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[s-Ponomarev-systems and 1-sequence-covering mappings
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ABSTRACT. In this paper, we prove that f is an 1l-sequence-covering (resp., 2-
sequence-covering) mapping from a locally separable metric space M onto a space
X if and only if {(Xx,{Pxr,n}) : X € A} is a double point-star wsn-cover (resp.,
double point-star so-cover) for X, where (f, M,X,{Px }) is an ls-Ponomarev-
system, and investigate further properties of mappings in the ls-Ponomarev-
system (f, M, X, {Pxn})-

1. Introduction

Characterizing images of metric spaces under covering-mappings by spaces having
certain networks is one of attracted problems in general topology. Recently, some au-
thors were interested in finding a general method to construct a covering-mapping
with metric domain. By this work, characterizations of images of metric spaces
were obtained systematically. In [1], the authors introduced the ls-Ponomarev-system
(f, M, X,{Pxn}), and used this notion to give necessary and sufficient conditions such
that the mapping f is a compact mapping (a compact-covering mapping, a sequence-
covering mapping, a pseudo-sequence-covering mapping, a sequentially-quotient map-
ping) from a locally separable metric space M onto a space X. As applications of
these results, the authors systematically obtained internal characterizations of cer-
tain compact images of locally separable metric spaces. Among covering-mappings,
1-sequence-covering mappings and 2-sequence-covering mappings which were intro-
duced by S. Lin in [11] play important roles, and cause many attentions in [3], [6],
[7], [9], [12], [18]. Thus, it is interested in finding a necessary and sufficient con-
dition such that f is an 1l-sequence-covering (2-sequence-covering) mapping for an
[s-Ponomarev-system (f, M, X, {Pxn}).

In this paper, we prove that f is an 1-sequence-covering (resp., 2-sequence-covering)
mapping from a locally separable metric space M onto a space X if and only if
{(Xx;{Pan}) : A € A} is a double point-star wsn-cover (resp., double point-star
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so-cover) for X, where (f, M, X,{Px}) is an Is-Ponomarev-system, and investigate
further properties of mappings in the ls-Ponomarev-system (f, M, X, {Px ,}). These
results make the study of covering-mappings from locally separable metric spaces more
completely.

Throughout this paper, all spaces are Hausdorff, all mappings are continuous and
onto, a convergent sequence includes its limit point, and N denotes the set of all natural
numbers. Let f: X — Y be a mapping, P be a family of subsets of a space X, and
K C X, we denote f(P) = {f(P) : P € P}, st(K,P) = {P € P: PNK # 0},
and st(z,P) = st({z}, P) for every x € X. We say that a convergent sequence
{z, : n € N} U {z} converging to z is eventually in a subset U of a space X if
{zn:n =ne}tU{z} C U for some ng € N.

For terms are not defined here, please refer to [4] and [17].

2. 1-sequence-covering mappings in Ponomarev-systems

DEFINITION 2.1. Let P be a subset of a space X.

(1) P is a sequential neighborhood of x [5], if for every convergent sequence S
converging to x in X, S is eventually in P.

(2) P is a sequentially open subset of X [5], if for every x € P, P is a sequential
neighborhood of x.

DEFINITION 2.2. Let P be a cover for a space X.

(1) P is a network for X [15], if P = { P, :x € X} with P, C{P € P:z € P},
and for every x € U with U open in X, there exists P € P, such that z €¢ P C U,
where P, is a network at x in X.

(2) P is an sn-cover for X [13], if each P € P is a sequential neighborhood of
some point in X, and for each x € X, there exists P € P such that P is a sequential
neighborhood of .

(3) For each x € X, P is a wsn-cover at x in X or a wsn(x)-cover for X, if there
exists P € P such that P is a sequential neighborhood of x.

P is a wsn-cover for X [7] if, for every z € X, P is a wsn(x)-cover for X.

(4) For each z € X, P is an so-cover at x in X or an so(x)-cover for X, if for
each P € P with x € P, P is a sequential neighborhood of z.

P is an so-cover for X [13], if every element of P is a sequentially open subset of
X. It is easy to see that P is an so-cover for X if and only if, for every z € X, P is
an so(x)-cover for X.

(5) P is a point-star network for X, if P = |J{P, : n € N} where each P, is a
cover for X and, for each x € X, {st(z,P,) : n € N} is a network at z in X. Note
that a point-star network is a o-strong network in the sense of [8], and {P,, : n € N}
is a point-star network in the sense of [14].

DEFINITION 2.3. Let f: X — Y be a mapping.
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(1) For each y € Y, f is an 1(y)-sequence-covering mapping or an I-sequence-
covering mapping at y, if there exists z, € f~'(y) such that whenever {y, : n € N}
is a sequence converging to y in Y there exists a sequence {x,, : n € N} converging to
z, in X with each z,, € f~1(yn).

f is an I-sequence-covering mapping [11], if f is an 1(y)-sequence-covering map-
ping for every y € Y.

(2) Foreach y € Y, f is a 2(y)-sequence-covering mapping or a 2-sequence-covering
mapping at y, if whenever z, € f~!(y) and {y, : n € N} is a sequence converging
to y in Y there exists a sequence {z, : n € N} converging to z, in X with each
Tn € fﬁl(yn)'

f is a 2-sequence-covering mapping [11], if f is a 2(y)-sequence-covering mapping
for every y € Y.

(3) f is an s-mapping (resp., compact mapping) [2] if, for each y € Y, f~1(y) is
a separable (resp., compact) subset of X.

(4) f is an ss-mapping [10] if, for each y € Y, there exists a neighborhood U of y
in Y such that f~1(U) is a separable subset of X.

(5) f is a cs-mapping [16] if, for each compact subset K of Y, f~}(K) is a
separable subset of X.

(6) f is a w-mapping [2] if, for each y € Y and each neighborhood U of y in Y,
d(f~Y(y), X — f~Y(U)) > 0, where X is a metric space with a metric d.

LEMMA 2.1. Let f: X — Y be an I-sequence-covering mapping at y in Y, and
U be a sequential neighborhood of x, in X. Then f(U) is a sequential neighborhood
ofyinY.

PRrROOF. Let {y, : n € N} be a sequence converging to y in Y. Then there exists
a sequence {z,, : n € N} converging to z, in X with each z, € f~'(y,). Since U
is a neighborhood of z,, {z, : n € N} U {z,} is eventually in U. It implies that
{yn : n € N} U {y} is eventually in f(U). This proves that f(U) is a sequential
neighborhood of y. O

LEMMA 2.2. Let f : X — Y be a 2-sequence-covering mapping, and U be a
sequentially open subset of X. Then the following hold.

(1) f(U) is a sequentially open subset of Y.
(2) flu: U — f(U) is a 2-sequence-covering mapping.

PROOF. (1). For each y € f(U), let {y, : n € N} be a sequence converging to y in
Y. Pick some x, € f~!(y) N U, then there exists a sequence {x, : n € N} converging
to x, in X with each z,, € f~!(y,). Since U is sequentially open, {z,, : n € N}U{z,}
is eventually in U. It implies that {y, : n € N} U {y} is eventually in f(U). This
proves that f(U) is a sequential neighborhood of y for every y € f(U), hence f(U) is
sequentially open in Y.
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(2). For each y € f(U), let {y, : n € N} be a sequence converging to y in
f(U). For each z, € f~(y) N U = f|;'(y), there exists a sequence {z, : n € N}
converging to z, in X. Since U is sequentially open, there exists ng € N such that
{Zn :n =np} C U. For each n < ng, since y,, € f(U), there exists 2/, € f~(yn) NU.
Put ¢, = 2, if n < ng and ¢, = x, if n > ng. Then {¢, : n € N} is a sequence in
U converging to x, with each t, € f~'(y,) N U = f|;'(y»). It implies that f|y is a
2-sequence-covering mapping. O

DEFINITION 2.4. Let | J{P, : n € N} be a point-star network for X. For every
n €N, put P, = {P,:a € A,}, and endowed A,, with discrete topology. Put

M:{a:(an)e HAn5{Pan :n € N}
neN
forms a network at some point x, in X }

Then M, which is a subspace of the product space ], oy An, is a metric space,
x4 is unique, and x4 = (), cy Pa, for every a € M. Define f: M — X by f(a) = z,,
then f is a mapping and (f, M, X, {P,}) is a Ponomarev-system [14].

In [7, Theorem 3.10], for a Ponomarev-system (f, M, X,{P,}), Y. Ge and S. Lin
proved that f is an 1-sequence-covering mapping if and only if each P, is a wsn-cover
for X. Now, we modify this result as follows.

PROPOSITION 2.1. Let (f, M, X,{P,}) be a Ponomarev-system. Then the follow-
ing are equivalent for every point x € X.

(1) f is an 1(x)-sequence-covering mapping.

(2) Each Py, is a wsn(z)-cover for X.

PROOF. (1) = (2). Let f be an 1(x)-sequence-covering mapping. There exists
a; € f~!(x) such that whenever {z,, : n € N} is a sequence converging to z in X
there exists a sequence {a,, : n € N} converging to a, in M with each a, € f~1(x,).
Let a, = (), we shall prove that P,, is a sequential neighborhood of z for every
k € N. Whenever {y; : ¢ € N} is a sequence converging to x in X, there exists a
sequence {b; : i € N} converging to a, in M with each b; € f~1(y;). Put Uy = {b =
(Bn) € M : B, = ay}, then Uy is an open neighborhood of a, in M. So the sequence
{b; : i € N} U{a,} is eventually in Uy, hence the sequence {y; : i € N} U {z} is
eventually in f(Uy) C P,,. This proves that P,, is a sequential neighborhood of z.

(2) = (1). Let each P,, be a wsn(x)-cover for X. For each n € N, there exists
P, € P, such that P, is a sequential neighborhood of . Then {P, : n € N} forms
a network at z in X. Let {z; : ¢ € N} be a sequence converging to = in X. Then
{z; : i € N}U{x} is eventually in each P, . For each i € N, put o, = v, if z; € P,
otherwise, pick some «;, € A, such that z; € P,,,. Then {P,, :n € N} forms a
network at z; in X. Put a; = (ay,) and a, = (o), we find that a; € f~(x;) and
az € f~(z). Since {z; : i € N} U {x} is eventually in P, , there exists n(i) such that
ain = ay for every ¢ > n(i). This proves that {a; : i € N} is a sequence converging to
a; in M. Then f is an 1(x)-sequence-covering mapping. O
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Next, we state a necessary and sufficient condition such that f is a 2-sequence-
covering mapping at € X for a Ponomarev-system (f, M, X, {P,}).

PROPOSITION 2.2. Let (f, M, X,{P,}) be a Ponomarev-system. Then the follow-
ing are equivalent for every x € X.

(1) f is a 2(x)-sequence-covering mapping.
(2) Each Py, is an so(x)-cover for X.

PRrROOF. (1) = (2). Let f be a 2(x)-sequence-covering mapping. For each z €
P € P, there exists a = (a,,) € M such that P,, = P. As in the proof (1) = (2) of
Proposition 2.1, we find that P is a sequential neighborhood of x in X. This proves
that P, is an so(z)-cover for X.

(2) = (1). Let P be an so(z)-network for X. For each a, = (a,) € f~1(z), we
find that each P, is a sequential neighborhood of z in X. As in the proof (2) = (1)
of Proposition 2.1, we find that for each sequence {z; : i € N} converging to = in X
there exists a sequence {a; : i € N} converging to a, in M with each a; € f~(x;).
This proves that f is a 2(x)-sequence-covering mapping. O

COROLLARY 2.1. Let (f, M, X,{P,}) be a Ponomarev-system. Then the following
are equivalent.

(1) f is a 2-sequence-covering mapping.
(2) Each Py, is an so-cover for X.

3. 1l-sequence-covering mappings in /s-Ponomarev-systems

The notions of double point-star cover (double point-star cs-cover, double point-
star cs*-cover, double point-star c¢fp-cover, double point-star wecs-cover) have been
introduced and investigated in [1]. In this section, we investigate further properties of
the ls-Ponomarev-system (f, M, X, {Pxn}), and introduce the notion of double point-
star wsn-cover (resp., double point-star so-cover) to state a necessary and sufficient
condition such that f is an 1-sequence-covering (resp., 2-sequence-covering) mapping.

DEFINITION 3.1. Let {X) : A € A} be a cover for a space X such that each X
has a sequence of covers {Py ,, : n € N}.

(1) {(XA,{Prn}) : A € A} is a double point-star cover for X [1], if, for every
A€ A, U{Pxrn :n € N} is a point-star network for X consisting of countable covers
Prn-

(2) {(Xx,{Prn}) : A € A} is a point-countable (resp., point-finite, locally count-
able, compact-countable) double point-star cover for X, if {(Xx,{Pxn}) : A € A} is
a double point-star cover for X such that {X, : A € A} and each P, is point-
countable (resp., point-finite, locally countable, compact-countable). Note that each
P,n is countable, then it is obviously point-countable (locally countable, compact-
countable).
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DEFINITION 3.2. Let {(Xx,{Pxn}): A € A} be a double point-star cover for X.

(1) {(Xx,{Prn}) : A € A} is a double point-star wsn-cover for X if, for each
x € X, there exists A € A such that X is a sequential neighborhood of = and each
Pi,n is a wsn-cover at x in Xj.

(2) {(Xx,{Prn}) : X € A} is a point-countable (resp., point-finite, locally count-
able, compact-countable) double point-star wsn-cover for X, if it is a double point-star
wsn-cover for X and a point-countable (resp., point-finite, locally countable, compact-
countable) double point-star cover for X.

(3) {(Xa,{Prn}) : A € A} is a double point-star so-cover for X, if {X : X € A}
is an so-cover for X, and each P, , is an so-cover for Xj.

(4) {(Xx,{Prn}) : X € A} is a point-countable (resp., point-finite, locally count-
able, compact-countable) double point-star so-cover for X, if it is a double point-star
so-cover for X and a point-countable (resp., point-finite, locally countable, compact-
countable) double point-star cover for X.

DEFINITION 3.3. Let {(Xx,{Pxn}) : A € A} be a double point-star cover for a
space X, and (fx, Mx, Xx,{Pxn}) be the Ponomarev-system for each A € A. Since
each P, is countable, M) is a separable metric space. Put M = EB)\GA M), and
[ = @,cafr. Then M is a locally separable metric space, and f is a mapping
from a locally separable metric space M onto X. The system (f, M, X,{Px}) is an
ls-Ponomarev-system [1].

In [1], a necessary and sufficient condition such that f is a compact mapping for
an ls-Ponomarev-system (f, M, X, {Px ,,}) has been obtained as follows.

LEMMA 3.1 ([1], Theorem 2.15). Let (f, M, X,{Pxn}) be anls-Ponomarev-system.
Then the following are equivalent.

(1) f is a compact mapping.
(2) {(Xx,{Pxrn}): A € A} is a point-finite double point-star cover for X.

PROOF. (1) = (2) Let f be a compact mapping. For each z € X, since f~1(z)
is compact, {\ € A : f~l(x) N My # 0} is finite. Then {\ € A : x € X,} is
finite, i.e., {X) : A € A} is point-finite. On the other hand, for each A € A, since
f/\_l(x) = f~Y(z)N M, is compact, fy is a compact mapping. Then each P, ,, is point-
finite by [7, Theorem 3.7.(1)]. It implies that {(Xx,{Pan}) : A € A} is a point-finite
double point-star cover for X.

(2) = (1). Let {(Xx,{Pxn}) : A € A} be a point-finite double point-star cover
for X. For each z € X, A, = {A € A: z € X, } is finite by point-finiteness of {X} :
A € A}. Since each Py, is point-finite, f5 '(x) is compact by [7, Theorem 3.7.(1)].
It implies that f~'(z) = U{fy () : A € A,} is compact, then f is a compact
mapping. O

In the next, we state necessary and sufficient conditions such that f is an s-
mapping (ss-mapping, cs-mapping) for an ls-Ponomarev-system (f, M, X, {Pxn}).
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PROPOSITION 3.1. Let (f, M, X,{Pxn}) be an ls-Ponomarev-system. Then the
following are equivalent.

(1) f is an s-mapping (resp., ss-mapping, cs-mapping).
(2) {(Xx,{Pan}) : XA € A} is a point-countable (resp., locally countable, compact-
countable) double point-star cover for X.

PRrROOF. (1) = (2). Let f: X — Y be an s-mapping. For each z € X, we find
that {A € A : f~1(z) N M, # 0} is countable. Then {\ € A : € X,} is countable,
hence {X, : A € A} is point-countable. It implies that {(Xx,{Pxn}) : A € A} is a
point-countable double point-star cover for X.

For the parenthetic part, let f be an ss-mapping. For each x € X, there exists an
open neighborhood U of x such that f~1(U) is separable. Then {\ € A : f~1(U) N
M)y, # 0} is countable, hence {\ € A : U N X, # 0} is countable. Thus, {X, : A € A}
is locally countable. It implies that {(Xx,{Pxn}) : A € A} is locally countable double
point-star cover for X.

Let f be a cs-mapping. For each compact subset K of X, we find that f~!(K) is
separable. Then {\ € A : f~1(K)N M) # (0} is countable, hence {\ € A : KN X, # 0}
is countable. Thus, {X : A € A} is compact-countable. It implies that {(Xx, {Pxn}) :
A € A} is compact-countable double point-star cover for X.

(2) = (1). Let {(Xx,{Pan}) : A € A} be a point-countable double point-star
cover for X. For each x € X, we find that A, = {A € A: 2z € X,} is countable. Note
that each f, !(z) is separable. Then f~!(z) = J{fy '(x) : X € A} is separable. This
proves that f is an s-mapping.

For the parenthetic part, let {(Xx, {Pan}): A € A} be a locally countable double
point-star cover for X. For each x € X, there exists a neighborhood U of x such that
{N€ A:UnNX, # 0} is countable. Then {\ € A : f~1(U) N M) # 0} is countable.
Since each f~1(U) N M, is separable, f~(U) is separable. This proves that f is an
s$s-mapping.

Let {(Xx, {Pxn}) : A € A} be a compact-countable double point-star cover for X.
For each compact subset K of X, we find that {A € A : K N X, # 0} is countable.
Then {\ € A: f~1(K)N M) # ()} is countable. Since each f~(K) N M, is separable,
fY(K) is separable. This proves that f is a cs-mapping. O

For an [s-Ponomarev-system (f, M, X,{Pxn,}), necessary and sufficient condi-
tions such that f is a compact-covering (sequence-covering, pseudo-sequence-covering,
sequentially-quotient) mapping have been obtained by means of certain double point-
star covers in [1]. In the next, we state a necessary and sufficient condition such that
f is an 1-sequence-covering (resp., 2-sequence-covering) mapping by means of double
point-star wsn-covers (resp., double point-star so-covers).

THEOREM 3.1. Let (f, M, X,{Px,}) be an ls-Ponomarev-system. Then the fol-
lowing are equivalent.

(1) f is an 1-sequence-covering (resp., 2-sequence-covering) mapping.



32 NGUYEN VAN DUNG

(2) {(Xx,{Pan}) : XA € A} is a double point-star wsn-cover (resp., double point-
star so-cover) for X.

PROOF. (1) = (2). Let f be an l-sequence-covering mapping. For each z € X,
there exists a, € f~!(x) such that whenever {z,, : n € N} is a sequence converging
to z in X there exists a sequence {a, : n € N} converging to a, in M with each
an € f~Y(x,). Let a, € M) for some X\ € A. If {y, : n € N} is a sequence converging
to « in X, then there exists a sequence {b, : n € N} converging to a, in M with
each b, € f~1(y,). Since M, is open in M, {b, : n € N} U {a,} is eventually in
M. It implies that {y, : n € N} U{z} is eventually in X. Then X is a sequential
neighborhood of .

For each sequence {z, : n € N} converging to = in X, there exists a sequence
{an : n € N} converging to a, in M with each a,, € f~*(z,). Since M) is open, there
exists ng € N such that {a, : n = ng} C M. For each n < ng, since z,, € X, there
exists some a/, € My N f~1(x,). Put b, = a!, if n < ng, and b,, = a,, if n > ng. Then
{b, : n € N} is a sequence in M) converging to a, with each b, € f/\_l(xn) It implies
that fy is an 1(z)-sequence-covering mapping in X,. Then each Py , is a wsn-cover
at r in X, by Proposition 2.1.

By the above, {(Xx,{Pxn}): A € A} is a double point-star wsn-cover for X.

For the parenthetic part, let f be a 2-sequence-covering mapping. By Lemma 2.2,
{X : A € A} is an so-cover for X, and each fy = f|um, is a 2-sequence-covering
mapping. It follows from Corollary 2.1 that each Py, is an so-cover for X,. Then
{(Xx,{Pan}) : A € A} is a double point-star so-cover for X.

(2) = (1). Let {(Xx,{Prn}) : A € A} be a double point-star wsn-cover for X.
For each x € X, there exists A € A such that X is a sequential neighborhood of =
and each Py ,, is a wsn-cover at  in X. It follows from Proposition 2.1 that fy is an
1(z)-sequence-covering mapping. Then there exists a, € f5 '(x) such that whenever
{z,, : n € N} is a sequence converging to z in X there exists a sequence {a,, : n € N}
converging to a, in M) with each a, € fy'(z,). For each sequence {y, : n € N}
converging to = in X, there exists ng € N such that {y, : n > ng} is a sequence in X.
Then there exists a sequence {b, : n > ng} converging to a, in My with b, € f/\_l(yn)
for every n > ng. For each n < ng, pick some b/, € f~1(y,), and put ¢, = ¥, if n < ng
and ¢, = by, if n > ng. Then {¢, : n € N} is a sequence converging to a, in M with
each ¢, € f~1(y,). It implies that f is an 1-sequence-covering mapping.

For the parenthetic part, let {(Xx,{Pxn}) : A € A} be a double point-star so-
cover for X. For each x € X, put A, = {\ € A: 2z € X,}. We find that f~!(z) =
U{fx(z) : X € A,}. Foreach a, € f~(x), there exists A € A, such that a, € f; ' (z).
If {x,, : n € N} is a sequence converging to = in X, there exists ng € N such that
{zn :n > ne} C X,. Since each P, is an so-cover for Xy, fy is a 2-sequence-covering
mapping by Corollary 2.1. Then there exists a sequence {a, : n > ng} converging to
ap in My with each a, € fy '(z,). For each n < ng, pick some a}, € f~(z,). Put
b, = a,, if n < ng and b, = a, if n > ng. Then {b, : n € N} is a sequence in M
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converging to a, with each b, € f~*(z,). It implies that f is a 2-sequence-covering
mapping. O

By Lemma 3.1, Proposition 3.1, and Theorem 3.1, we get the following.

COROLLARY 3.1. Let (f, M, X,{Pxn}) be an ls-Ponomarev-system. Then the fol-
lowing are equivalent, where “I-sequence-covering” and “double point-star wsn-cover”
can be replaced by “2-sequence-covering” and “double point-star so-cover”, respectively.

(1) f is an 1-sequence-covering s-mapping (resp., SS-mapping, cS-Mapping, com-
pact mapping).

(2) {(Xx,{Pan}) : XA € A} is a point-countable (resp., locally countable, compact-
countable, point-finite) double point-star wsn-cover for X.

Next, we get a new characterization for 1-sequence-covering (2-sequence-covering)
compact images of locally separable metric spaces.

COROLLARY 3.2. The following are equivalent for a space X.

(1) X is an I-sequence-covering (resp., 2-sequence-covering) compact image of
a locally separable metric space.

(2) X has a point-finite double point-star wsn-cover (resp., point-finite double
point-star so-cover).

Proor. (1) = (2). Let f : M — X be an 1-sequence-covering compact mapping
from a locally separable metric space M onto X. Since M is a locally separable metric
space, M = @xea M, where each M), is a separable metric space by [4, 4.4.F]. Since
each M) is a separable metric space, My has a sequence of open countable covers
{Bx,n : n € N} such that, for each compact subset K of M) and each open subset
U of My with K C U, there exists n € N satisfying st(K,Bx,) C U by [4, 5.4.E].
Let Cy, be a locally finite open refinement of each B, ,. Then, for each A € A,
{Crn : n € N} is a sequence of locally finite open countable covers for M) such that,
for each compact subset K of M, and each open subset U of My with K C U, there
exists n € N satisfying st(K,Cy ) C U. For each A € A and n € N, putX, = f(M,)
and P, = f(Cx,n). We get following facts (a)-(e).

(a) {Xx: A€ A} is a cover for X.
(b) Each Py, is countable.
(c) For each A € A, {Py,, : n € N} is a point-star network for X,.

Let x € U with U open in X, then z € V with V open in X and VNX, = U. Since
f is compact, fy'(z) = f~!(x)N M), is a compact subset of M and f; *(x) C V with
Vi = f~Y(V)N My open in M. Then there exists n € N such that st(f; ' (z),Cxn) C
V. It implies that st(z, Px.n) C f(f7H(V)NM,) C VNX, =U. Then {Py,, : n € N}
is a point-star network for X.

(d) {Xx : X € A} is point-finite.

For each x € X, since f~1(x) is compact, f~!(x) meets only finitely many My’s.
It implies that {X : A € A} is point-finite.
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(e) Each Py, is point-finite.

For each € X, since f is compact, f; '(¥) = f~*(z) N M, is a compact subset
of My. Then f; (x) meets only finitely many members of Cx,n by locally finiteness
of Cy, for every n € N. It implies that x meets only finitely many members of each
Cx,n- Therefore, Py ,, is point-finite.

From (a)-(e) we find that {(Xx,{Pxn}) : A € A} is a point-finite double point-star
cover for X. Let € X, there exists a, € M such that whenever {z,, : n € N} is a
sequence converging to z in X there exists a sequence {a, : n € N} converging to a,
in M with a,, € f~!(z,). We find that a, € M, for some A\ € A. Since M) is open
and C ,, is an open cover for M) for every n € N, X is a sequential neighborhood of
x and Pj ,, is a wsn-cover for X by Lemma 2.1.

For the parenthetic part, let f be a 2-sequence-covering compact mapping. Then
the point-finite double point-star cover {(Xx,{Pxn}) : A € A} is a double point-star
so-cover for X by Lemma 2.2.

By the above, {(Xx,{Pxn}) : A € A} is a point-finite double point-star wsn-cover
(resp., point-finite double point-star so-cover) for X.

(2) = (1). By Lemma 3.1 and Theorem 3.1. O

For a Ponomarev-system (f, M, X,{P,}), the following is well-known.

LEMMA 3.2 ([18], Lemma 2.2). Let (f, M, X,{P,}) be a Ponomarev-system. Then
f is a m-mapping.

Next, we prove a sufficient condition such that f is a w-mapping for an Is-

Ponomarev-system (f, M, X, {Pxn}).

PROPOSITION 3.2. Let (f, M, X,{Pxn}) be an ls-Ponomarev-system. If | J{Py :
n € N} is a point-star network for X, where Py, = |U{Pxn : A € A} for every n € N,
then f is a w-mapping.

PROOF. Let ¢ € U with U open in X. Since |J{P, : n € N} is a point-star
network for X, st(x,P,) C U for some n € N. For each A € A with z € X we find
that st(x, Pxn) C Uy where Uy = U N Xy. If a = (a;) € My such that d(f~!(z),a) <

1 1
o there exists b = (8;) € fy '(z) such that dy(a,b) < o where d and dy are
metrics on M and M), respectively. Therefore, a; = (; if @ < n. It implies that
z € P,, = Pg, Cst(z,Prn) C Uy, hence a € f~1(P,,) C fy '(Uy). This proves that
1
(£ (@), My = f7(UN)) 2 5w Then
d(f~'(z),M — f~H(U)) = inf{d(a,b) :a € f'(z),be M — f~1(U)}

1
= min {1,inf{dx(a,b) : a € fy ' (z),b € My — fy ' (Ur), A€ A}} > 5 > 0.

It implies that f is a m-mapping. O
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Finally, we give an example to prove that the inverse implication of Proposition 3.2
does not hold.

EXAMPLE 3.1. There exists an [s-Ponomarev-system (f, M, X, {Px n}) such that
the following hold.

(1) f is a compact mapping.
(2) U{Pn : n € N} is not a point-star network for X.

Proor. Let X = {z,y} be a discrete space. Put X; = Xy = X, and put
P11 =Pao = {{z},{y}} and P1,, = {X} if n > 2, Py, = {X} if n # 2. We find
that J{P1,» : n € N} is a point-star network for X;, and J{P2,, : n € N} is a point-
star network for X,. Then the ls-Ponomarev-system (f, M, X,{Px ,}) exists, where
{X)\ A E A} = {Xl,XQ}.

(1). f is a compact mapping.

For each x € X, we find that f;!(z) = (ay) where a; = a and «,, = ~ for
n > 2, and f;'(z) = (a,) where az = a and o, = v for n # 2. Then f~'(z) =
fri(z) U fyt(z) is a compact subset of M. On the other hand, f;(y) = (8,) where
B = pBand B, = v for n > 2, and f; '(y) = (Bn) where f = B and (3, = ~ for
n # 2. Then f~(y) = f; *(y) U f5 *(y) is a compact subset of M. It implies that f
is a compact mapping.

(2). U{Pn : n € N} is not a point-star network for X.

We find that Py = P2 = {{z}, {y}, X}, and P,, = {X} if n > 2. Then st(z,P,) =
X for every n € N. This proves that (J{P, : n € N} is not a point-star network
for X. O

REMARK 3.1. Since every compact mapping from a metric space is a m-mapping,
Example 3.1 shows that the inverse implication of Proposition 3.2 does not hold.
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