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Certain Triple Integral Relations Involving Multivariable H-function

V. B. L. Chaurasia* and Vishal Saxena**

Abstract. The aim of this paper is to evaluate certain triple integral relations involving
H-function and the multivariable H-function. Next, we give three Theorems containing the

product of H-function, with the help of our main findings and using the Mellin integral

transform. The results obtained here are quite general in nature due to the presence of
functions which are basic in nature. A large number of new results have been obtained by

proper choice of parameter.

1. Introduction
The H-function [5] occurring in this paper will be defined and represented in the fol-

lowing manner:

HM,N
P,Q [z] = HM,N

P,Q

(
z

∣∣∣∣ (aj , αj)1,P

(bj , βj)1,Q

)
=

1
2πi

∫
L

ϕ (ξ)zξdξ (1.1)

where

ϕ(ξ) =

M∏
j=1

Γ(bj − βjξ)
N∏

j=1

(1− aj + αjξ)

Q∏
j=M+1

Γ(1− bj + βjξ)
P∏

j=N+1

Γ(aj − αjξ)
(1.2)

For the convergence conditions and other details about this function we may refer to [5].
The multivariable H-function due to Srivastava and Panda [3] is defined and represented as
follows:

H [z1, ..., zr] = H
0,δ:(U ′,V ′);...;(U(r),V (r))
A,C:(B′,D′);...;(B(r),D(r))

 z1
...
zr

∣∣∣∣∣∣∣
[
(a) ; θ

′
, ..., θ(r)

]
:
[(
b
′
)

;ϕ
′
]
; ...;

[(
b(r)
)
;ϕ(r)

][
(c) ;ψ

′
, ..., ψ(r)

]
:
[(
d

′
)

; δ
′
]
; ...;

[(
d(r)

)
; δ(r)

]


=
1

(2πi)r

∫
L1

...

∫
Lr

ψ (s1, ..., sr)ϕ1 (s1) ...ϕr (sr)zs1 ...zsrds1...dsr

(
i =

√
−1
)

(1.3)
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where

ϕi (si) =

U(i)∏
j=1

Γ(d(i)
j − δ

(i)
j si)

V (i)∏
j=1

Γ(1− b
(i)
j + ϕ

(i)
j si)

qi∏
j=mi+1

Γ(1− d
(i)
j + δ

(i)
j si)

pi∏
j=ni+1

Γ(b(i)j − ϕ
(i)
j si)

∀i ∈ {1, ..., r} (1.4)

ψ (s1, ..., sr) =

δ∏
j=1

Γ(1− aj +
r∑

i=1

θ
(i)
j si)

C∏
j=1

Γ(1− cj +
r∑

i=1

ψ
(i)
j si)

A∏
j=δ+1

Γ(aj −
r∑

i=1

θ
(i)
j si)

(1.5)

For the nature of contours, various sets of convergence conditions of the integral given by (1.3)
and the other details about this function we may refer to [5].
For the sake of brevity, we used the following notations:

ζ =
π

22+σ
HM,N

P,Q

[
α

′
2−k

∣∣∣∣ (aj , αj)1,P

(bj , βj)1,Q

]
(1.6)

η =
π

µ23+σ
β−( 2λ+1

µ )HM,N
P,Q

[
α

′
2−k

∣∣∣∣ (aj , αj)1,P

(bj , βj)1,Q

]
(1.7)

2. The Main Tripple Integral Relations :
Our main results of the present paper are the triple integral relations contained in the following
theorems.
Theorem 1.

∞∫
0

∞∫
0

∞∫
0

(tu)σ

(t2 + u2 + z2)σ cos
(
2λ tan−1 z

t

)
HM,N

P,Q

[
α

′
(tu)k

(t2 + u2 + z2)k

∣∣∣∣ (aj , αj)1,P

(bj , βj)1,Q

]

H
0,δ:

“
U

′
,V

′ ”
;...;(U(r),V (r))

A,C:(B′ ,D′);...;(B(r),D(r))


y1 (tu)τ (

t2 + u2 + z2
)b1−ς

y2
(
t2 + u2 + z2

)b2
...

yr

(
t2 + u2 + z2

)br

 f (t2 + u2 + z2
)
dtdu dz

= ζ

∞∫
0

H
0,δ:(U ′,V ′+3)∗
A,C:(B′+3,D′+3)∗


y1ρ

2b12−τ

y2ρ
2b2

...
yrρ

2b1

∣∣∣∣∣∣∣∣∣
[
(a) ; θ

′
, ..., θ(r)

]
:
[

1
2 −

σ
2 −

kξ
2 ; τ

2

] [
−σ

2 −
kξ
2 ; τ

] [
−σ − kξ

2 ; τ
]
∗[

(c) ;ψ
′
, ..., ψ(r)

]
:
[
− 1

2 − σ − kξ; τ
] [
−σ

2 −
kξ
2 ± λ

2 ; τ
]
∗


×ρ2f

(
ρ2
)
dρ (2.1)

where[
Re (σ) + ksminRe

(
bj
βj

)
−

r∑
i=1

biξi max Re

(
b
(i)
j − 1

ϕ
(i)
j

)
+ τξ1 minRe

(
d

′

j

δ
′
j

)
− 1

2

]
> 0

[
Re (σ) + ksminRe

(
bj
βj

)
+ τξ1Re min

(
d

′

j

δ
′
j

)
+ 1

]
> 0
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Re (σ) + ksminRe

(
bj
βj

)
− 2

r∑
i=1

biξi max Re

(
b
(i)
j − 1

ϕ
(i)
j

)
+ τξ1 minRe

(
d

′

j

δ
′
j

)
− 1

]
> 0

where the asterisk * in (2.1) indicates that the parameters at these places are the same as the
parameters of the H- function of several variables defined by (1.3).
Theorem 2.

∞∫
0

∞∫
0

∞∫
0

(tu)σ

(t2 + u2 + z2)σ cos
(
2λ tan−1 z

t

)
HM,N

P,Q

[
α

′
(tu)σ

(t2 + u2 + z2)σ

∣∣∣∣ (aj , αj)1,P

(bj , βj)1,Q

]

H
0,δ:

“
U

′
,V

′ ”
;...;(U(r),V (r))

A,C:(B′ ,D′);...;(B(r),D(r))


y1 (tu)−τ (

t2 + u2 + z2
)b1+ς

y2
(
t2 + u2 + z2

)b2
...

yr

(
t2 + u2 + z2

)br

 f (t2 + u2 + z2
)
dtdudz

= ζ

∞∫
0

H
0,δ:(U ′+3,V ′);∗
A,C:(B′+3,D′+3);∗


y1ρ

2b12−τ

y2ρ
2b2

...
yrρ

2b1

∣∣∣∣∣∣∣∣∣
[
(a) ; θ

′
, ..., θ(r)

]
:
[
1 + σ

2 + kξ
2 ; τ

2

] [
1
2 + σ

2 + kξ
2 ; τ

2

]
[1 + σ + kξ; τ ] ∗[

(c) ;ψ
′
, ..., ψ(r)

]
:
[
3
2 + σ + kξ; τ

] [
1 + σ

2 + kξ
2 ± λ; τ

]
∗


×ρ2f

(
ρ2
)
dρ (2.2)

valid under the conditions as obtainable from (2.1).
Theorem 3.

∞∫
0

∞∫
0

∞∫
0

(tu)σ

(t2 + u2 + z2)σ cos
(
2λ tan−1 z

t

)
HM,N

P,Q

[
α

′
(tu)σ

(t2 + u2 + z2)σ

∣∣∣∣ (aj , αj)1,P

(bj , βj)1,Q

]

H
0,δ:

“
U

′
,V

′ ”
;...;(U(r),V (r))

A,C:(B′ ,D′);...;(B(r),D(r))


y1 (tu)τ1

(
t2 + u2 + z2

)b1−τ1

y2 (tu)τ2
(
t2 + u2 + z2

)b2−τ2

...
yr (tu)τr

(
t2 + u2 + z2

)br−τr

 f (t2 + u2 + z2
)
dtdu dz

= ζ

∞∫
0

H0,δ+3:∗
A+3,C+3:∗


y1ρ

2b12−τ1

y2ρ
2b22−τ2

...
yrρ

2b12−τr

∣∣∣∣∣∣∣∣∣
[
(a) ; θ

′
, ..., θ(r)

] [
1 + σ

2 + kξ
2 ; τ

2

] [
1
2 + σ

2 + kξ
2 ; τ

2

]
[1 + σ + kξ; τ ] : ∗[

(c) ;ψ
′
, ..., ψ(r)

] [
3
2 + σ + kξ; τ

] [
1 + σ

2 + kξ
2 ± λ; τ

]
: ∗


×ρ2f

(
ρ2
)
dρ (2.3)

where the conditions of validity are same as surrounding Theorem 1.
Proof: To prove Theorem 1, first we change the L.H.S. of integral (2.1) from cartesian to polar
form and then expressing the H- function and multivariable H- function in their contour form
with the help of (1.1) and (1.3). Now changing the order of integration, we get the following
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form of integral (say ∆ )

∆ =
1

(2πi)r

∫
L1

...

∫
L2

ψ (ϕ1, ..., ϕr)ϕ1 (ξ1) ...ϕr (ξr) y
ξ1
1 ...y

ξr
r

1
2πi

∫
L

ϕ (ξ)α
′ξ


∞∫
0

π/2∫
0

ρ2+2b1ξ1+...+2brξrf
(
ρ2
)

(sin θ)σ+kξ+τξ1+1 (cos θ)σ+kξ+τξ1


π/2∫
0

(cosϕ)σ+kξ+τξ1 cos (2λϕ) dϕ

 dθdρ

 dξ.dξ1...dξr
(2.4)

On evaluating the θ and φ integral occurring on the R. H. S. of (2.4) with the help of known
result [1, Eq. 5, p.16], see also[2, Eq.3.2.7, p. 62] and using the well known Beta function, we
easily arrive at the desired result (2.1) after a little simplification.

Theorems 2 and 3 can be proved on the similar lines.

Application:
In the triple integral (2.1) through (2.3), if we take

f
(
ρ2
)

= ρ2λ−2Hm,0
p,q

[
βρ2µ

∣∣∣∣ (ep, Ep)
(fq, Fq)

]
(2.5)

and evaluate the ρ integral by means of the known result [5, Eq.2.4.1 , p.15], we have the
following triple integral relations.
Theorem 4.

∞∫
0

∞∫
0

∞∫
0

(tu)σ

(t2 + u2 + z2)σ−λ+1
cos
(
2λ tan−1 z

t

)
HM,N

P,Q

[
α

′
(tu)k

(t2 + u2 + z2)k

∣∣∣∣ (aj , αj)1,P

(bj , βj)1,Q

]

Hm,0
p,q

[
β
(
t2 + u2 + z2

)µ∣∣∣ (ep, Ep)
(fq, Fq)

]
H

0,δ:
“

U
′
,V

′ ”
;...;(U(r),V (r))

A,C:(B′ ,D′);...;(B(r),D(r))


y1 (tu)τ (

t2 + u2 + z2
)b1−ς

y2
(
t2 + u2 + z2

)b2
...

yr

(
t2 + u2 + z2

)br

 dtdu dz

= ηH
0,δ:(U ′,V ′+3);∗
A+q,C+p:(B′+3,D′+3);∗


y1β

−b1/µ2−τ

y2β
−b2/µ
...

yrβ
−br/µ

∣∣∣∣∣∣∣∣∣∣∣∣∣

[
(a) ; θ

′
, ..., θ(r)

] [
1− fj − Fj

(2λ+1)
2µ ;Fj

b1
µ , ..., Fj

br

µ

]
1,q[

(c) ;ψ
′
, ..., ψ(r)

] [
1− ej − Ej

(2λ+1)
2µ ;Ej

b1
µ , ..., Ej

br

µ

]
1,p

[
1
2 −

σ
2 −

kξ
2 ; τ

2

] [
−σ

2 −
kξ
2 ; τ

] [
−σ − kξ

2 ; τ
]
∗[

− 1
2 − σ − kξ; τ

] [
−σ

2 −
kξ
2 ± λ

2 ; τ
]
∗

 (2.6)
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where [
Re (σ)− λ+ ksminRe

(
bj

βj

)
− µmax Re

(
ej−1
Ej

)
2

r∑
i=1

biξi max
(

b
(i)
j −1

ϕ
(i)
j

)
+ τξ1 minRe

(
d
′
j

δ
′
j

)
+ 1

2

]
> 0[

Re (σ) + ksminRe
(

bj

βj

)
+ τ minRe

(
d
′
j

δ
′
j

)
+ 1
]
> 0[

Re (σ − 2λ) + ksminRe
(

bj

βj

)
− 2µmax Re

(
ej−1
Ej

)
−2

r∑
i=1

biξi max
(

b
(i)
j −1

ϕ
(i)
j

)
+ τξ1 minRe

(
d
′
j

δ
′
j

)
+ 1
]
> 0

Theorem 5.
∞∫
0

∞∫
0

∞∫
0

(tu)σ

(t2 + u2 + z2)σ−λ+1
cos
(
2λ tan−1 z

t

)
HM,N

P,Q

[
α

′
(tu)k

(t2 + u2 + z2)k

∣∣∣∣ (aj , αj)1,P

(bj , βj)1,Q

]

Hm,0
p,q

[
β
(
t2 + u2 + z2

)µ∣∣∣ (ep, Ep)
(fq, Fq)

]
H

0,δ:
“

U
′
,V

′ ”
;...;(U(r),V (r))

A,C:(B′ ,D′);...;(B(r),D(r))


y1 (tu)−τ (

t2 + u2 + z2
)b1+ς

y2
(
t2 + u2 + z2

)b2
...

yr

(
t2 + u2 + z2

)br

 dtdudz

= ηH
0,δ:(U ′+3,V ′)∗
A+q,C+p:(B′+3,D′+3)∗


y1β

−b1/µ2−τ

y2β
−b2/µ
...

yrβ
−br/µ

∣∣∣∣∣∣∣∣∣∣∣∣∣

[
(a) ; θ

′
, ..., θ(r)

] [
1− fj − Fj

(2λ+1)
2µ ;Fj

b1
µ , ..., Fj

br

µ

]
1,q[

(c) ;ψ
′
, ..., ψ(r)

] [
1− ej − Ej

(2λ+1)
2µ ;Ej

b1
µ , ..., Ej

br

µ

]
1,p

[
1 + σ

2 + kξ
2 ; τ

2

] [
1
2 + σ

2 + kξ
2 ; τ

2

]
[1 + σ + kξ; τ ] ∗[

3
2 + σ + kξ; τ

] [
1 + σ

2 + kξ
2 ± λ; τ

]
∗

 (2.7)

Theorem 6.
∞∫
0

∞∫
0

∞∫
0

(tu)σ

(t2 + u2 + z2)σ−λ+1
cos
(
2λ tan−1 z

t

)
HM,N

P,Q

[
α

′
(tu)k

(t2 + u2 + z2)k

∣∣∣∣ (aj , αj)1,P

(bj , βj)1,Q

]

Hm,0
p,q

[
β
(
t2 + u2 + z2

)µ∣∣∣ (ep, Ep)
(fq, Fq)

]
H

0,δ:
“

U
′
,V

′ ”
;...;(U(r),V (r))

A,C:(B′ ,D′);...;(B(r),D(r))


y1 (tu)τ1

(
t2 + u2 + z2

)b1−τ1

...
yr (tu)τr

(
t2 + u2 + z2

)br−τr

 dtdu dz

= ηH0,δ+3:∗
A+q+3,C+p+3:∗


y1β

−b1/µ2−τ1

...

yrβ
−br/µ2−τr

∣∣∣∣∣∣∣∣∣
[
(a) ; θ

′
, ..., θ(r)

] [
1− fj − Fj

(2λ+1)
2µ ;Fj

b1
µ , ..., Fj

br

µ

]
1,q[

(c) ;ψ
′
, ..., ψ(r)

] [
1− ej − Ej

(2λ+1)
2µ ;Ej

b1
µ , ..., Ej

br

µ

]
1,p
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−σ

2 −
kξ
2 ; τ1

2 , ...,
τr

2

] [
1
2 −

σ
2 −

kξ
2 ; τ1

2 , ...,
τr

2

]
[−σ − kξ; τ1, ..., τr] ∗[

− 1
2 − σ − kξ; τ1, ..., τr

] [
−σ

2 −
kξ
2 ± λ; τ1, ..., τr

]
∗

 (2.8)

where the conditions of validity are same as of Theorem 4.

Particular Cases: If we reduce the multivariable H-function into generalized Lauricella
function defined by Srivastava and Daoust [4] in our result (2.1), we get the following interesting
consequence of our main result:
∞∫
0

∞∫
0

∞∫
0

(tu)σ

(t2+u2+z2)σ cos
(
2λ tan−1 z

t

)
HM,N

P,Q

[
α

′
(tu)k

(t2+u2+z2)k

∣∣∣∣ (aj , αj)1,P

(bj , βj)1,Q

]

FA:B
′
;...;B(r)

C:D′ ;...;D(r)


y1 (tu)τ (

t2 + u2 + z2
)b1−ς

y2
(
t2 + u2 + z2

)b2
...

yr

(
t2 + u2 + z2

)br

∣∣∣∣∣∣∣∣∣∣
(
1− aj : θ

′
; ...; θ(r)

)(
1− cj : ψ

′
; ...;ψ(r)

)
(
1− b

′

j : ϕ
′
)

1,B′
; ...;

(
1− b

(r)
j : ϕ(r)

)
1,B(r)(

1− d
′

j : δ
′
)

1,B′
; ...;

(
1− d

(r)
j : δ(r)

)
1,B(r)

 f (t2 + u2 + z2
)
dtdudz

= Ω
∞∫
0

F
A:(B′+3);B′′

;...;B(r)

C:(D′+3);D′′ ;...;D(r)


y1ρ

2b12−τ

y2ρ
2b2

...
yrρ

2b1

∣∣∣∣∣∣∣∣∣
[
1− aj : θ

′
; ...; θ(r)

] [
1
2 + σ

2 + kξ
2 ,

τ
2

] [
1 + σ

2 + kξ
2 , τ

][
1− cj : ψ

′
; ...;ψ(r)

] [
3
2 + σ + kξ, τ

]
[
1 + σ + kξ

2 , τ
]
∗
(
1− b

′

j : ϕ
′
)

1,B′
; ...;

(
1− b

(r)
j : ϕ(r)

)
1,B(r)[

1 + σ
2 + kξ

2 ± λ
2 , τ
]
∗
(
1− d

′

j : δ
′
)

1,B′
; ...;

(
1− d

(r)
j : δ(r)

)
1,B(r)

 ρ2f
(
ρ2
)
dρ

(2.9)
where

Ω =
πΓ
(

1
2 + σ

2 + kξ
2

)
Γ
(
1 + σ

2 + kξ
2

)
Γ
(
1 + σ + kξ

2

)
22+σΓ

(
3
2 + σ + kξ

2

)
Γ
(
1 + σ

2 + kξ
2 ± λ

2

) HM,N
P,Q

[
α

′
2−k

∣∣∣∣ (aj , αj)1,P

(bj , βj)1,Q

]
(2.10)

A number of other special cases of our results can be obtained by reducing the H multivariable
function by specializing its parameters, but we do not record them here explicitly.
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