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On value distribution of differential polynomial of algebroidal
functions

Chuanxin Gao' and Qingli Yin?

ABSTRACT. In this paper, we generalized some results of the paper [1] in alge-
broidal functions, and get some interesting results.

1. Definitions and Symbols

In this paper, let w = w(z) be an algebroidal function with v — branches deter-
mined by an irreducible equation

Ay ()WY + Ay (2)w 4+ A (2)w + Ag(2) = 0.

Where A;(z) are holomorphic functions in |z| < 400, and satisfy that m(r, Ag(z)) =
o(T'(r,w)) and A;(z) do not simultaneously equal zero at a point (j =0,1,...,7v). In
particularly, w(z) is a meromorphic function when v = 1.

Ni(r, +) denotes the function of the number of zero of order 1 of w, Na(r, <)
denotes the function of the number of zero of order > 2. S(r,w) denotes a quantity
satisfying o(T'(r, w))(r — oo,r ¢ E), E denotes the set of finite linear measures.

DEFINITION 1.1. A meromorphic function a(z) is called a small function of w(z)
it T(r,a(2)) = S(r,w).
a,agp, . - ., ay denote small functions of w, ¢, cg, ..., c, denote complex constants.

DEFINITION 1.2. Let ng,nq,...,n; be nonnegative integers.
M(w) = w™ (w')™ ... (wh))

is called a differential monomial of w, ry; = ng + ny + ... + ng is called degree of
M(w), Tpr = np+2n1 + ...+ (k + 1)ng is called weight number of M (w).

DEFINITION 1.3. Let M;(w) be a monomial of w, a;(2)(j =1,2,...,n) be small
functions of w, then Q(w) = a1 My (w) + ... + a, M, (w) is called a differential poly-
nomial of w. The integer rq = max{ry; : 1 < j < n} is called degree of Q(w),
o =maz{Ty; : 1 < j < n}is called weight number of Q(w).
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28 CHUANXIN GAO AND QINGLI YIN

In the studying existence of defective value of algebroidal functions, the value dis-
tribution of differential polynomials is an important application of Nevenlinna theory,
it is more complex and more interesting than the corresponding case of meromorphic
functions.

2. Main Results

THEOREM 2.1. Let w(z) be an algebroidal function with v-branches, Q(w)(Z£ 0) be

a (n — 1)-degree differential polynomial, supposed ¥ = w™w' + Q(w), then
1 _
T(r,w) < y(v* + 3y +4)N(r, g tollest 1)7% + 2(a + 2)y + 2(a + 2)]N (r, w)
+(oq 4+ )Y+ 2(0q + 2)y + 2(0q + 1) N (r,w) + S(r,w).

Where a« =Tq — (n — 1), 0q = maz{o;}, 0; = i1 + iz + ...+ (2n — 1)iy,.

If v =1, we get following result.

COROLLARY 2.1. ([1], Theorem 8) Let f be a non-rational meromorphic function,
Q(f)(Z0) is (n — 1)-degree differential polynomial of f, if p = f*f' + Q(f), then

1)—|— (5a + 9)N (r,w) + S(r,w).

T(r,w) < 8N(r, m

Here o =T¢g — (n —1).

THEOREM 2.2. Let w(z) be an algebroidal function with y—branches, Q(w)(# 0)
be (n —1)-degree differential polynomial, if N(r,w) = S(r,w), Ny (r,w) = S(r,w), and
Y =w"w + Q(w), then

T(r,w) <4(v + 37 + N (r, %) 1 5(r,w).

THEOREM 2.3. Let w be an algebroidal function with vy-branches, P(w) = apw™ +
An_ 1wt 4 ...+ ag. Where an(#0),a,_1,...,a0 be small functions of w, and %
be a constant. Supposed Q(w) be a differential polynomial of w with degree < n — 1,
and ¢ = P(w)w' + Q(w), then

Y= (w+ ag_l V'’ or
n

T(r,w) < A(7 + 37+ )N (r, %) +Al(B+ 12 +2(8 + 2y

+2(8+2)IN(r,w) + [(00 + 1)7* + 2(00 + 2)7 + 2(00 + DINa(r, w) + S(r,w).
Where 5 = max{1,T'q —rq)}.

COROLLARY 2.2. In Theorem 2.3, if N(r,w) = S(r,w), N(r,w) = S(r,w), the
other conditionns is same as in Theorem 2.3, then ¥ = a,(w—+ a;—;l)"w', or T(r,w) <
Y(v* 4 3y + 4)N(r, i) + S(r,w).

COROLLARY 2.3. Let w and P(w) be same as in Theorem 2.8, a(z)(# 0) be a
small function of w, supposed N(r,w) = S(r,w), Ny(r,w) = S(r,w), then T(r,w) <
7(72 + 3'}/ + 4)N(7’, m) + S(T, ’UJ)
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COROLLARY 2.4. If ay-values algebroidal function w satisfying Ny (r,w) = S(r,w),
O (00, w) > 1—7(77_12)2, let a(z)(Z£ 0) be a small function of w, then ww' —a has infinity
of zero points.

COROLLARY 2.5. Let w be a y-values algebroidal function satisfying Ny(r,w)
= S(r,w), P(w) be same as in Theorem 2.3, if O(co,w) > 1 — L then
P(w)w' — a has infinity of zero points.

27(v2+37+3)

If setting v = 1 in the above Corollaries, we get same results as the Theorems in

[1].
3. Some Lemmas

LEMMA 3.1. [2] Let w be a vy-values algebroidal function,
Q(w) =D agw (@) ... (@) (G 0)((3) = do, -, in),

Qa(w) =Y bgyw’ (') ... (W) (£ 0)((4) = Jo, - - - dn),
be differential polynomial of w, if W™ (w) = Qa(w) and n > rq,, then we have
m(r,Q(w)) = S(r,w). Where rq, is the degree of Qa, w(z) is a allowable function
for the coefficients {a(;y(2)} and {bj(2)} of Qi(w) and Qa(w)(i.e. w(z) satisfying
2 T(r a¢)) + 3 T(r,b;) = o(T'(r,w))).

LEMMA 3.2. [3] Let w be a ~y-branches algebroidal function, Q}(w) and Q5 (w)
be quasi-differential polynomials of w, w be a allowable function for the coefficients
of Qi (w) and Q5(w), and satisfy w"Qj(w) = Q3(w),n = rasz, then m(r,Qf(w)) =
S(r,w).

LEMMA 3.3. Let w be a y-branches algebroidal function, {a;y(2)} be a meromor-
phic function of z, and satisfy

T(r,a0) = S(r,w),i=0,1,...,2(2) = Y _ ag (2w W)™ ... (w™)

be a differential polynomial of algebroidal function of w, if the pole of w with order of
T(00,w) is not a zero point and pole of the coefficient of a(;y, and supposed that the
non-pole branching points of w(z) which produce poles of the derivatives of w(z) are
not zero points of {a(;)(2)}, then the order of poles of Q(w) is the most

ro7(co,w) + (Cq — ra)y + ca(A — 1),
and
N(r,Q(w)) < raN(r,w) + (Tq — 1) YN (r,w) + oo N, (r,w) + S(r,w).
Where oq = max{[i1 + 3iz2 + ...+ (2n — 1)i,J(A — 1) }.

LEMMA 3.4. [3] Let w(z) be a vy-branches algebroidal function, Oy (w)(#£ 0) and
Qo (w) (£ 0) be differential polynomials of w, if w"Qq(w) = Qa(w), then

(n—ro)T(r,w) < nNy(r, %) + (Pq, —ra,)YN(r,w) + oq, N (r,w) + S(r, w).
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Where N,(r, %) denotes the function of the number of zero points of w which are
non-pole branch points of w(z) in x(r). cq, = max{j1 +3j2+ ...+ (2m — 1)jm }.

LEMMA 3.5. [2] Let w = w(z) be a vy-branches algebroidal function, Q(w) be
a differential polynomials of w, if w(z) is a allowable function for the coefficients
{a@)(2)} of Q(w), then m(r, Qw)) < rom(r,w) + S(r, w).

LEMMA 3.6. [3] Let w(z) be a y-branches algebroidal function, Q*(w) be a quasi-
differential polynomials of w, then m(r,Q*(w)) < rq,m(r,w) + S(r, w).
4. The Proof Of Theorem 2.1
Proor. By
(4.1) ¥ =w"w + Q(w)

and its derivative ¢/ = %w”w’ + %Q(w), and ¥/ = nw" H(w)? + ww” + (Qw))’,
we get

O (2!

(4.2) wh T F = Q( )(¢ 2w) ).
Where

=n w/ 2 ww// _ ﬂww//

(4.3) F=n(w)"+ " .

By using a similar method to the Theorem 3 in [1], when F' = 0, the proof follows
from the Annotation 1 in the appendix of this paper.
In the following supposed F # 0, by (4.2) and Lemma 3.3 , we get

(4.4) m(r, F) = S(r,w).

Now we estimate N (r, F'). It easily follows from (4.3) that the only possible poles
of F' are from poles of w or the non-pole branching points of w which generate poles
of derivatives of w, or poles of the coefficients of Q(w), or zero points of 1) which are
not zero points of ww'.

Let zo be pole of w(z) with order 7(oo,w), then it is pole of (n — 1)7(co,w). As
some non-pole branching points of w(z) producing pole of derivatives of w(z), by (4.2)

and Lemma 3.3, we get that z is a pole of Q(w)(% - (%((Ifu)))/), its order is at most

(n — )7(c0,w) + (a + 1)y 4+ oq(r — 1), and z is a pole of F, its order is at most
(a+ 1)y + oq(r — 1), therefore we have

T, %) + (a+ D)yN(r,w) + ocqNg(r,w) + S(r,w).

Where N*(r, i) denotes the reducing function of the number of zero points of 1) which

(4.5) N(r,F) < yN*(

are not zero points of ww'(i.e. not counting the order of a zero point of ).
We use N**(r, i) denoting the reducing function of the number of zero points of
1) which are zero points of ww’, then we have
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(4.6) N, i) — N*(r, i) N %).

By (4.4) and (4.5), we get

T, %) + (a4 1)yN(r,w) + oo Ny (r,w) + S(r,w).

Let zo be a zero point of w with order 7(zo, =), w(z) has 3-branches such that
1

(20, %)
w =0 at z(1 < F < 7), then we have w(z) = (z — 2) G 9(2), g(z0) # 0,00 in
rrg,2)—oB

a neighborhood of zg, hence w(®(2) = (2 — 2) 3 9o (%), ga(z0) # 0,00(cx =
1,2,...). When 7(zp, =) —af3 > 0, g is a zero point of w(® (). Hence we get that %
only has (-order poles. Associating with (4.3), we infer that

(4.7 T(r,F) < yN*(

1 1 1 1
. - a —_ < Yy )
(48) Nor, =)+ 3 Na(r, =) < N(r, )
and
- 1 1 1 1
. - g s ) T o s )y
(49) N(r ) S N ) = 3 Nalr, )

which are same as the results in meromophic functions of the paper [1]. By (4.7)
and (4.8) we get

1 1 — 1
2No(r, —) + No(r, —) < 29yN*(r, —
) 2 )+ Nalr ) < 29870, 7)

+2(a + 1)yN(r,w) + 200N, (r, w) + S(r,w).
%%, it is obvious that m(r, £3) = S(r,w), therefore

+ —
+m(r,+) <T(r,F) — N(r, ) + S(r,w). By using (4.7), we get

1 1 _ 1 1 _
m(r,—) < 527N*(7‘7 a) + §(a + D)yN(r,w)
(4.11) v . . .
+§UQN:1:(T7 ’lU) - §N(Tu F) + S(r,w).
Set
1 n F
(4.12) GliiQn—l—lEiQn—i—l?'
It is east to see that
(4.13) m(r,G) = S(r,w).

It easily follows from (4.12) that all poles of G are B-order poles(1 < 8 < 7), and
the poles of G are from zero points of ¢ and F, or poles of w and coefficients of Q(w),
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or some non-pole branching points of w which generate poles of derivatives of w(z).
Therefore we have

N(r,G) < A {N(r, i) + N %) + N (rw)} + Na(r,w) + S(r, w).

Associating with (4.9), we get
_ 1 _ 1 1 1
(4.14) N(r,G) < v{N(r, J) + N(r,w)+ N(r, F) — iNg(r, E)} + N (r,w)+ S(r,w).

By above, we have

(4.15) T(r,G) < v{N(r, %) + N(r,w)+ N(r, %) - %Ng(r, %)} + Ny (r,w) + S(r, w).

In the following, we estimate N (r, i) let z; be a 1-order zero point of w, but not
a zero point of ¢ and not a pole of coefficients of Q(w), it follows from (4.3) that

(4.16) F(z) =n(w'(z1))%
By using a similar method to the proof of the the theorem 3 [1], we have

F'(z) _ 2n+1 w’(z1)  19(z1)

(4.17) F(z) n  w(z) n P(z1) .
Set
(4.18) H = w"+ Gu.

If H(z) =0, then the proof follows from the annotation 3 in the appendix of this
paper. In the following supposed H(z) # 0, by (4.18), we have

/

w4+ G

1
w’ H

Combining it with (4.13), we get

1

(4.19) m(r, J) < m(r, %) + S(r,w).

It follows from (4.12), (4.17) and (4.18) that

(4.20) H(z) =0.
In the following, we estimate T'(r, H). By (4.13) and (4.18), we get
(4.21) m(r, H) < m(r,w’) + S(r,w).

It follows from (4.12) and (4.18) that the poles of H(z) are from zero points of ¢ and
F, or poles of coefficients of w and Q(w), or some non-pole branching points of w(z)
which generate poles of w(®)(z),a = 1,2,...,n. Hence



ON VALUE DISTRIBUTION OF DIFFERENTIAL POLYNOMIAL 33

N(r,H) <~[N(r,

%) + N(r, %)] + N(r,w) + (v + 1)N(r,w)
(4.22) +(y + 2) Ny (r,w) + S(r,w) < yN(r, i

1 1 1
+(’Y + 2)Nx(’f‘, ’LU) + ’YN(T7 f) - §7N2(T7 E) + S(T‘, ’UJ)

)4+ N(r,w) + (v + 1)N(r,w)

For v-branches algebroidal functions, we have m(r,w’) + N(r,w) + N(r,w) <
T(r,w'), by (4.21) and (4.22), we get
T(’I“, H) < T(Ta U}/) + ’YN(T7 E) + ’YN(’I", w) + (7 + 2)Nm(ra U})
(4.23)
1 1 1
+YN(r, ﬁ) - 5’7]\72(7“’ E) + S(r,w).
We use N7 (r,L1) to denote the function of the numbers of 1-order zero points of
w which are not zero points of 1) and not poles of the coefficients of Q(w), Ni*(r, =)
to denote the function of the numbers of the other 1-order zero points of w. It follows
from (4.19), (4.20) and (4.23) that

1 1 1 _ 1
*(r, =) < =)< — — < ! -
Ni () NG g) S 70 H) = mir, 2) +0(1) < T u) 49N, )
YN (rw) + (7 + 2N (r,w) + AN (L) = 2o 1) = mr, L) + S0, w)
Y r,w Y z\T, W ’}/ T,F 2’}/ QT,w mr,w, r,w).
Obviously,
(4.24) N L) < B L) 4+ S w)
. 1 7U) X aw ) .

By above two expressions, we have

Ni(r, L) < T w') + AN (=) + N (0, 2) + (7 + 2)No (r, w)

(4.25) w v ) ¥

_ 1 1
+7N(7n7 w) + ’YN(Ta f) - §7N2(T, E) - ’ITL(?”, E) + S(Taw)'

Because of N(r, L) = Ny(r, 1) + Na(r, 1), by (4.25) we get
1 R B _
N(Ta E) < T(’I“,UJ ) + ’YN(Tv M) +N (Ta E) + PYN(va) + (’Y + 2)NL(T7 ’I,U)

2+ (L= 39)Nalr, ) = m(r, =) + S w),

N —
+yN(r,
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By above the expression and (4.11), we get

T(r,w) < T(r,w’) +yN(r, i) - %WV*(T, i) + N**(r,
31 N 1
(426) (5 + YN (w) + (7= 5N ) + (- SnNa(r,

1 1
_m(r7 H) + (’7 =+ 509 =+ 2)Nx(’l"7 UJ) + S(T‘,

)
)

gl el

g

As T(r,w') —m(r, ) = N(r, %) + O(1), by (4.6), (4.7) and (4.26), we get

T(r,w) < N(r, i,) +y(y + 1)N(r, l) + [( 4+ )7 +9]N (r, w)
(4.27) v ¥ . .
+(UQ’Y +v+ 2)Nw(r7w) + (1 - 5’7)N2(r7 E) + S(T, w)'

To estimate N(r-;), let

1" /
(4.28) v H_ v+ Guw
w w

We first estimate T'(r,U). Since H £ 0, U £ 0. It follows from (4.13) and (4.28) that

(4.29) m(r,U) = S(r,w).

It is obvious that the poles of U are from zero points of v, F' and w, or poles of
coefficients of w and Q(w), or some non-pole branching points of w(z) which generate
poles of w(®) a = 1,2,...,n. By (4.20) and (4.28), we know that the l-order zero
points of w which are not zero points of ¢ and not poles of the coefficients of Q(w)
are not poles of U. Therefore

-1

_ 1
N(TvU) <7N(T7 )+7N(Taf)+Nf*(r>E)

<=

1 _
+N2(T, E) + QVN(Ta ) + v+ Q)NI(T, U}) + S(T’w)'

(
By the above expression and (4.6), (4.7), (4.9), (4.24) and (4.29), we get
1

T(r,U) <~(y+1)N(r, @) +7[(a+ 1)y + 2IN(r,w)

(4.30) ) )
(L= 51N2(r, =) + [v(o0 +1) + 2]Na (1, w) + S(r,w).

Let 2o be a 1-order zero point of w’ which is not a zero point of w and v, and not
a pole of the coefficients of Q(w), i.e. w’(z) has G-branches such that w'(z2) = 0, at
z2(1 < B < ). We have w'(z) = (z — 22)%161(2), w1 (22) # 0,00 in a neighborhood of
z9. It follows from (4.3) that F'(z2) = w(z2)w”(22). By a similar method to the (35)
in [1], for algebroidal functions, we have

(4.31) — — ) — G(Zz) =0.
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Set
v F
(4.32) U T <t
by (4.31), we get
(4.33) V(z2) = 0.

If V =0, the proof follows from the annotation 4 in the appendix of this paper.
Supposed V' #£ 0, by (4.3) and (4.32), we get

(4.34) m(r,w) = S(r,w).

It is obvious that the poles of V' are from zero points of ¢, U and F, or poles
of coefficients of U, w and Q(w), or some non-pole branching points of w(z) which

generate poles of w(®(*) o =1,2,..., n. Therefore
N(r,V) <yN(r l)Jr N(r l)Jr N(r l)+N**(r l)
’ Y i 1/) Y ) U 0 ’ F 1 ) w

+7[No(r, %) + N(r,w) + Ny (r,w)] + S(r,w).

By the above expression, (4.6), (4.7), (4.9), (4.24), (4.30) and (4.34), we get

(4.35) T(r V) <30y +1)°N(r, %) + %v(i’» — ) No(r, %) + [+ 1)72

+(a+3)y + N (r,w) + [(oq + 1)7* + (00 + 3)7]Na(r, w) + S(r, w).

Set Ny(r, L) to denote the function of the number of 1-order zero points of w’
which are not zero points of w and ¢ and not poles of the coefficients of the Q(w) ;
N;*(r, ) to denote the function of the number of 2-order zero points of w; N7**(r, &)
to denote the function of the number of the others 1-order zero points of w’. It follows
from (4.33), (4.35) that

N7 (r,22) < N 32) < 30+ 1P, 2) o+ 293 = )Nl ) +l(a+ 172

1
r.—
"ll) 9

+(a+3)y + 1IN (r,w) + [(0a + 1)7* + (00 + 3)|Na (r, w) 4+ S(r, w).
As Ni*(r, ) < %Ng(r, %) and N7**(r, 2) < Ni*(r, 1) 4+ S(r,w), then

w7 W’ '

Nifr, ) <Ay + 1) L)+l + 1)y

1
)+ 573y =7+ )No(r, —

1
r., —
71/} 2

o+ 3)y + UN(rw) + N (r, %) 1 (o0 + 172 + (00 + 3)INa (r,w) + S(r w).

Hence, we have
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1 1 1 1 1
N(r, =) = Ni(r, —2) + Na(r, ) <7(7 + 1)2N (r, J) + N (r, @)
(4.36) +%7(3'y — % 4+ 1) No(r, %) +7[(a+ 1)y + (a4 3)y + 1]N(r,w)
(oo + 1) + (06 + 3)1]Na (1, w) + Na(r, %) + S(r,w).
Noting v — 372+ 3 = —3(y = 1) 4+ 2 < 2, by (4.36) and (4.27), we get
Tr.w) < 50+ D+ 2N ) + 200 1)
@) AN+ N )+ [l D7+ 20+ 2)y + 2N ()
+[(oq + )Y + 2(0q + 2)y + 2)| N, (r,w) + S(r,w). + N**(r, %)
By (4.37) and (4.10), we have
T(r.w) <407 + 37+ DN 3)
(4.38) +y[(a+ 1)72 + 2(a + 2)y + 2(a + 2)|N (r, w)
+[(oq + DV + 2(0q + 2)y + 2(0q + 1N, (r, w) + S(r,w).
The proof is completed. 0
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