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The integrals in Gradshteyn and Ryzhik.
Part 12: Some logarithmic integrals

Victor H. Moll and Ronald A. Posey

ABSTRACT. We present the evaluation of some logarithmic integrals. The inte-
grand contains a rational function with complex poles. The methods are illus-
trated with examples found in the classical table of integrals by I. S. Gradshteyn
and I. M. Ryzhik.

1. Introduction

The classical table of integrals by I. Gradshteyn and I. M. Ryzhik [3] contains
many entries from the family

1
(1.1) / R(z) logz dx
0
where R is a rational function. For instance, the elementary integral 4.231.1
(1.2) /1 logxdac:_ﬁ7

is evaluated simply by expanding the integrand in a power series. In [1], the first
author and collaborators have presented a systematic study of integrals of the form

b
log tdt
1. o (b) = | —o8tet
( 3) ,1( ) /0 (1+t)n+1

as well as the case in which the integrand has a single purely imaginary pole

b
logtdt
(14) hn,Q(avb) - /0 m
The work presented here deals with integrals where the rational part of the inte-
grand is allowed to have arbitrary complex poles.
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2. Evaluations in terms of polylogarithms

In this section we describe the evaluation of

(2.1) g(a) = /O log z dx

22 —2ax+1’

under the assumption that the denominator has non-real roots, that is, a? < 1.
The first approach to the evaluation of g(a) is based on the factorization of the
quartic as

(2.2) 22 = 2ax 4+ 1= (x+7)(x+ 7o),
where 71 = —a +iv1 — a? and 7o = —a — tv/1 — a2. The partial fraction expansion

1 1 1 1
(2.3) = — ,
(x+ri)(@+rey) re—ri\T+r T+
yields
1 og z dx 1 Y ogz dx
(2.4) 9(a) = / - / .
ro—"r1Jo T+T ro—1r1 Jog T+
These integrals are computed in terms of the dilogarithm function defined by
T log(1—+¢
(2.5) PolyLog[2, z] := 7/ % dt.
0
A direct calculaton shows that
1 d
(2.6) / 08TAT _ log z1log(1 + z/a) + PolyLog[2, —z/a],
r+a
and thus
1
1 d 1
(27) [ EEE —poiyiog 2.1,
0o T+a a
It follows that
1 1 1
(2.8) g(a) = (PolyLog {2, —} — PolyLog {2, —}) .
o —T1 1 T2

Observe that the real integral g(a) appears here expressed in terms of the poly-
logarithm of complex arguments.

EXAMPLE 2.1. The case a = 1/2 yields

(2.9) /01 % _ % (PolyLog [27 1+ i\/ﬁ)/z} — PolyLog [2, (1- z'\/§)/2D .

The polylogarithm function is evaluated using the representation

(2.10) (14iV3)/2 = e™/3,
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to produce

PolyLog [2, (1+iV3) /2} _

Similarly

PolyLog [2, (1- z\/§)/2} = i cos (%) —isin (%)

and it follows that
! log z dx ' .

/o peopear M PolyLog [27 1+ zx/g)/2} — PolyLog [2, (1— Z\/g)/gD
sin (35)

2 o0
= _ﬁé e

8-
w
/N

The function sin(7k/3) is periodic, with period 6, and repeating values

e}

202 2

Therefore

k=1 k=0 k=0 =0 =0

Oosin(”,—k)_\/g oo 1 oo 1 oo 1 oo 1
D = Z(6k+1)2+ (6k+2)2_;(6k+4)2_k2(6k+5)2 '

To evaluate these sums, recall the series representatin of the polygamma function
P(z) =T'(z)/T(x), given by

1 > T
2.11 - _~— = -
(2.11) W) === LS
Differentiation yields
= 1
2.12 ! - _ -
(2.12) Y@ =3 e
k=0
and we obtain
> 1 1 & 1
z;) (6k + 7)2 36];0 (k+%‘)2'

This provides the expression

eim) S Yy ) v () - ().

k=1
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The integral (2.9) is

ey [ LB G -v () -V B).

The identities

(2.15) P(1 —x) = Y(z) + mcot 7w,
and
(2.16) Y(2x) = % (¢(x) + ¢(z+ 1)) +log2,

produce
W (§) =5 ()~ 5 v (5) = ' () + 1 v (§) = 5w (5) + 15
Replacing in (2.14) yields

1 2

log x dx 2m 1 1
2.17 _osrar S ().
(2.17) /0 22—z +1 9 3¢ (3)
This appears as formula 4.233.2 in [3].

Note. The method described in the previous example evaluates logarithmic integrals
in terms of the Clausen function

oo .
sin kx
k2

(2.18) Cly(z) :=
k=1

Note. An identical procedure can be used to evaluate the integrals 4.233.1, 4.233.3, 4.233.4
n [3] given by

U logzdx 472
2.19 —_— = — =
(2.19) /0 ?24+r+1 27 ¢ ( >
(2.20) /1 x logz dz ——7—”2+1w’ 1
’ o ®2+xz+1 54 9 3/’
and
1
xlogrdr 572
2.21 —_— = — =
(2.21) /0 22—z +1 36 lb ( )

respectively.
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3. An alternative approach
In this section we present an alternative evaluation for the integral
1
log z dx
3.1 = =
(3-1) 9(@) /0 x? —2ax + 1

based on the observation that

(3.2) g(a) = tim & / v de

s—0ds Jo 22 —2ax+1

The proof discussed here is based on the Chebyshev polynomials of the second
kind U, (a), defined by

sin[(n + 1)t]

sint

(3-3) Un(a) =

where a = cost. The relation with the problem at hand comes from the generating
function

4 -
(3-4) 1—2a33+a:2 ZUk

This appears as 8.945.2 in [3].
Observe that

1 o0 1 o)
x® dx Ui (a)
- = U Fredy = —
/0 2?2 — 2azx 4+ 1 kZ:o k(a)/ox v —kts+l
It follows that
1 o)
log x dx
3.5 —_— = —
(3:5) /0x2—2ax+1 Zk+1

Replacing the trigonometric expression (3.3) for the Chebyshev polynomial, it follows
that

x272ax+1__sintk_0 k2 sint

ol 1 si 1
(3.6) / ogx dx sinkt _ Cl(?)
0

This reproduces the representation discussed in Section 2.

Note. The methods presented here give the value of (3.1) in terms of the dilogarithm
function. The classical values

x s7) o~ (-1)*
(3.7) Cly (5) = *CIQ 7 ZO m = Catalan,

are easy to establish. More sophisticated evaluations appear in [5]. These are given
in terms of the Hurwitz zeta function

(3.8) ((sa)=) (kj

k=0
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For instance, the reader will find

(3.9) Cl (&) =3 (3_82_ L@ 43, é)) :
and
(3.10) ClL (%) =3 (3_52_ Le@) 6 (C(2,5) +<(2, ;,))> .

Note. Integrals of the form

1
1
(3.11) / R(x)loglog - dx
0

present new challeges. The reader will find some examples in [4]. The current version
of Mathematica is able to evaluate

1
x loglog1/x T 1
3.12 —————dr = ——= (6log2 —3log3 + 8logm — 12logI'(%)),
( ) /0 2 +1 12\/5( g g g g (3))
but is unable to evaluate

1
loglog 1

/ vloglog 1/ do = = (7logm — 4logsin & — 8logI'(3)) .

0

zt — V222 4+ 1 8+/2

(3.13)

4. Higher powers of logarithms

The method of the previous sections can be used to evaluate integrals of the form

(4.1) /0 R(x)log? z dx,

where R is a rational function. The ideas are illustrated with the verification of formula
4.261.8 in [3]:

(4.2)

log? 2 d .
1_ g6 08 T 186

/1 1—xz | _ 8v/37m3 + 351¢(3)

Define

le/l log%dx’ ,]2:/1 log2xda:7
0o 14z o 1—xz+a?

/1 z log? z dx /1 log? z dx
Ss=| ——5 Ja=| T3
0o l—x+2a? o 1+z+a?
The partial fraction decomposition
1—xz 1 1 1 1 1 x 1 1

1— 26 _§1+m+61—x—|—x2_31—x+x2+§1+m+x2’

1
1-— 1 1 1
(4.3) / * log? xde = =J, + =Jy — =
0

1
1— 26 3 6 gfst e
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Evaluation of J;. Consider first

dr = 1)~ / " T dre = —_
0o 1+ — 0 — k+s
Differentiating twice with respect to s gives
log rdx = - 3
4.4 Ji = =2 3).
(14) = [R5 CU )
k=1
Evaluations of Jo. Integrating the expansion
x® dx . Ugla)
4.5 e _ TR\
(45) 22 —2ax +1 §S+k+l,

and differentiating twice with respect to s yields

1 2 oo
z® log” x dx Ui(a)
4. —_— =2 —_—
(46) /0 22 —2ar+1 ];(s—&—k:—i—l)?’
The value s = 0 yields
1 2 o'}
log® z dx Uk(a)
4. —_— =2 —_—
(47) /0 22 — 2azx +1 ’;(k—kl)?’
We conclude that
4. =2 E
(48) 2= k + 1

The sequence Uk(%) is periodic of period 6 and values 1, 0, —1, —1, 0, 1. Therefore

> 1 = 1 = 1 > 1
4.9 Jo=2 —_— 2 — =2 — 42 —_— .
(4.9) 2 Z (6k + 1) Z (6k + 3)3 Z (6k + 4)° + (6k +5)
k=1 k=1 k=1 k=1
This can be written as
1 (& 1 > 1 > 1 > 1
108 (; k1 1/6) k; k1127 ];1 k1238 " ; k15/67 )
Proceeding along the same lines of the previous argument, employing now the second
derivative of the polygamma function yields
1073
81V3

Jo =

(4.10) Jy =

The same type of analysis gives

gy = /lxlogzxdx 53 ~2¢(3)
o 1—x+22 813 3
J, = /1 logdem _ 817r3.
o 1+z+22 813
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This completes the proof of (4.2).

The reader is invited to use the method developed here to verify

1 5
1- 2 1
(4.11) / mﬁ log" - do — 32/37° + 6335C(5)’
o -z 1458

and

L - 7(256v/377 + 1327995( (7
(4.12) / a?6 log® & dx = (256v/3n” + < ))

1-z B 26244
Mathematica 6.2 is capable of producing these results.

The methods discussed here constitute the most elementary approach to the eval-
uations of logarithmic integrals. M. Coffey [2] presents some of the more advanced
techniques required for the computation of integrals of the form

(4.13) /01 R(zx) log® x dx

for s real and R a rational function.

References

[1] T. Amdeberhan, V. Moll, J. Rosenberg, A. Straub, and P. Whitworth. The integrals in Gradshteyn
and Ryzhik. Part 9: Combinations of logarithmic, rational and trigonometric functions. Scientia,
17:21-44, 2009.

[2] M. Coffey. Evaluation of certain Mellin transformations in terms of the trigamma and polygamma
functions. In D. Dominici and R. Maier, editors, Contemporay Mathematics. Special Functions
and Orthogonal Polynomials, volume 471, pages 85-104. American Mathematical Society, 2008.

[3] I. S. Gradshteyn and I. M. Ryzhik. Table of Integrals, Series, and Products. Edited by A. Jeflrey
and D. Zwillinger. Academic Press, New York, 7th edition, 2007.

[4] L. Medina and V. Moll. A class of logarithmic integrals. Ramanujan Journal, To appear, 2009.

[5] H. M. Srivastava and J. Choi. Series associated with the zeta and related functions. Kluwer
Academic Publishers, 1st edition, 2001.

DEPARTMENT OF MATHEMATICS,
TULANE UNIVERSITY,
NEw ORLEANS, LA 70118,
USA

E-mail address: vhm@math.tulane.edu

DEPARTMENT OF MATHEMATICS,
BATON ROUGE COMMUNITY COLLEGE,
BATON ROUGE, LA 70806
USA

E-mail address: raposey@gmail.com

Received 02 07 2008, revised 16 03 2009



