROLLARY 1. We consider the case p =2 so that from (1.1) we have:

Zt" (”*m‘l)d.q[ma,j)]

dj4

1 Ji=1 _a a

(I —a) " 2% (1 + mtz?) a—1

= gmt log(1l —x dx
1 /0 (1- tx“)m+2 log )

1 i—1 _a a

) (1 —a) " 2% (1 + mtz?) q

+ jmt log(1 — x)]" dx
I /o (1 — taa)™*? Hog( )

From this corollary we can make a number of observations.

REMARK 3. Forq=1,a=2,7=4,m=2 andt = —1
[e'e] ( 1)77,-‘,-1 nQ(n+1) 2n 1

D N e

n=1 4

[e%e] n+1 n+1
> ) [, - B

n=1 n4 ) 12

1—a2)% 22 (1 — 222 V(1 —2)® 22 (1 — 222

:2/ (1—2)"a*( 3 x)da:+8/ (—2) 2% ( 1 x)log(l—x)dx

0 (1+22) 0 (1+22)

23

39
=+ 4G - 5¢(2) - g (20 +141n(2)) + 7 In(2) + 2 (log (2))°,
from which we extrapolate the result

= (=) n?(n+1) 103 95 .7
Z 2n+4 Hz(i)+4 =—+5C(2)+ <29 + 141n(2) — 3>

= i) 12 8

+§1n( ) — 146G — 2 (log (2))?,

where G is Catalan’s constant, defined by

/K )ds = (7%%0.915965...,
(2r+1)
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and K (s) is the complete elliptic integral of the first kind, given by

_/ dt
0 \/17523111215.

REMARK 4. For non-integer, a = %,j =3,m=2,qg=3 andt = -1
- n+l 2 (3) 1
DD R+ 1) QP (53
n=1

log(1 — )] da

:6/01 1-2)’ab (1—295%)

1(1—x)22 (1 - 227 ,
+ 6/ ( T ) log(1 — z)]* dz
0 (1 + l‘%>
= @ + 2log(4) [33 {log(4)}® — 130 {log(4)}* + 1230 log(4) — 4080
+24 [65 log(4) — 205 — 33 {1og(4)}2} C(2)
+ [3168 log(4) — 3120] ¢ (3) — 3564C (4),
and Q) (1,3) can be evaluated from (2.5).

REMARK 5. The very special case of a=1,7 >m+2,q € N and t =1, gives

i (" e )

—qm/ 2)7 7" 1 (1 + ma) log(1 — 2)]* ' da
+]m/ Y "3 2 (1 + ma) [log(1 — 2)]? dx
(m+1)(m+2) (m+1)2m+1) m?
= (—1)? mgq! —
R T AR T

We can note that
n-—+m— .
S 3w (") e ) ~ o).
j=m+3n=1
For the case q = 4,

Z Z <n+m )Q(4) (1,4) :24m+72m2+%m3+24m<(5)’

j=m+3n=1
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