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Sharp Function Inequality for Multilinear Commutator of
Singular Integral Operators with Non-Smooth Kernels

Wang Zhiwei ® and Liu Lanzhe?

ABSTRACT. In this paper, we establish a sharp function estimate for some multi-
linear commutator of the singular integral operators with non-smooth kernels. As
the application, we obtain the LP(1 < p < co) norm inequality for the multilinear
commutator.

1. Introduction and Results

As the development of singular integral operators,their commutators have been
well studied (see [1-2][4][6-7][9-12]). Let T be the Calderén-Zygmund singular integral
operator, a classical result of Coifman, Rocherberg and Weiss states that the com-
mutator [b,T](f) = T(bf) — bT(f) (where b € BMO(R")) is bounded on LP(R™) for
1 < p < oo. In [2][4][7][9-12], the sharp estimates for some multilinear commutators
of the Calderén-Zygmund singular integral operators are obtained. In [3] and [8], the
boundedness of the singular integral operators with non-smooth kernels and their com-
mutators are obtained. The main purpose of this paper is to study the sharp function
inequality for some multilinear commutator of the singular integral operators with
non-smooth kernels. By using the sharp inequality, we obtain the weighted LP-norm
inequality for the multilinear commutator.

Definition 1. A family of operators Dy, ¢t > 0 is said to be an ”approximations
to the identity” if, for every ¢t > 0, D; can be represented by the kernel a;(x,y) in the
following sense:

D) = [ ale) o)y
for every f € LP(R™) with p > 1, and a,(x, y) satisfies:
(@, y)| < he(z,y) = CE2s(|lx =y /1),
where s is a positive, bounded and decreasing function satisfying

lim 7"*¢s(r?) =0
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for some € > 0.

Definition 2. A linear operator T is called the singular integral operators with
non-smooth kernels if 7" is bounded on L?(R") and associated with a kernel K (z,y)
such that

T(f)(@)= | K(z.y)f(y)dy
R’V‘L
for every continuous function f with compact support, and for almost all x not in the
support of f.

(1) There exists an ”approximations to the identity” {B;,t > 0} such that T'B;

has associated kernel k;(z,y) and there exist c1,co > 0 so that

/ N |K(x,y) — ki(x,y)|de < co forall ye R".
|lz—y|>cyt!

(2) There exists an ”approximations to the identity” {A;, ¢t > 0} such that A;T
has associated kernel Ky(z,y) which satisfies

|Ky(z,y)] < cat™? if |z —y| < cst'/?,

and
5/2 —n—8 _ 1/2
) t = )
| K (z,y) — Ki(z,y)| < cat’® =|x — y if |z —y|>cst

for some c3,cq4 > 0,6 > 0.
Given some locally integrable functions b; (j = 1,---,m). The multilinear oper-
ator associated to T is defined by

m

Ty(f)(x) = / 105 — b)) | K@) 7 w)dy.

N Pl

The main purpose of this paper is to prove a sharp function inequality for the
multilinear commutators of the singular integral operator with non-smooth kernel
when b; € BMO(R"™). As the application, we obtain the LP(p > 1) norm inequality
for the multilinear commutators.

First, let us introduce some notations. Throughout this paper, Q@ = Q(z,d) will
denote a cube of R™ with sides parallel to the axes, whose center is x and side length
is d. For a locally integrable function b, the sharp function of b is defined by

b#(z) = sup = / b(y) — boldy,
a=x Q) ¢
where, and in what follows, bg = |Q|~! fQ x)dz. Tt is well-known that (see [6])
b# (z) ~ sup inf / |b(y) — c|dy.
Q>x ¢€C |Q‘

We say that b belongs to BMO(R") if b belongs to L>(R") and ||b||garo = ||b7 ]|z
It has been known that(see [6])

Hb— bszHBMO < Ck”b”BMo fork>1
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For bj € BMO(R")(j =1,---,m), set

m
1Bl 5o = [ I1bs118r0-

j=1
Given some functions b; (j = 1,---,m) and a positive integer m and 1 < j < m,
we denote by C7" the family of all finite subsets o = {o(1), - -,0(j)} of {1,---,m}
of j different elements. For o € C7", set 0¢ = {1,---,;m} N o. For b = (b1, -, by)
and o = {o(1),---,0(j)} € CF", set by = (bo(1)s " b)), bo = bg(1) -+ - bo(;) and
16| as0 = |lboyllBat0 - - 1bo() || BATO-

Let M be the Hardy-Littlewood maximal operator defined by
M1 = sup 0 [ 1wl
TeQ |Q|

we write that M,(f) = (M(f?))'/? for 0 < p < co. The sharp maximal function
M(f) associated with the ” approximations to the identity” {A;,t > 0} is defined by

#
M) = s / F) — Aw, (F) ()l dy,

where tg = 1(Q)? and [(Q) denotes the side length of Q.

We shall prove the following theorems.

Theorem 1. Let b; € BMO(R"™) for j = 1,---,m. Then for any 1 < r < oo,
there exists a constant C' > 0 such that for any f € C§°(R"™) and any & € R,

METD@ < C (M@ + 3 S My(Tn ()@

j=1 ceCy
Theorem 2. Let b; € BMO(R"™) for j = 1,--- ,m. Then T, is bounded on
LP(R™) for any 1 < p < oo, that is

1To(H)lle < C[|flLr-

2. Proofs of Theorems

To prove the theorems, we need the following lemmas.
Lemma 1.([3][8]) Let T be the singular integral operators with non-smooth ker-
nels as Definition 2. Then, for every f € LP(R"),1 < p < oo,

NT(H)lle < ClIfllLe-

Lemma 2. Let {A;,t > 0} be an ”approximations to the identity”and b €
BMO(R™). Then, for every f € LP(R"),p> 1,1 <u<r <ocand Z € R",

1/u
sup (@/Q [Asg (b= bQ)f)(y)|"dy) < bl ro M. (£)(7),

Q3%
where tg = 1(Q)? and [(Q) denotes the side length of Q.
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Proof. We fix f € LP(R"),p > 1, g € R" and zy € @ for some cube Q with
T € Q. Then

(@/Q|AtQ((b—bQ)f)(y)|udy>1/u
) (@/Q/"%(z’y)uub(y)bQ)f(y)“dydx)l/u
< € heg, (2, 9)" | (b(y) — bo) f () dyda L
L

= 1/u
1 ., - .
’ (kX_:l @ /Q /2k+1Q\2kQ hig (2, )" (b(y) — bo) f(y)|“dyd )

= I+ Is.

We have, by the Holder’s inequality,

ho< (O, / ”'udyd‘”’”>1/u
< (g [t <>|“dyda:)1/u

Cm l(/zcz |f(y)|rdy> " </2Q (by) — bQ)|r”"u) dy] -

r—u

c (|21Q| / ) |f<y>|’“dy)l/r (|21Q| / 100) - bQ>|ffudy) N

< Clbllpmo M- (f) ().

For I, notice for € @ and y € 2871Q\2%Q, then |z — y| > 2" g and hy, (z,y) <
@) Thus

N

N

Q]
o 1/u
L < [CY) 52201 // )—b vdydx
: ( 2PN GE o g 00 P WIdy
1 1/u
< C 2(k—1)ns 22(k—1) ( b —b u g >
; ( ) RHQ) 2MQ\( (y) —bq) f(y)|“dy
[} 1 1/u
(k—=1D)n _/92(k—1 . w
< A0 (i [ 00 b))

1 1/u
C 2(k n 22 (k—1) bo — b - U
+ Z )b 2k+1Q‘ 2F1Q)] b0 |f(y)[“dy
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> 1 o\
< C0) 2 lng@2h=by [ b(y) — barig| ™ d
1 1/r
X | ————= "d
<|2k+1Q 2e41Q |f(y)] y>
[>'s) 1 1/r
+C) 2k bng92k=1ypn p ( Td)
’; ( )| Q 2’“+1Q| |2k+1Q| 2k+1Q|f(y)‘ Yy
< 022(k D s(225) bl paso My (f) (&)

+C Z 2k=1m 5 (22:=D\ (11| | aro M, (f) (£)

k=1

< O3 22D ot 1]l a0 M, (1))
k=1

< C|bl|lBmo M, (f)(Z),

where the last inequality follows from

(oo} (oo}
Z o(k=Dng(22(k=Dy(k + 1) < C Z 27 (F=De(k 4+ 1) < o0
k=2 k=2

for some € > 0. This completes the proof.

Lemma 3.([3][8]) For any v > 0, there exists a constant C' > 0 independent of -y
such that

{z € R": M(f)(x) > DA, M (f)(z) < YA} < Cy{w € R™: M(f)(x) > A}|
for A > 0, where D is a fixed constant which only depends on n. So that
M ()L < ClIMF(f)]| Lo

for every f € LP(R"),1 < p < oo.
Lemma 4. Let 1 < ¢ < 00, b; € BMO(R"™) for j =1,--- ,k. Then

M/ H|b b)oldy < CHIIb [P

and
1/q

k
@), L H|b bielidy| < CT] Ibslisvo.
j=1

Proof. Choose 1 < p; < o0 j = 1,---,k such that 1/p; +--- 4+ 1/pp = 1, we
obtain, by the Holder’s inequality,

1 : 1/p; k
- ) Ny |
Q| /QJI;[IVJJ(?J) Q|dy\ H (|Q| / |b \ dy) gcjl;[leJ”BMo
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and

1/q
! : 1 : 1 pj;q
(M/le:[le(y)_(bj)éﬂ dy) SH(M/Q|bj(y)_(bj)Q|_ dy)

The lemma follows.
Proof of Theorem 1. It suffices to prove for f € C5°(R™), the following inequal-
ity holds:

1/pja k
<[ Ibsllsmo-

j=1

m—1
Tc12| /Q IT(f)(@) — A Ty(f) (@) do < C (Mr(f)(iH > > Mr<Tboc<f>><i">>'

j=1 G'EC;-TL
Fix a cube Q = Q(zo,d) and Z € Q. When m = 1 see [10]. Consider now the case
m > 2. We write, for fi = fxa20 and fa = fx20-,

m

Ty(f)(x) = [10s(x) = bi(v) | K(x,9)f(y)dy
R

n j=1

j=1

= [10560) = ()0 | K@i

+ - Z (=)™ (b(z) - (b)2Q)a/ (b(y) — (b)2g)oc K (z,y) f(y)dy
j=1 ceCc™ R™

=[] () = (b))20) - Ki(z,y) f(y)dy
j=1

Y S () b(a) — () [ 000) = 00)oe Ko S0y
j=1 ceCp R
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then
1)) = A TN < (T[0s) = Ge) [ K sy
H3 Y 00— Bale [ 0) — 00)oe K. ) )iy
j=1 UECJ"L R
[ TI0,6) = 0)20) K ) A0y
#1000 = ®a0) | Ky
H30 S 00— Baade [ (0) — 0o Kl Sy
j=1 UGC}" R
[ TT0,0) = B)a0) K ) i ()
[ TI00) = 0)20) (0 w.9) = Kol w) ol
= N (z) + Ix(z) + I3(x) + Lu(x) + Is(z) + Is(z) + I7(x),
thus
1
ol /Q ITo(f) (2) — A, To(f) ()| dx
1 1 1 1 1
< @/Qll(a:)dx—i—@/ng(x)dx—l—@/QI3(m)dx+m[gl4(x)dw+m/cgl5(x)dx

1 / 1
+— Iﬁ(x)dx‘i’i/ I7(x)dx
Ql Jo Ql Jg
= h+bLh+L+L+1+ 1+ 17

Now, let us estimate I, Is, I3, Iy, I5, Ig and I7. For Iy, by the Holder’s inequality
with exponent 1/p; +---+1/pm +1/r=1,1<p; < oo, j=1,---,m, and Lemma
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4, we get

n< & / 1b1(2) — ()2 - b () — (B2l I T(f) (@) d

S <|Q|/'b1” (bl)QQm)lm <|Q|/|b
1/r
<Q|/ Tt rdx)

C|bl| ro Mo (£)(F).

1/pm
2Q|pmdl')

<

For I, by the Minkowski’s inequality and Lemma 4, we get

L< Y Y |1/Q|<b<x>—<>

0)20)o[|T((b = (0)2@)oe f)(x)|d

g = G dg”)l/r,(m/ mpere)
s CZ Z |bo || Baro My (Th, . (f))(Z).

j=1 oeCT

N

For I3, choose 1 <p <r, 1 <q; <oo, j=1

,msuch that 1/q1+---+1/qm+p/r =
1, by the boundedness of T on LP(R™)(see Lemma 1) and Holder’s inequality, we get

o= g L |T (61)20) xa0) ()l dz
1/p
< (|Q / |T (4)20) x20)(@ >|de)
1
< (g

1/p
/Ibl( ) = (01)2q|" -+ [bm () = (bm)20l” | f(z)x20( )I”dw>

< (g [y 1er ‘“) T

1/pq1 1/pgm
(gt o)~ ) = (g [ e = Gl
Cl|bl|Bro M, (f)(Z).
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For Iy, I5, Is, choose 1 < u <7, 1 <p; <oo, j=1,---,m, such that 1/p; +--- +
1/pm + 1/u =1, by Lemma 2 and similar to the proof of Iy, Is, I3, we get

LS / IH bi)20) Aig (f)()|dz
1/p1 1/pm
< (QI/ b1(a) = (B1) ”'pl) (|@|/ ) ~ (m)sol" )
1/u
<|Q|/ DRUERS
< CHbHBMOM (f)(@).
S o / (5(2) — (B)20)o 1Aty (b — (B)ag)oe )(@)lda
j= 1oeCm
1/ 1/u
< oYy (o / ol ds) (7 [ 14t (0= Oac)e (@) e
j= 1UEC
< CZ > llBallsarollboc | Baro M ()(F)
j=1 UEC"L
< chHBMoM< )(@).
ho< g /Q At (TT0 = (45)20)F xa0) () do
1/u
< (|é|-24|AtQ(H(bj(bj)QQ)fXQQ)(x”udx)
j=1

< Clbl|Bvo M (f)(&).

For I, note that |z —y| > d = t1/2 taking 1 < p; < 00 j = 1,---,m such that
1/pr+--+1/pm+1/r =1, then

hé/@

| L1600 = (1) (o) ~ Kttt

< [T =~ @) (g7 [ 150 = Koo lar)
<c (QQ)Cljll(bJ(y) G2)lIf >|(Q|/Qxy|n+5d ) dy
< C;/kﬂQ\ng 31;[1 bj)2)IIf (y ”Wdy
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49 1 1 1/r
< - T
= C(de)n+5 |2 Q| <|2k+1Q| k10 |f(y)‘ dy>
m 1 1/p;
X _ b; — (b; Pid
jl;[l <|2k+1Q| 2k+1Q| ](y) ( J)2Q| y)
> 06 1 1/r
< C) 27| oo fly "dy>
,; <|2k“Q| 2k+1Q| W)l
m 1 1/p;
I = bi(y) — (bj)a0 P d
jl:[l (|2k+1Q| 2k+1Q| ](y) ( ])2Q| y)
< Y kM2 T bl ao M (£)(F)
k=1 j=1
< ClbllproM.(f)(@),

This completes the proof of Theorem 1.
Proof of Theorem 2. Choose 1 < r < p in Theorem 1 and by using Lemma 3.
We first consider the case m = 1, we have

1T (Hllze < IMT(M)Ilze < ClME(T(f))]] 20
< CM(f) + Me(T())l|Le < Cllflle + I T()l|ze
< Cllfllze-

When m > 2, we may get the conclusion of Theorem 2 by induction. This finishes the
proof.

3. Applications

In this section we shall apply Theorem 1 and 2 of the paper to the holomor-
phic functional calculus of linear elliptic operators. First, we review some definitions
regarding the holomorphic functional calculus (see [5][8]). Given 0 < 6 < 7. Define

Sop={z€C:|arg(z)| <6} U{O}

and its interior by S9. Set Sy = Sy ~ {0}. An closed operator L on some Banach
space F is said to be of type 6 if its spectrum o(L) C Sp and for every v € (0, 7],
there exists a constant C), such that

lll(nI = L)~ < Coy 1 ¢ So.
For v € (0, 7], let
Hoo(Sg) ={f:8) — C: f is holomorphic and ||f||r~ < o0},
where || f||z~ = sup{|f(z)| : z € S)}. Set

\Il(Sg) = {g € HOO(SB) : ds > 0,3c > 0 such that |g(z)| < Cl—||—z||z|25’}
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If L is of type 6 and g € Huo(S}), we define g(L) € L(E) by

g(L) = —(2mi)~" /F(nf — L) ' g(n)dn,

where T is the contour {¢ = re®™® : r > 0} parameterized clockwise around Sy with
0 < ¢ < p. If, in addition, L is one-one and has dense range, then, for f € HOO(SS),

FL) = [ (L),
where h(z) = z(1+2) 2. L is said to have a bounded holomorphic functional calculus
on the sector Sy, if
lg(L)I| < NllgllL~
for some N > 0 and for all g € Hoo(S).

Now, let L be a linear operator on L?(R") with § < 7/2 so that (—L) generates a
holomorphic semigroup e~*%, 0 < |arg(z)| < /2 — . Applying Theorem 6 of [5] and
Theorem 2, we get

Theorem 3. Assume the following conditions are satisfied:

(i) The holomorphic semigroup e=*L, 0 < | arg(z)| < 7/2 — 0 is represented by the
kernels a,(x,y) which satisfy, for all v > 6, an upper bound

|az(l', y)| < Cllh\z| (SU, y)
for 2,y € R, and 0 < |arg(z)| < 7/2 — 6, where hy(z,y) = Ct~"/?s(|x — y|?/t) and s
is a positive, bounded and decreasing function satisfying

lim 7" *¢s(r?) = 0.

r—00

(ii) The operator L has a bounded holomorphic functional calculus in L?(R"),
that is, for all v > 6 and g € Hy(S})), the operator g(L) satisfies

Hg(L) (N2 < eollgllpe=f]ze-

Then, for b; € BMO(R™) with j = 1,---,m, the multilinear commutator g(L),
associated to ¢g(L) and b; satisfies:
(a) For 1 <r <ooand Z € R",

ME (9(L)n(N))(@) < OM.(f)(@);
(b) For any 1 < p < 0o, g(L), is bounded on LP(R™), that is
g(L)o(AILr < CllfllLe-
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