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On the inverse Laplace transform of special functions
containing the Rodrigues type polynomial

∗V. B.L.Chaurasia ∗∗H.S. Parihar

Abstract. In the present paper, we obtain the inverse Laplace transform involv-

ing the product of a general class of polynomials
Qτ

j=1 S
mj
nj

(xj), the polynomial

set Sα,β,0
µ [x], and the H-function of several complex variables. On account of the

most general character of the general class of polynomials, generalized polynomial
set and the H-function of several complex variables involved herein, the inverse

Laplace transform of the product of a large number of special functions involving

one or more variables, occurring frequently in the problems of theoretical physics
and engineering sciences can be obtained as particular cases of our main findings.

For the sake of illustration, we obtain the inverse Laplace transform of product
of two generalized Hermite polynomials given by Gould and Hopper [9], and the

H-function of several complex variables. Our result provides a unification of the

inverse Laplace transform pertaining to the product of polynomials and special
functions earlier obtained by Soni and Singh [14,15], Gupta and Soni [10,11],

Srivastava [2], and Rathie [13].

1. Introduction

The Laplace transform of the function f(x) is defined in the following usual man-
ner:

(1.1) F (p) = L{f(x), p} =
∫ ∞

0

e−pxf(x)dx.

The function f(x) is called the inverse Laplace transform of F (p) and will be denoted
by L−1{F (p)} in the paper.
The general class of polynomials introduced by Srivastava [5, p. 1, eq. (1)] is defined
in the following manner:

(1.2) Sm
n [x] =

[ n
m ]∑

K=0

(−n)mK

K!
An,Kx

K , n = 0, 1, 2, ...,
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where m is an arbitrary positive integer and the coefficients An,K (n,K > 0) are
arbitrary constants, real or complex.
Also, Sα,β,τ

µ [x] occurring in the sequel denotes the generalized polynomial set intro-
duced by Raizada [18], and is defined by the following Rodrigues type formula [18, p.
64, eq. (2.1.8)]:

(1.3)
Sα,β,τ

µ [x; ξ, ζ, q, A,B,m, k, l] = (Ax+B)−α(1−τxξ)
−β
τ Tm+µ

k,l

[
(Ax+B)α+qµ(1− τxξ)

β
τ +ζµ

]
,

where the differential operator Tk,l being defined as

(1.4) Tk,l = xl

(
k + x

d

dx

)
.

The explicit form of this generalized polynomial set [18, p.71, eq.(2.3.4)] is given by

(1.5) Sα,β,τ
µ [x : ξ, ζ, q, A,B,m, k, l]

= Bqµxl(m+µ)(1−τxξ)ζµl(m+µ)

m+µ∑
v=0

v∑
u=0

m+µ∑
j=0

j∑
i=0

(−1)j(−j)iαj(−v)u(−α− qµ)i

u!v!i!j!(1− α− j)!

(
−β
τ
− ζµ

)
v

.

(
i+ k + ξu

l

)
m+µ

(
−τxξ

1− τxξ

)v (
Ax

B

)i

.

Note that the polynomial set defined by (1.3) is very general in nature and it unifies
and extends a number of classical polynomials introduced and studied by various
research workers such as Chatterjea [17], Gould-Hopper [9], Krall and Frink [4], Singh
and Srivastava [16] etc. Some of the special cases of (1.3) are given by Raizada in a
tabular form [18, p. 65]. We shall require the following explicit form of (1.3) which
will be obtained by taking A = 1, B = 0 and let τ → 0 in (1.3) and use the well known
confluence principle

(1.6)
[
limit = (b)n(x

b )n = xn

|b| → ∞

]
there in, we arrive at the following polynomial set

(1.7) Sα,β,0
µ [x] = Sα,β,0

µ [x : ξ, q, 1, 0,m, k, l]
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= xqµ+l(m+µ)lm+µ

m+µ∑
v=0

v∑
u=0

(−v)u

u!v!

(
α+ qµ+ k + ξu

l

)
m+µ

(βxξ)v.

The H-function of several complex variables introduced by Srivastava and Panda
[7, p. 265-274] is defined as

(1.8) H [z1, ..., zr]

= H
0,N :(M

′
,N

′
);...;(M(r),N(r))

P,Q:(P ′ ,Q′ );...;(P (r),Q(r))[
[(a

′
) : θ

′
, ..., θ(r)] : [(b

′
) : φ

′
], ..., [(b(r)) : φ(r)]; .

[(c
′
) : ψ

′
, ..., ψ(r)] : [(d

′
) : δ

′
], ..., [(d(r)) : δ(r)]; z1, ..., zr

]
=

1
(2πω)r

∫
L1

....

∫
Lr

R1(ξ1)....Rr(ξr)N(ξ1, ..., ξr)z
(ξ1)
1 ....z(ξr)

r dξ1...dξr,

where
ω =

√
−1.

The convergence conditions and other details of the above function are given by Sri-
vastava, Gupta and Goyal [6, p. 251, eq. (c.1)].
For the sake of brevity

(1.9) Ti = −
P∑

j=N+1

θ
(i)
j −

Q∑
j=1

ψ
(i)
j +

N(i)∑
j=1

φ
(i)
j −

P (i)∑
j=N(i)+1

φ
(i)
j +

M(i)∑
j=1

δ
(i)
j −

Q(i)∑
j=M(i)+1

δ
(i)
j > 0

i ∈ (1, 2, ..., r);

(1.10) Λi = min

{
Re

(
d
(i)
j

δ
(i)
j

)}
, (j = 1, 2, ...,M (i)).

We assume that the convergence and existence conditions of above function are satis-
fied by each of the various H-functions involved throughout the present work.
The following inverse Laplace transform which can be easily obtained after a little
simplification with the help of a known formula [12, p. 122, eq. (2.2)] will be required
later on

(1.11) L−1

{
S

Pτ
i=1(liai−λ)

τ∏
i=1

(Sli + λi)−ai

}

=
tλ−1∏τ

i=1Γ(ai)
.H

0,0:(1,1);...;(1,1)
0,1:(1,1);...;(1,1)
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−−− : [(1− a1) : 1], ..., [(1− aτ ) : 1]

[(1− λ) : l1, ..., lτ ] : [(0) : 1], ..., [(0) : 1] : λ1t
l1 , ..., λτ t

lτ

]
,

where Re(S) > 0, Re(λ) > 0, 0 < li < 2, |argλi| < (2− li)π
2 or

li = 2 and λi > 0 (i = 1, 2, ..., τ).

2. Main Result

We shall establish the following result:

L−1

{
p−η

τ∏
i=1

(pli + qi)−σi

ς∏
i=1

Smj
nj

[xjp
−λj

τ∏
i=1

(pli + qi)−ρj
i ]Sα,β,0

µ [p−a
τ∏

i=1

(pli + qi)−bi ]

.H[z1p−u1

τ∏
i=1

(pli + qi)−v1
i , ..., zrp

−ur

τ∏
i=1

(pli + qi)−vr
i ]

}

= tη+aqµ+aλm+aλµ+avξ+l1σ1+...+lτ στ+b1{qµ+λm+λµ+vξ}+...+bτ{qµ+λm+λµ+vξ}−1

.

[
n1
m1

]∑
K1

...

[
nς
mς

]∑
Kς

v∑
u=0

m+µ∑
v=0

(−n1)m1K1

K1!
...

(−nς)mςKς

Kς !
(A1)n1,K1 ...(Aς)nς ,Kς

(−v)u

.

(
α+ qµ+ ξu+ k

λ

)
m+µ

βν

u!v!
λm+µ(x1t

λ1+ρ
′
1l1+...+ρ

′
τ lτ )k1 ...(xςt

λς+ρς
1l1+...+ρς

τ lτ )kς

.H
0,N+τ :(M

′
,N

′
);...;(M(r),N(r));1,0;...;1,0

P+τ,Q+τ+1:(P ′ ,Q′ );...;(P (r),Q(r));0,1;...;0,1
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(2.1)

[1− σ1 − b1(qµ+ λ(m+ µ) + νξ)− ρ
′

1K1− z1t
u1+l1v

′
1+...+lτ v

′
τ

...− ρς
1Kς ; v

′

1, ..., v
r
1, 1, 0, ..., 0], ... .

[1− στ − bτ (qµ+ λ(m+ µ) + νξ)− ρ
′

τK1−
...− ρς

τKς ; v
′

τ , ..., v
r
τ , 0, 0, ..., 1], .

[1− σ1 − b1(qµ+ λ(m+ µ) + νξ)− ρ
′

1K1−
...− ρς

1Kς ; v
′

1, ..., v
r
1, 0, 0, ..., 0], ... .

[1− στ − bτ (qµ+ λ(m+ µ) + νξ)− ρ
′

τK1−
...− ρς

τKς ; v
′

τ , ..., v
r
τ , 0, 0, ..., 0], .

[(a
′
) : θ

′
, ...θ(r), 0, ..., 0] : zrt

ur+l1vr
1+...+lτ vr

τ

[1− η − a(qµ+ λ(m+ µ) + νξ)− l1σ1 − ...− lτστ− q1t
l1

b1(qµ+ λ(m+ µ) + νξ)− ...− bτ (qµ+ λ(m+ µ) + νξ)− .

(λ1 + ρ
′

1l1 + ...+ ρ
′

τ lτ )K1 − ...
−(λς + ρς

1l1 + ...+ ρς
τ lτ )Kς ; .

u1 + v
′

1l1 + ...+ v
′

τ lτ , ..., ur + vr
1l1 + ...+ vr

τ lτ , l1, ..., lτ ], .

−−−− : [(b
′
) : φ

′
], ..., [(b(r)) : φ(r)]; ...; ...; ...

[(c
′
) : ψ

′
, ..., ψ(r), 0, ..., 0] : [(d

′
) : δ

′
],

..., [(d(r)) : δ(r)]; (0, 1); ...; (0, 1) qτ t
lτ



,

provided that the quantities λ1, ρ
′

1, ..., ρ
′

τ , ..., λς , ρ
ς
1, ..., ρ

ς
τ , u1, v

′

1, ..., v
′

τ , ..., ur, v
r
1, ..., v

r
τ

are all positive, Re(p) > 0 and

Re(η + l1σ1 + ...+ lτστ ) + min(1 6 j 6 M (i))

[
Re(ui + l1v

i
1 + ...+ lτv

i
τ )

(
di

j

δi
j

)]
> 0,

P∑
j=1

α
(i)
j +

P (i)∑
j=1

γ
(i)
j −

Q∑
j=1

β
(i)
j −

Q(i)∑
j=1

δ
(i)
j − (ui + l1v

i
1 + ...+ lτv

i
τ ) < 0, (i = 1, 2, ..., r)

Ωi = −
P∑

j=N+1

α
(i)
j +

N(i)∑
j=1

γ
(i)
j −

P (i)∑
j=N(i)+1

γ
(i)
j −

Q∑
j=1

β
(i)
j +

M(i)∑
j=1

δ
(i)
j −

Q(i)∑
j=M(i)+1

δ
(i)
j −[ui+(l1+1)vi

1+....+(lτ+1)vi
τ ] > 0,

|argzi| < 1
2Ωiπ or Ωi = 0 and zi > 0 (i = 1, 2, ..., r),

0 < li < 1, |argαj | <
π

2
(1− lj), (j = 1, 2, ..., τ) or l1 = ... = lτ = 1, α1 > 0, ....., ατ > 0.

It may be remarked here that some of the exponents

l1, ..., lτ , λ1, η
′

1, ...., η
′

τ , ..., λς , η
ς
1, ...., η

ς
τ , u1, v

′

1, ..., v
′

τ , ..., ur, v
r
1, ..., v

r
τ ,
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in (2.1) can decrease to zero provided that both sides of the resulting equation has a
meaning.

Proof. In order to prove (2.1), first we express the general class of polynomials
and the generalized polynomial set occurring on the left-hand side of (2.1) in the series
form given by (1.2) and (1.7) respectively, replace the H-function of several complex
variables occurring therein by its well known Mellin-Barnes contour integral with the
help of (1.8). Now, on interchanging the orders of summations and integration, and
taking the inverse Laplace transform by using the formula (1.11). Finally, interpreting
the resulting Mellin-Barnes contour integral in the form of the H-function of r + τ
variables which is permissible under the conditions stated with (2.1). �

3. Particular cases

(i) If we take τ = 2, ς = 1, l1 = q1, l2 = q2 in (2.1), and reducing the general class
of polynomials in terms of Gould-Hopper polynomials [9, p. 58, eq. (6.2); see also 8,
p. 161, eq. (1.15)]

gm1
n1

[x1p
−λ1(pl1 + l1)ρ

′
1 (pl2 + l2)ρ

′
2 , h],

also the generalized polynomial set in terms of Gould-Hopper polynomial [9, p. 52;
see also 12, p. 65]

H(ξ)
µ [p−a(pl1 + l1)−b1(pl2 + l2)−b2 , α, β],

we arrive at the following interesting result

L−1
{
p−η(pl1 + l1)−σ1 (pl2 + l2)−σ2

.gm1
n1

[x1p
−λ1(pl1 + l1)ρ

′
1 (pl2 + l2)ρ

′
2 , h].H(ξ)

µ [p−a(pl1 + l1)−b1(pl2 + l2)−b2 , α, β]

.H[z1p−u1(pl1 + l1)−v
′
1(pl2 + l2)−v

′
2 , ..., zrp

−ur (pl1 + l1)−vr
1 (pl2 + l2)−vr

2 ]
}

= tη+l1σ1+l2σ2−1

[
n1
m1

]∑
K1

v∑
u=0

µ∑
v=0

n1!
K1!(n1 −m1K1)

(−v)u(−α− ξu)µh
K

u!v!

.t(a+l1b1+l2b2)(vξ−µ)(x1t
λ1+l1ρ

′
1+l2ρ

′
2)n1−m1K1

.H
0,N+2:(M

′
,N

′
);...;(M(r),N(r));1,0;1,0

P+2,Q+3:(P ′ ,Q′ );...;(P (r),Q(r));0,1;0,1
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(3.1)



[1− σ1 − ρ
′

1(n1 −m1K1)− z1t
u1+l1v

′
1+l2v

′
2

b1(ξv − µ); v
′

1, ..., v
r
1, 1, 0]

[1− σ1 − ρ
′

1(n1 −m1K1)− .

b1(ξv − µ); v
′

1, ..., v
r
1, 0, 0]

[1− σ2 − ρ
′

2(n1 −m1K1)− .

b2(ξv − µ); v
′

2, ..., v
r
2, 0, 1]

[1− σ2 − ρ
′

2(n1 −m1K1)− .

b2(ξv − µ); v
′

2, ..., v
r
2, 0, 0]

[(a
′
) : θ1, ...θr, 0, ..., 0] : zrt

ur+l1vr
1+l2vr

2

[1− (η + l1σ1 + l2σ2)−

(λ1 + ρ
′

1l1 + ρ
′

2l2)(n1 −m1K1);

u1 + v
′

1l1 + v
′

2l2, ..., ur + vr
1l1 + vr

2l2, l1, l2]
−−−− : [(b

′
) : φ

′
], ..., [(b(r)) : φ(r)];−;−

[(c
′
) : ψ

′
, ..., ψ(r), 0, 0] : [(d

′
) : δ

′
], l1t

l1

..., [(d(r)) : δ(r)]; (0, 1), (0, 1) l2t
l2



,

The result in (3.1) is valid under the conditions surrounding (2.1).
(ii)

If the generalized polynomial set Sα,β,0
µ in our main result (2.1) reduces to unity by

some suitably specialization of the coefficients then we get a known result due to Soni
and Singh [14, p. 51-52, eq. (2.1)].
(iii)
On taking τ = ς = 2 in (2.1), and Sα,β,0

µ reduces to unity by some suitably specializa-
tion of the coefficients ,we get a known result due to Gupta and Soni [10, p. 21-22,
eq. (2)].
(iv)
If in the main result (2.1), we reduce the H-function of several complex variables to
the product of the Whittaker function and the Meijer’s G-function and take the other
factor/functions occurring therein to be unity,we arrive after a little simplification at
a result which is in essence the formula obtained earlier by Srivastava [2, p. 827, eq.
(2.4)].
(v)
If the Meijer’s G-function reduces to Bessel function by suitably specialization of fac-
tors in case (iv), then we easily yield a result obtained by Rathie [13, p. 368, eq.
(3.2)].
(vi)
Putting ς = 2 in (2.1),the H-function of r-variables breaks up into the product of r Fox
H-function [3] and reduce the generalized polynomial set into unity, then we arrive at
a result obtained by Soni and Singh [15, p. 90, eq.(2.1)].
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(vii)
Let τ = ς = 2, and N = P = Q = 0, M (i) = Q(i) = 1, N (i) = P (i) = 0,
d(i) = 0, δ(i) = 1, ui = 1, v(i)

1 = v
(i)
2 = 0, and zi tends to zero (i=1,2,...,r),the H-

function of r-variables reduces to Fox H-function [3] and the generalized polynomial
set reduces into unity, then we arrive at another result obtained by Gupta and Soni
[11, p. 2-3, eq. (2.1)].

The results presented in this paper would at once yield a very large number of
results involving special functions in the problem of mathematical analysis, applied
mathematics and mathematical physics.

Acknowledgment. The authors are thankful to Professor H. M. Srivastava, Uni-
versity of Victoria, Canada for his kind help and valuable suggestions in the prepara-
tion of this paper.
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