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ABSTRACT. In this paper, the (HE, LP) and (HKD‘.?, K§P) type boundedness for

the multilinear commutator of certain integral operator

1. Introduction

Let b € BMO(R™), and T be a Calder6n-Zygmund operator. The commutator
[b, T] generated by b and T is defined by

(6, T](f)(x) = b(2)T(f)(x) = T(bf)(x).

A classical result of Coifman, Rochberg and Weiss (see [4]) proved that the commutator
[b,T] is bounded on LP(R™) (1 < p < o). However, it was observed that the [b, T
is not bounded, in general, from H?(R"™) to LP(R™). But if H?(R™) is replaced by a
suitable atomic space Hf (R™) and H} °°(R™), then [b, T| maps continuously H} (R™)
into LP(R™) and H}**°(R"™) into LP*°(R™) (see [1]). In recent years, the theory of
Herz type Hardy spaces has been developed (see [5][12][13]). In this paper, we will
introduce some multilinear commutators of certain integral operators and prove the
continuity of the multilinear commutators and BM O(R"™) functions on certain Hardy
and Herz-Hardy spaces. The integral operators include the Littlewood-Paley operator,
Marcinkiewicz operator and Bochner-Riesz operator.

2. Definitions and Results

Let us first introduce some definitions (see [1][2][14-16]). In this paper, Q will
denote a cube of R™ with sides parallel to the axes, and for a cube Q let fg =
Q= [, f o f(x)dz and the sharp function of f is defined by

#
7 (x) Zg}; |Q|/ |f(y) — fqldy.
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It is well-known that (see [15])

#(x) ~ sup in L — .
()~ sup inf o /Q F(y) — Cldy

Q>z c€C

We say that b belongs to BMO(R") if b* belongs to L>(R"™) and define ||b||zaro =
|[b¥|| o< . It has been known that (see [15])

[[b — bargllBrro < Ckllb]|Brro-

Given a positive integer m and 1 < j < m, we denote by C7" the family of all finite
subsets o = {o(1),---,0(j)} of {1,---,m} of j different elements. For o € C7*, set

0¢ = {1,--,m}~o. For b = (by,-- -, bp) and ¢ = {o(1),-- -, 0(j)} € Cl, set
bo = (bo(1), "1 ba(j))s bo = bo(1) - bo(jy and ||bs||Baro = |1bo)||BMO -+ ||bo(j) | BMO-
Definition 1. Let b; (i = 1,--- ,m) be a locally integrable functions and 0 < p <

-,

1. A bounded measurable function a on R™ is called a (p,b) atom, if

(1) supp a C B = B(xo,r),

(2) llallz~ < |Blwo,r)|" 17,

(3) Jpawdy = [za(y) [, bi(y)dy =0 for any 0 € C7* ;1< j<m .

A temperate distribution (see [15][16]) f is said to belong to Hg(R”), if, in the
Schwartz distribution sense, it can be written as

Fl@) = Ajaj (@),

where a’s are (p, b) atoms, Aj € C and 3272, |Aj|P < oo. Moreover, ||f||H§ =

inf(3°72, IAj[P)}/P, where the infimum are taken over all the decompositions of f
as above.

Definition 2. Let 0 < p,q < 00, a € R. For k € Z, set By, = {x € R" : |z| < 2¥}
and C = By \ Bi_1,andx, = x¢, for k € Z,where ¢, is the characteristic function
of set C'x. Denote the characteristic function of By by xg.

(1) The homogeneous Herz space is defined by

Rgn(RY) = {7 € L (R~ (0] : 1l < o0}

where

[e'e) 1/p
£l o = [ > 2’mp|ka||iq] |
k=—oc0

(2) The nonhomogeneous Herz space is defined by

K{P(R™) = {f € LL(R™) : || fllkow < oo},

where

oo

1/p
I[fllger = [Z 25| fxwllFa + Ionlliq] :

k=1
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Definition 3. Let « € R", 1 < ¢ < o0, a 2 n(l—1/q), b; € BMO
i <m. A function a(x) is called a central (a, ¢, b) -atom (or a central (a, g,
restrict type ), if

(1) supp a C B = B(xg,r)(or for some r > 1),

(2) HaHLq < |B(x07r)|_a/n7

) [pa(x)aPdr = [a(x)z’ [, bi(z)de = 0 for any o € CJ* ;1 < j < m,
0 < |8] € «, where 8 = (84, ..., 8,) is the multi-indices with 3; € N for 1 < i < n and
18] = Z?:l Bi- .

A temperate distribution f is said to belong to HKzg(R”)(or HK;’EP(R”))7 if it
can be written as f = Y7 Nja; (or f = 377, Aja;), in the S'(R™) sense, where

-, -

a; is a central (a, ¢, b)-atom(or a central (¢, g, b)-atom of restrict type ) supported on
B(0,27) and 3% [Aj|P < ooor 372 |Aj| < 00). Moreover,

- 1 a,p = 1 . |P 1/p
llsricms Cor [llasce) = mfCY 1Ay 17) 7,
J

—~

Rn), 1<
)-atom of

il

=

where the infimum are taken over all the decompositions of f as above.
Definition 4. Suppose b; (j = 1,---,m) are the fixed locally integrable functions
on R™. Let Fy(z,y) define on R™ x R"™ x [0, +00). Set

Fy(f)(z) = . Fi(x,y)f(y)dy

and
m

@ = [ TIe@ - b) R e,
n le
for every bounded and compactly supported function f. Let H be the Banach space

H = {h :||h|| < oo} such that, for each fixed x € R", F;(f)(x) and th(f)(x) may be
viewed as a mapping from [0, +00) to H. The multilinear commutator related to F}
is defined by

To(f) () = | F2(f) (@),

where F} satisfies: for fixed € > 0

1Fu (2, 9)]] < Clo—y[™"
and
1Fi(y, x) — Filz, )| + [|Fi(z, y) — Fil(z, 2)|| < Cly — 2[f e — 2[7"7F,

if 2|y — z|] < |z — z|. We also define that T'(f)(z) = ||F:(f)(2)]]-

Note that when by = - - - = by,, T} is just the m order commutator (see [1][14]).
It is well known that commutators are of great interest in harmonic analysis and have
been widely studied by many authors (see [1-4][6-10][15][17]).

Now we state our theorems as following.

Theorem 1. Let £ > 0, b; € BMO(R™), 1 <i<m, b= (b, ,bp), n/(n+e) <
p < 1. Suppose that T is bounded on L?(R") for any 1 < ¢ < oo. Then the multilinear
commutator Ty is bounded from HEP(R") to LP(R™).
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Theorem 2. Let0<p<oo 1 < g < oo, n(l—1/q) < a < n(l -1/q) +e¢,
e>0and b; € BMO(R"),1<i<m,b= (b, - ,by). Suppose that T is bounded
on LI(R") for any 1 < ¢ < o0. Then the multilinear commutator 7} is bounded from

LD (DN o, n
HKq’g (R™) to Ky P(R™).
3. Proof of Theorems

We begin with the lemma.
Lemma.([15]) Let 1 < r < 00, b; € BMO(R"™) for j =1,--- ,kand k € N. Then

‘Q|/ H|b by)oldy < CHIIb o

and
1/r

k
al,L H|b wialdy| < T] Il
j=1
Proof of Theorem 1. It suffices to show that there exist a constant C' > 0, such
that for every (p,b) atom a,

[[T5(a)]|r < C.
Let a be a (p, E) atom supported on a ball B = B(xg,r). We write

/ [Ty(a) (@) P = /| @@ / IT,(a) (@) Pde = T + 1.

|x—zo|>2r

For I, taking ¢ > 1, by Hélder’s inequality and the L?— boundedness of Tj(see

[3]), we have
p/a
</| <2 IT,;(a)(x)|qd$> - |B(xo, 2r) |} 7P/

I <
< CllTya)llz, - |Blo, 2r) [P/
< Clblfasollallz, Bl P/
< ClblBaro-

For II, when m = 1, by the Hélder’s inequality and the vanishing moment of a,
we get, for z € (2B)¢ and u € B,

T (@@ = [[F*@)@)|
< [ IR - B llbe) - n)lat)ly
< o[ S (ba) = s + 1) - ) Dl
< 0BV () = ()l + I llmaro) BV,

|z — u|nte
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0
<oy [ B (b(a) — (b1) ] + 1ol zonr)Pdal B
b1 J/2*t1B\2FB |z — ul
|B " P p p—1

< CZ O o190~ 051+ 11 p10)de1 B

< CZ B (2 (128 B [b(z) — (b1) p[Pdx + [[b1] |5 rr0)

= r)(n+e)p " N 1)B|"ar tliBmo

‘B‘EP—H} ! k k+1 —1 P

< C Z iy @B [ bGe) = (0)slda)? + o]

< ci ‘B‘ S )" (Kbl [5oan)” + (101l o]

X 1 n+€)p 1{|[BOM 1IBMO

< ClbulBo Z LPokln—(n+e)lp

k=1

< Clllzao-

This finishes the proof of the case of m = 1.

When m > 1, denoting A = (A, , \p) with A\; = (b;)p, 1 < i < m, where
(b)) = |B(zg,7)| ! fB(xO " b;(x)dx, by Holder’s inequality and the vanishing moment
of a, we get
171 = / T-(a)(x)|Pdx

> g T
o p
< CY MBIt (/ |T5(a)(m)dx)
par 2k +1 B2k B
< C«Z |2k+lB|17p

k=1

SV VALY F””“”Hllb 2)— b;(w)laly )I@)dm)p,

noting that u € B and = € 2871 B \ 2K B, then

Jy G = Faal LT ste) = bt
<cf |%,u'mf[w )la(w)ldy

B|=
< o ] H (@)~ by o)l
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11

N

k=1
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CZ |2k+1B|1—p

(Lo B f[ b (z) - bj(y)||a(y)dﬂ(y)>dx>p

N

k=1

Cy 2Bt

. (Z > | — O B |

7=0 aeCm

m

o> 2

j=0oeCT

N

k+1B\2kB

p
([ 166 - Nerllatwian)
« Z|2k+lB|l—P(/

k=1 2
CZ Z ‘B‘p(lfi/n)Jrngdc

k+1B~\2*FB

<
j=0cecCy k=1
o0
< Cllpllpao Y kP2t
k=1
< Clblzumo-

This completes the proof of Theorem 1.

Proof of Theorem 2. Let f € HK ’p(R") and f(z) =

atomic decomposition for f as in Deﬁnltlon 3, we write

N

N

1/p
T5(f) (@) or = ( > 2k |Ty(f) mlﬂ)

= Nolda | 1)

S

j=—o0

P
& — |~ | B (Ba) A)aldw>

2ol MOZ|2’€“BW|2’€B\

k=—oc0
. - 11/p
C LY 2%y INIITyag) Xkl pe)?
_szoo Jj=—00 ]
i oo k—3 1P
| >0 2% INIITy(as) Xkl Lo)
_k:—oo j=—00 ]
o o 1/p
+C | > 2ker( Il T5(az)xkl[La)”
k=—oc0 j=k—2

J+JJ

~ Necllaidy)

(n+€)p

/\jaj (l‘) be the
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For J.J, by the boundedness of Tj; on LY(R™) and the Hélder’s inequality, we have

M - pq1/p
JI < Oy 2k [N N Ts(ag)x] e
_k::—oo j=k—2
M oo - pq 1/p
< D2k [>T Nllla]| e
| —o° j=k—2
. ~ pq1/p
D SETI B IEVES
_k:—oo j=k—2
; . 1/p
o) (SR P S 2t T 0 <p <
<
= . . 1/p
|5 Il 2 2092 T 1 < p<oo
- 1/p
<ol S

j=—00
< Cllfllges-
q,

—
/

For J, let Cy = Br\Bi-1, Xk = XChs b; = |B;|™! Jp. bi(z)dr, 1 < i < m,b =

(b}, -+, b7"). When m=1, similar to the proof of 1 in Theorem 1, we have

Ty (aj)(x) = I\/B(bl(x)—bl(y))Ft(x,y)aj(y)dyll

< C/B [[Fi(z,y) — Fe(z,u)[|(b1(z) — b1(y))lla;(y)|dy
J
< of 286w - )il )l
b B, |z —ulnte 1) = ny))la\yey
< o B (] ol ~iar+ [ @) - slay
‘x7u|n+€ B; ! J B. / J
J J
< Agjfiﬂjig, b (x)__blngwlfl/qf%.+|13¢171/¢7%Hb I
X ‘.’E—U|n+€ 1 j i J 1{{BMO |-
< CmmA,144%n+e)(un(z)A,bﬂ2j®+wmlflﬂnfa)4,2j@44wlflﬂﬂfa)Hb1HBA4o)’

then

175 (a7) () xul e < C2IEFA/ D7)

1/q 1/q
(/ |b1<a:>—b;»|q|x—u|-q<”+f>df) +(/ |x—u|—q<"+6>da:) ol 5aro
By, By

X
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< (O9iEtn(-1/a)-a) [2—k(n+a> B4 by || paro + 2R+ ‘Bk|1/q||b1||BMo}
< C||b1||BMO2[j(5+n(171/q)7a)fk(nJrs)Jrkn/q]’
thus
- 3 pq1/p
J < Cllb1llBmo Z okap Z |)\j|2[i(6+n(1—1/q)—a)—k(n+s)+kn/(ﬂ
_k:—oo Jj=—00
o okap k-3 poli(e+n(1—1/q)—a)—k(n+e)+hn/gp] /P
Zk:—ooZ Zj:—oop‘j' 2V :| ; 0<p
< Cllllowo | [T 27 (S22 Ilpcsntot/amo-tinsoreinfare
k3 " p/p' P
N (Zj;oo op [a<e+n(1—1/q)—a)—k(n+a>+kn/q}/2) ] L l<p<oo
1/p
[0 WP Y272y 267 R/ [ 0 < p <
< Clb|lBmo ! 1/p
{Z;;OO|Aj|pzk:j+32<J—k>(s+n<1—1/q>—a)p/2} C1<p<oo

1/p

< Cliballswo | D NP

j=—o0
< Cllfllgger-
a,b

—

When m > 1, Let b} = |B;|~ 1fB x)de, 1 <i<m,b = (b, ,bj"). We have

Tya)z) = | / TL(bu(2) — bu(u)) B )y (o)
Jz 1
< c /B 1F (e, y) — Fule, )l T 1Bs(2) — bs(w))l s (v) dy
j =1
y° 1
< ¢ / e L0 b))
|B E
< O HI ()l (v)ldy
< 'B'" SN (@) - Bl [ 1oy )11 ) — Pl
X u|"+5 o 5 i\y Y oc|dY
= OUEC'” J
< 0BT NN SN (G - 5,18, 1R e
B |1‘7U|n+8 oc||BMO
i= OGGCM
< Cle— "0+ G010 3 S ((Fa) — 5), e st

i=0 ccC™

<1
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SO
|1 T5(a;) Xk || La
1/q
< RNl ([ i 3 3 () - Do)
k i=0 ceC™
< Ollbge|| o2l Etn=1/a=a)  g=k(nte)+hkn/q
< ClbllBmo
and
k3 pp1/p
< 7 kap 9li(e+n(1-1/q)—a)—k(n+e)+kn/q]
J < Clbl[smo 2 |Aj12
k_foo j=—o00
S gk gkt W|p2[j(s+n<1—1/q>—a>—k<n+e>+kn/q]p} < p<
< Cllflowo ] [Tt 2? (T2t Py 2bentot/ e k) sion/alf2)
M 1/p
« (Zk 3 op'li(=+n(1-1/q)—a)— k<n+e)+m/q])”/”] l<p<oo
oo e j—k)(e+n(1— —a /p
< CHI—)'HBMO |:Zj=—oo|>\j|p Zk=j+3 2(] R(etn(1=-1/9) )p:| /7 0<]9<1
[Z}?‘;_w I\ [P Zz‘;ﬁ_?’Q(J*k)(ﬁJrn(l*l/Q)*a)P/Q} C1<p<oo

1/p

< Clibllsao | Y AP

j=—00

< Ollfllager-
q,b

This completes the proof of Theorem 2.
Remark. Theorem 2 also holds for nonhomogeneous Herz-type spaces, we omit
the details.

4. Applications
Now we give some applications of Theorems in this paper.
Application 1. Littlewood-Paley operator.
Fixed ¢ > O Let ¥ be a fixedfunction which satisfies the following properties:
(1) f e ¥ x)dx =0,
(2) (= )I C(1+ |zf)=+
3) [v(z+y) — () <ClyI (1 + [a|) = HFE) when 2[y| < [x].
The Littlewood-Paley multilinear commutator are defined by

A= ([ FE(f)(x)P‘f)l/Q,
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where
FEO@ = [ TIbs() = bt — o))y

and Yy (x) =t ™ (x/t) for t > 0. Set Fy(f)(y) = f x ¢ (y). We also define that
S 1/2
i@ = ([T En@es) "

which are the Littlewood-Paley operator(see [16]). Let H be the space

M= {h = ([ h(t)th/t)l/Q < oo} ,

then, for each fixed x € R", th(f)(x) may be viewed as the mapping from [0, +00) to
H, and it is clear that

95 (@) = IF2(H @), gu (@) = [F(f)(@)]]-
It is easily to see that g, satisfies the conditions of Theorem 1 and Theorem 2 (see

[6-8]), thus Theorem 1 and Theorem 2 hold for 93;'

Application 2. Marcinkiewicz operator.

Fixed 0 < y < 1. Let © be homogeneous of degree zero on R" with [,_, Q(z")do(2") =
0. Assume that Q € Lip,(S™"~!). The Marcinkiewicz multilinear commutator are de-

fined by
- o 1/2
wbn@ = ([T D@EE)
where
3 _ o (2 b (o) 2E )
(7)) = /rmjr_[l(bf( )= ) F )
Set

F(f)(z) = /| A=Y p)ay.

z—y|<t |1' - y‘nil

rae = ([T IRwrs)

which are the Marcinkiewicz operator(see [17]). Let H be the space

H= {h: I[h]| = (/Ooo |h(t)|2dt/t3>1/2 < oo} .

Then, it is clear that

po (@) =1 (H@)l,  pa(f)(@) =E(f)(@)]-
It is easily to see that uq satisfies the conditions of Theorem 1 and Theorem 2 (see

[9][17]), thus Theorem 1 and Theorem 2 hold for /l?z-
Application 3. Bochner-Riesz operator.

We also define that
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. Let d > (n—1)/2, BY(f)(€) = (1—2|¢|2)%. f(€) and BY(z) = t"B%(z/t) for t > 0.
et

FEn@ = [ T10:@ - bw)Bie -

e

The maximal Bochner-Riesz multilinear commutator are defined by
B (1)(@) = sup | B (@)

We also define that
Bs«(f)(z) = sup | B} (f)(x)]

>0
which is the maximal Bochner-Riesz operator(see [11]). Let H be the space H = {h :
Bl = sup |A(t)] < oo}, then
t>0

B .(f)(@) = B3, (M@, BI(f) (@)= IB}(f)(@)]l.
It is easily to see that Bg* satisfies the conditions of Theorem 1 and Theorem 2 (see
[8]), thus Theorem 1 and Theorem 2 hold for Bg*.
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