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Certain integral properties pertaining to special functions

V.B.L. Chaurasiaa and Jagdev Singh b

Abstract. The aim of the present paper is to study certain integral properties

of M-series [7], a general class of polynomials [9], Fox’s H-function [3] and H̄-
function [6] which contains a certain class of Feynman integrals, exact partition

of a Gaussian model in statistical mechanics and several other functions as its

particular cases. The main results of our paper are unified in nature and capa-
ble of yielding a very large number of corresponding interesting results (new and

known) involving simpler special functions and polynomials as special cases of our
formulae. The results established here are basic in nature and are likely to find

useful application in several fields notably electrical networks, probability theory

and statistical mechanics etc.

1. Introduction
The conventional formulation may fail pertaining to the domain of quantum cosmology
but Feynman path integrals apply [5 and 6]. Feynman path integrals reformulation of
quantum mechanics is more fundamental than the conventional formulation in terms
of operators. Feynman integrals are useful in the study and development of simple
and multiple variable hypergeometric series which in turn are useful in statistical
mechanics.
The M-series is defined by Sharma [7] as

s

α

M t(u1, ..., us; v1, ..., vt;w) = s

α

M t(w)

=
∞∑

k=0

(u1)k...(us)k

(v1)k...(vt)k

wk

Γ(αk + 1)
(1.1)

here α ∈ C,Re(α) > 0, and (uj)k, (vj)k are the Poacheammar symbols. The
series (1.1) is defined when none of the parameters vjs, j = l, 2,...,q is negative integer
or zero. If any numerator parameter αj is a negative or zero, the series terminates to
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a polynomial in w. From the ratio test it is evident that the series (1.1) is convergent
for all w if s 6 t, if it convergent for s = t+1 and divergent,if s > t+1. When s = t+1

and |w| = 1, the series can converge in some cases. Let β =
s∑

j=1

uj −
t∑

j=1

vj . Let β =

s∑
j=1

uj −
t∑

j=1

vj .It can be shown that when s = t + 1 the series is absolutely convergent

of |w| = 1 if Re(β) < 0, conditionally convergent for w = −1 if 0 6 Re(β) < 1 and
divergent for |w| = 1 if 1 6 Re(β).

2. Main Results

Here we shall derive the following results involving a general class of polynomials [9],
for H-function [3] (Skibinski [8]), M-series [7] with H̄-function [6].
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Provided that

Re
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σ + 1 + α2
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+ α4
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B
j′

)
> 0,Re
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ρ + 1 + β2

fj

Fj
+ β4

βj′

B
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> 0,

| arg a2| < 1
2Tπ, T > 0, | arg a1| < 1

2T ′π, T ′ > 0,

where j = 1, ..,M ; j′ = 1, ....,m; (ρ, σ, α1, β1, α2, β2, α3, β3, α4, β4) > 0 and s 6 t, |a3| <
1, a1 > 0.

∞∫
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Provided that
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where j = 1, ...,M ; j′ = 1, ...,m; (ρ, σ, α1, β1, α2, β2, α3, β3, α4, β4) > 0 and s 6 t, |a3| <
1, a1 > 0.
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1∫
0

1∫
0

[
y(1−x)
(1−xy)

]α+σ [
1−y
1−xy

]β

1
(1−x)P

(α,β)
n

[
1− 2a1

(
y(1−x)
(1−xy)

)α1
(

1−y
1−xy

)β1
]

. Sm′

n′

[
a2

(
y(1−x)
(1−xy)

)α2
(

1−y
1−xy

)β2
]

HM,N
P,Q

[
a3

(
y(1−x)
(1−xy)

)α3
(

1−y
1−xy

)β3
∣∣∣∣ (ep,EP )

(fQ,FQ)

]
. s

α′

M t

[
a4

(
y(1−x)
(1−xy)

)α4
(

1−y
1−xy

)β4
]

H̄m,n
p,q

[
a5

(
y(1−x)
(1−xy)

)α5
(

1−y
1−xy

)β5
]

dxdy

=
[n′/m′]∑

r=0

M∑
g=1

∞∑
G,k=0

(−n′)m′r

r! An′,r
(−1)Gϕ(ηG)

G!Fg

(u1)k...(us)k

(v1)k...(vt)k

1
Γ(α′k+1)

.ar
2a

ηG

3 ak
4

(1+α)n

n! 2F1[−n, α + β + n + 1; 1 + α; a1]
×H̄m,n+2

p+2,q+1

[
a5

∣∣∣(1−α−σ−α1k1−α2r−α3ηG−α4k,α5;1),(−β−β1k1−β2r−β3ηG−β4k,β5;1),(αj ,Aj ;aj)1,n(αj,Aj)n+1,p

(βj ,Bj)1,m(βj ,Bj ;bj)m+1,q,[−α−β−σ−(α1+β1)k1−(α2+β2)r−(α3+β3)ηG−(α4+β4)k,α5+β5;1

]
, (2.4)

Provided that

Re
(

α + σ + 1 + α3
fj

Fj
+ α5

βj′

B
j′

)
> 0,Re

(
β + 1 + β3

fj

Fj
+ β5

βj′

B
j′

)
> 0,

| arg a3| < 1
2Tπ, T > 0, | arg a5| < 1

2T ′π, T ′ > 0,



4 V.B.L. CHAURASIA AND JAGDEV SINGH

where

j = 1, ...,M ; j′ = 1, ...,m; (α, β, σ, α1, β1, α2, β2, α3, β3, α4, β4, α5, β5) > 0 and s 6 t,
s 6 t, |a4| < 1.

Proofs. The results (2.1) through (2.4) can be easily established by using the same
technique as used by Chaurasia and Shekhawat [2].

3. Particular cases

(A) For the generalized hypergeometric function [7] when α = 1, we have s

1
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∞∑
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k! = sFt(w) the results (2.1) through (2.4) reduce to the following

formulae
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exists under the same conditions as required for (2.2).
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]
,

valid under the same conditions as obtainable from (2.3).
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]
valid under the same conditions as surrounding (2.4).
(B) Taking α1 → 1, β1 → 0, α2 → 0, β2 → 0, a2 → 1, α3 → 0, β3 → 0, α4 → 1
in equation (2.1) a1 → 0, α1 → 1, β1 → 0, a2 → 1, α2 → 0, β2 → 0, α3 → 0, in
equation (2.2) and (2.3), we get the known results recently obtained by Chaurasia and
Shekhawat ([2], eqn. (2.1), p.2, eqn. (2.3), p.3 and eqn. (2.5), p.4).
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