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The integrals in Gradshteyn and Ryzhik. Part 1:
An Addendum

Kunle Adegoke® Robert Frontczak”
and Taras Goy®

ABSTRACT. We present another generalization of a logarithmic integral studied
by V. H. Moll in 2007. The family of integrals contains three free parameters and
its evaluation involves the harmonic numbers.

1. Motivation

The classical “Table of Integrals, Series and Products” by Gradshteyn and Ryzhik
[3] contains a huge range of values of definite integrals. In a series of papers begin-
ning in 2007, Moll, Amdeberhan, Medina, Boyadzhiev, Vignat and others established,
corrected and generalized many of these formulas. Part 30 [1] is probably one of the
most recent papers in this series, although Boros and Moll [2] expressed the desire to
prove all the formulas from [3], which is a hard and tortuous task. Moll [5, 6] has
written excellent books dealing with special integrals of Gradshteyn and Ryzhik [3].

Formula 4.232.3 in [3] states that

rra@-1 2+ “7%

[e%) 2 2
(1.1) / : Inzdx ™ +In“a
0

This formula is interesting as it allows to derive some related values as well. For
instance, with a = a? and a = a2 (a = %) upon combining we get, the formulas

/°° Inx dx _l/oo (22 +3)Inzdx _7r2+41n2a
o (—1D@2+32+1) 5J)y (x—1D(22+3z+1) I
/Oo (r+ 1) Inzdx _71'2+41n2a
o (@—1)(22+3z+1) 5 '
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Also, with a = o and @ = —f = a1, in turn, from (1.1) we have the following
interesting integrals:

/oo (r4+1-—a)lnzde 7°+In’a
o (

24+z—-1D(x—-1) 222
/°° (r — a)Inzdr _7r2+1n2a
0 (@ —z—-1)(z—-1) 20

In the very first paper of the above series [4], Moll generalized (1.1) by considering
the family of logarithmic integrals

©  In" "l rdr
-/ BT s .
fn(a) /0 Gra@—1) n a>0

Moll proved that

fn(a): a (= <<n>7Lin(f§)+<71>"*1Lin<fa>)
. fl‘l'( ()

E (2% — 2)7% By, In" "% a),
n(a + 1 =

where ((s) is the Riemann zeta function, Li,(z) is the polylogarithm and B,, are the
Bernoulli numbers.

In this paper we provide an addendum to Moll’s paper by considering the different
family of integrals

o ™ In x dx
1.2 F =
(12) mko) = [

where the three parameters satisfy m,k € Ny and a > 0. We require the following
lemma in the sequel.

LEMMA 1. If ¢ is an arbitrary constant and s € R, then
(1.3)

d* a+c (—1)Fklgh—t s+k—1 s+k—2
dak((ax+1)s>_ (az + 1)k+s ((a—i—c)x( s—1 >—(ax+1)< s—1 >)
PROOF. Leibniz rule gives

dikaiﬂ_(_s_)ik#_,_kﬂi(_,_)dk_l 1
da* \ (ax +1)5 ) 4T ak (azx +1)* da " T a1 (ax +1)s )’

from which (1.3) follows, since

d* 1 B (s 4k —1)lz*
dak ((ax + 1)3) = (-1 (s — Dl(azx + 1)k+s’
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2. The evaluations of F(m,k,a) for m =0,1,2

Before deriving the general expression for F'(m, k, a) we study in detail some spe-
cial cases. First we prove the following formula for F'(0, k&, a).

THEOREM 2. For k € Ng and a > 0, we have

k—1 J+1
1 w2 +ln a (1+1/a)
(2.1) F(0,k,a) = @ +]E:0 ] (Hj —Ina)

with H, = Zk 1 k’ Hy =0, being the harmonic numbers.

PRrOOF. Starting with (1.1) we differentiate both sides k times with respect to a
to get

(—1)kkv/°° mzdr _1d* (7°+In’a
“Jo (w+a)ktli(z—1) 2ddk a+1
Z( ) 10 (2 + In? a) k=),

where we have used the Leibniz rule for derivatives. We have

dk 1 (—1)* k!
2.2 — = k> 0.
(22) dak (x—l—a) (x + a)kt1’
Now, assuming that
dk Xk Yk Ina
we get the recurrences, for k >1,

Xiy1 =Y — kX and Ypi = kY,

with X7 = 0 and Y; = 2. The recurrence for Y} is solved straightforwardly and the
result is Y3, = 2(—1)*=! (k — 1)!. This gives
k—1

X1 = Z(—l)jj! (?) Yi—j

j=0

k—1 1
=2(=1DF Ry —— =2(—1)F R H,
(=1 Z_:k_j (=1) s

and finally, for k >

d’f 2(=1)k(k —1)!
(2.3) Tk (7% +In*a) = T(Hk,l —Ina).
The formula (2.1) follows upon simplifications. O

For k =0 in (2.1) we get (1.1). The next two cases are

a(m® +In*a) — 2(a+1)Ina

F(0,1,0) = 2a2(a + 1)2 ’




30 KUNLE ADEGOKE,ROBERT FRONTCZAK AND TARAS GOY

and

(7 +In”a) — (a+1)(3a+ 1)Ina+ (a4 1)2

F(0,2,a) = BTt 17

COROLLARY 3. For k € Ny, we have

k+1
Inz LAy _aad
o0 Eo( 3 )zt 72 4 4In%a {Lk“ if & is odd:

\/g )
T =

o (z—1)(2%+ 3z + 1)k 2. 5k/2 Fyy1, if kis even
(2.4) )k k— 1 j5]/2

k+2+j k—j
‘Wz; j+1 ( i (Lirass + (1) = 1))

- 21HO[(L}C+2+J‘ - Oék+2+j((—1)k_j + 1)))

and
Rl 4
Inz ) F Y
o0 ]go( 5 ) otk i ™A% a [Fep, if ks odd;
o (z—1)(x2+3x+1)k+1 T g sk L"—\/%l, if k is even
(2.5) 1 kA (—1)759/2 . .
/2 Z j+1 ( j(Lisary — a2 ()P + 1))
7=0

—2Ino(Lytor; + "2 (—1)F 7 — 1)))
with F, (L) being the Fibonacci (Lucas) numbers and where o = (1 + /5)/2 is the
golden ratio.
PROOF. To get (2.4) insert a = o? and a = 32 = o~ 2, in turn, in (2.1) and add

the expressions. When simplifying use the relations a?+1 = Vba and B2+1= —\/5,8
as well as

ab+l 4 (—1)kH1ghtL = Li41, %f k %s odd;
V5Fy1, if kis even.

Identity (2.5) is obtained by subtraction using

L if k i .
QT (Z1)EI gL — k+1s 1 ?S even;
VB5Fy1, if kis odd.
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When k£ =0 and k = 1 then Corollary 3 yields the following results as particular
cases:

*“ (2z43)Inzdx w2 9
2.6 = — +21
(26) /0 C-D@ 434D 2 oM@
° Inzdz T 2.,
2.7 =T 4 Zm2q,
2.7) /0 -0 +32+1) 10 5" °
® (222 +6x+T7)lnxdr 372 6, 8
2. =—+-1 —1
(28) /0 D@ +3s+12 10 5>t
and
* (2z+3)lnzdr T2 2 4
2.9 =—+ -1 — Ina.
(29) /0 @-D@+3c+12 10 5 T Em
Since, as is easily shown from (2.6) and (2.7),
/°° zlnzdr B 2 +4In*a
o (—1D@2+32z+1) 10 ’

it follows that

/°° (s +q)Inzdx _(s+ )7r2—|—41n2a
o (—1(2+3z+1) 10 ’
for arbitrary s and ¢. Similarly, from (2.8) and (2.9) we have

/°° (sz? +qr+r)lnxdr 2(s—r)
0

= 1
(2 + 3z +1)? V5 e

for arbitrary s, ¢ and r.

COROLLARY 4. If k € Ny and r is an even integer, then
(2.10)

k+1 .
Inzx Z (kjjl)Lgrjkarl_J
7=0

- LT(k‘—‘rl) 2 2 2
dr = ’ 4r? 1
o (z—1)(22 + Lo,z + 1)k+1 x QLFH (7% + 4r*In” @)
k-1 o
1 L
T IE i1 (LT(’H?H)HJ‘ +2V5rFy 245y In a) ,
-
(2.11)
k1 4
NRLEDY (k;rl)FzrjmkH—J .
7=0 r(kt1) , o _—
dx = 4r21
. o DG T Lot R T G (7 ArinTa)
k-1 o
! L; 2r Ly (ky2+4) )
7 — E ity H;j + ————Inao|.
Lk j=03+1< (g +2) 13 NG

ProoF. Consider F(0,k,a*") & F(0,k,3%"), using (1.2) and (2.1); and the fact
that if r is an even integer, then a?" +1=a"L, and 8% +1 = 8"L,. O
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THEOREM 5. Ifa >0 and k € N, then

(2.12) /OO( Inzdz lna—Hk_l.
0

r+a)ktl kak

PrROOF. Write (1.1) as

2/00 (a—|—1)11’1[L’d.’E :71_2+1n2a;

o (az+1)(x—-1)

differentiate both sides k times with respect to a, making use of (1.3) and (2.3). Write
1/a for a. O

Note that (2.12) is equivalent to Gradshteyn and Ryzhik [3, 4.253.6]; in which
case the harmonic number is expressed in terms of the digamma function, thereby
removing the restriction on k.

COROLLARY 6. Ifa,k >0 and m > 1, then

/oo 2P llng m+k—2 m+k—2 1
— |z —a do = ————.
o (z+a)ktm m—2 m—1 (m — 1)ka™—1
PrOOF. Write 1/a for @ and m — 1 for k in (2.12) to obtain
/°° alnzdr  Ina+ Hp o
o (ax+1)m  1-m

Differentiate the above expression k times with respect to a, using (1.3) and (2.15).
Finally, write a for 1/a. O

The integral F(1,k,a) is evaluated in the next theorem.

THEOREM 7. For k € Ny and a > 0, we have

72 +1n%a Ina
F(1,k,a) =
(1, k,a) 2(a+1)k+2 + (k+1)(a+1)k+1
(2.13) .
(1+1/a) k—j
(k+1 k+lz(:) ]+1 <a+1(Hj_lna)_1)'
PROOF. We start with the observation that
(2.14) /°° xln;cdx :7T2+1n2a+ Ina '
o (z+a)2=xz-1) 2a+1)?2 a+1

This is true since we have

z+a)?(z—1
with (the constant C' is not displayed)

g(@,a) = —ﬁ (Li2 (— g) + Lig(1 — z)

(2.15) anln(Hz)+“(‘l+1)1“+(a+1)1n(1+2)>.

T+ a
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Now, taking the limits lim, ,o g(z,a) and lim,_,o g(z,a) leads us to (2.14). The
remainder of the proof is the same as in Theorem 2 using (2.2) and

d* (—D)F L (k= 1)
Wlna = a—k, k 2 1.
O
For k =0 in (2.13) we get (2.14). The next two cases are
2+ 1In? 2—1)Ina— (a+1)?
F(LLG):a(ﬂ' +1In“a) + (a Jlna— (a+1)
2a(a+1)3
and
F(1,2,0) = 3a%(n? +1na) 4 (a+1)(2a® — 5a — 1) Ina — 3a(a + 1)2.
6a2(a + 1)*
To derive a formula for F(2,k,a) we need the next lemma.
LEMMA 8. For k € Ny, the following formula holds
d" [ a+3 (1) a+3+2k
da* \(a+1)2) “(a+1)kt2T
PrROOF. Use c=3,s=2and z =11in (1.3). O

The integral F'(2, k, a) admits the following evaluation.

THEOREM 9. For k € Ny and a > 0, we have

72 +1n%a 1 a+ 3+ 2k
F(2,k,a) = 1 1
2k, a) 2(a+1)k+3+(k+1)(k+2)(a+1)k+1( ar1 et
k—1 J . .
1 1+1 k— ) (k+1-—
aj:O j+1 a+1
PROOF. The proof is similar to the previous two proofs. O

When k£ = 0 then we get

72 +1n%a a+3

F@00 = 50 o 17 ™ S

3. The general case

Here we state a general formula for F'(m, k,a). The structure of such a formula is
indicated in the above analysis. Our main argument is not to try to derive an explicit
expression for the indefinite integral

/ ™ Inx dx
(x — 1)(x + a)mt!

but instead using the results from the first part of the paper.




34 KUNLE ADEGOKE,ROBERT FRONTCZAK AND TARAS GOY

THEOREM 10. For m,k € Ny and a > 0, we have

o ™ Inz dx
F k,a) =
(my 7CL) /(; (LL'— 1)(33—}—@)’“‘””“

- 2 (—1)™ dam In? b

 2(a+ EEmAL T gpy(kEmyghamtt dbm \ (b+ 1)),
k i

(3-1) +Zl (o) Hej 1 al =k
<'f+m> =5 Gav g

—-1)m Inb
+ ml(k+m ak+tm+1 JZ% k—3j dbm (b+ 1)1

Proor. Using F(0,k,1/a) from Theorem 2 we find

b=1/a

—1

(3.2) /°° lnzdx B 2 +1In’a +kz Hy_j_1+Ina
’ o (z—=1)(az+ 1)1 2(a+1)k+1 iz (k= j)(a+1)7+1

Differentiating (3.2) m times with respect to a and replacing a with 1/a gives (3.1). O

In particular, F(m,0, a) equals

/°° ™Inx dx B 72 (=)™ dm In"b
o (@—=D(@+a)mtt  2(a+1)m+tL " 2mlamtl dbm \ (b+ 1)

b=1/a
m—1 1
1 2 2 (a+ 1)+
= 1 2 ——(H,; +1
dat i |7 et ;) j+1 (H; +Ina) |,
since
dm (1n2b) a™ 1 1n?q 1m ! Hm 1+lna
=(-1)"m!————+(—1)"2mla™ 7
dpm b +1 b=1/a (CL + 1)m+1 g:O a + 1)]-’1—1
THEOREM 11. If m € Ny and r is an even integer, then
(3.3)
ln;v Z (m+1) 2m+1 7
d
o (- 1)($2 + Loyw + Lymit
Lrm+1) 5 21,2 1= Lj
= 2L (m° 4+ 4r°In" o) + I ] (Lr(m ) Q\frlnaFr(m j))
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(3-4)

Jnz Z (m+1) by 2

o (x— 1)(:E2 + Loyx + 1)m+!

F, 1
= 227:;11) (7r2 + 4r% 1n? ) +

PROOF. Evaluate F(m,0,a?") + F(m,0, 3%7). 0

COROLLARY 12. Ifm,k € Ny and r is an even integer, then
(3.5)
k+1
P2k — 1) Inz 3 (kjl)@
i=0

/OO = - dx
o (z—=1)(2%+ Loz + 1)k+1

k=1 1
5 LIF, (k41 el
=7k jT(Fr(jﬂ)Hj Ty aLT(ﬁl))’
(3 j:0
(3.6)
k+1 k+1\ Loy
@b+ ) Ine 3 ( ?)% L
= r(k+1) . 2 21n?
dx = Al
/0 (:c—l)(x2+L2r:c+1)’““ N
r(k+1) -« L'
+ Z j+1 ( rG+1)Hj + 2\/5T1HQFT(1+1)) ’
]:0
(3.7)
F 2k — 1) Ing Z ("7 2
d
/0 D@ Do D
Ligesn) N~ L B
= Llﬁ i=0 ] +1 (FT(JJrl)Hj + T I aLT(]Jrl))
=
k+1
- k+1y Forj
/oox (z" + 1)11195J§0( J ) al do — Er(by1) (7r2 + 4r% 1n? a)
3.8) Jo  (z—1)(@®+ Loz + 1)kF! R
Fr(k-i-l) — L
+ Lk “J+1 (Lr(l+j)Hj + 2V/5r lnaFr(1+j)> '

PROOF. Set m = k in (3.3); subtract/add (2.10) to obtain (3.5)/(3.6). Sim-
ilarly, (3.7) and (3.8) follow from (2.11) and (3.4). Note the use of the following
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identities that are valid for all integers u and v having the same parity:

FoF, = Lu—vy2Flugoyy2, if (u—v)/2 ?S even;
Fru—vy2Lugovyy2, if (u—v)/2 is odd,

)
F _F — Liy—v)/2Ftutvy/2, if (u—v)/2 is odd;
Fru—vy/2Lusvy/2, if (u—v)/2 is even,
Ly + Ly = Liu—vy/2Lutvys2, if (u—wv)/2 is even;
5Fu—v)/2F(utvy 2, if (u—v)/2is odd,
/2 is odd;

(

(
Lau-vyj2Ltoy/e, i (w—0)

(u—v)/2 is even.

Ly — Ly =
o {5F(u—v)/2F(u+v)/27 if
O

Differentiating (3.3) k times with respect to a gives the following alternative to
(3.1).
THEOREM 13. For m,k € Ny and a > 0, we have

Fm, k )7/00 ™ lnxdx

TEOT ) @Dt aF
B w2 n (—1)F ﬁ In?a
= 2((1“!‘ 1)k+m+1 2k|(k;|-nm) dak' (a+ 1)m+1

+mzl (5 Hypi 1 G mil 1 & ( Ina
k+m m _j (CL + 1)j+k+1 k!(k-i-m) m — ] da* (CL + 1)j+1

m 7=0

THEOREM 14. For k € Ny and a > 0, we have

* (2 —1)Inzdx
/0 (z—1)(z+ a)k“

(3.9) b1
(1+1/a)’* 1 1
(a+1 k+1j§0 1 ((aj —1H; + (@' +1)Ina),
/oo (z% + 1) Inz dz
o (z—=1)(z+a)kt?
7 +1In’a (1+1/a)i* ) 4
= J+1 . G+l _
n (a—l—l)’“‘l (a+1) k-HZ j4+1 ((a +1)H; + (a 1)1na).
PRrROOF. Evaluate F(k,0,a) £ F(O7 k,a). O

Note that (3.9) can also be written as

k=1
o Inx Y ol (11 1/a)
U + 1/a)! j+1 L (@it
| o= aHkHZ 1 T (@ - DH, @5 1) ).

).
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