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Approximate Amenability of Matrix Algebras

A. Jabbari a and H. Hossein Zadeh b

Abstract. In this paper, we study approximate amenability of matrix algebras.
We show that every derivation from Mn(A) into Mn(E(m)) is the sum of an inner

derivation and a derivation induced by a derivation from A into E(m), where A
is a Banach algebra and E is a Banach A-bimodule. By using this, we provide
many results in approximate and permanent weak amenability of these algebras.

1. Introduction

The notion of an approximate amenability of Banach algebras was defined by
Ghahramani and Loy in [7] and developed in [3, 4, 5, 8, 9]. LetA be a Banach algebra,
and suppose that X is a Banach A-bimodule such that the following statements hold

‖a.x‖ ≤ ‖a‖‖x‖ and ‖x.a‖ ≤ ‖a‖‖x‖
for all a ∈ A, and x ∈ X. We can define right and left actions of A on dual space X∗

of X via,
〈x, λ.a〉 = 〈a.x, λ〉 and 〈x, a.λ〉 = 〈x.a, λ〉,

for all a ∈ A, x ∈ X and λ ∈ X∗.
Similarly, the second dual X∗∗ of X become a Banach A-bimodule under the

following actions

〈λ, a.Λ〉 = 〈λ.a,Λ〉 and 〈λ, Λ.a〉 = 〈b.λ, Λ〉,
for all a ∈ A, x ∈ X, λ ∈ X∗, and Λ ∈ X∗∗.

Throughout, if A is a Banach algebra we write A] for the unitization of A.
Suppose that X is a Banach A-bimodule. A derivation D : A → X is a linear
map which satisfies D(ab) = a.D(b) + D(a).b for all a, b ∈ A. The derivation δ
is said to be inner if there exist x ∈ X such that δ(a) = δx(a) = a.x − x.a for
all a ∈ A. Denoting the linear space of bounded derivations from A into X by
Z1(A, X) and the linear subspace of inner derivations by N1(A, X), we consider the
quotiont space H1(A, X) = Z1(A, X)/N1(A, X), called the first Hochschild cohomol-
ogy group of A with coefficients in X. The Banach algebra A is said to be amenable
if H1(A, X∗) = {0} for all Banach A-bimodule X. Banach algebra A is said to be
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n-weakly amenable if every continuous derivation from A into the n−th dual space
A(n) is inner. The Banach algebra A is said to be permanently weakly amenable if it
is n−weakly amenable for all n ∈ N.

Let A be a Banach algebra. The Banach algebra A is called approximately
amenable, if for every Banach A-bimodule X and every bounded derivation D : A →
X∗ there exists a net (Dα) of inner derivations such that limα Dα(a) = D(a) for all
a ∈ A.

Let A be a Banach algebra. An approximate diagonal for A is a net (Mi) in A⊗̂A
such that, for each a ∈ A,

a.Mi −Mi.a → 0 and aπ(Mi) → a.
Let A be a Banach algebra. We say that A is pseudo-amenable if it has an

approximate diagonal.
In this paper, at first we study approximate and weak amenability of Mn(A) and

after that we consider approximate amenability of Munn-algebra LM(A, P ).

2. Approximate Amenability of Matrix Algebras

2.1. Approximate and Weak Amenability of Mn(A).
In Example 6.2 of [7], approximate amenability of algebra Mn of n × n matrices

studied. In this section we investigate approximate amenability of algebra Mn(A),
which A is a Banach algebra and all elements of Mn(A) are in A. It is clear that
Mn(A) is operator space.

Let E be a unital Banach A-bimodule. Mn(E) will be Banach Mn(A)-bimodule
with the following actions

(a.x)ij =
n∑

s=1

ais.xsj and (x.a)ij =
n∑

s=1

xis.asj ,

for each a = (aij) ∈ Mn(A) and x = (xij) ∈ Mn(E). We identify the dual of Mn(E)
with Mn(E∗) and we have

(a.Λ)ij =
n∑

s=1

ajs.λis, (Λ.a)ij =
n∑

s=1

λsj .asi and 〈a,Λ〉 =
n∑

i,j=1

aij .λij ,

for each a = (aij) ∈ Mn(A) and Λ = (λij) ∈ Mn(E∗). Let D : A −→ E∗ be a
continuous derivation, then D induces a derivation as a D : Mn(A) −→ Mn(E∗) by
D(aij) = (D(aij)) or D(aij) = (D(aji)). Eij is a n×n matrix, such that whose (i, j)th

entry is 1 and other entries are 0. For each a ∈ A, the matrix a ⊗ Eij is a matrix
whose (i, j)th entry is a and other entries are 0. The proof of the following Lemma is
similar to the Theorem of [1].

Lemma 2.1. Let A be a unital Banach algebra, and E be a Banach A-bimodule.
Then every derivation from Mn(A) into Mn(E(m)) (E(m) is the m−th dual of E) is
the sum of an inner derivation and a derivation induced by a derivation from A into
E(m).
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Proof. By above argument, we have

((λij)(aij))kl =
n∑

s=1

λsl.ask and ((aij)(λij))kl =
n∑

s=1

alsλks,

for each a = (aij) ∈ Mn(A) and (λij) ∈ Mn(E∗). Then by use of the above relations
for each λ ∈ E∗, (Λij) ∈ Mn(E∗∗), (aij) ∈ Mn(A), and k and l, we have

〈λ⊗ Ekl, (Λij).(aij)〉 = 〈(aij).(λ⊗ Ekl), (Λij)〉 = 〈
n∑

s=1

(asl.λ⊗ Ekl), (Λij)〉

=
n∑

s=1

〈asl.λ, Λks〉 = 〈λ,
n∑

s=1

Λks.asl〉.

Thus for every λ ∈ E∗,

((Λij).(aij))kl =
n∑

s=1

Λks.asl,

and similarly for every λ ∈ E∗,

((aij).(Λij))kl =
n∑

s=1

aks.Λsl.

Similarly, the following inequalities hold for each positive integer number m, when
m is odd and is even, respectively, for each (aij) ∈ Mn(A) and (λij) ∈ Mn(E(m))

((λij)(aij))kl =
n∑

s=1

λsl.ask and ((aij)(λij))kl =
n∑

s=1

alsλks

and (2.1)

((λij)(aij))kl =
n∑

s=1

λks.asl and ((aij)(λij))kl =
n∑

s=1

aksλsl.

Suppose that D : Mn(A) −→ Mn(E(m)) is a continuous derivation. For each
i, j and k, l, define Dkl

ij : A −→ E(m) by Dkl
ij (a) := (D(a ⊗ Eij))kl, for each a ∈ A.

Let m be an odd positive number, for each a, b ∈ A and each 1 ≤ t ≤ n, with easy
calculations we have

(D(a⊗ Eit)(b⊗ Etj))kl =
n∑

s=1

(D(a⊗ Eit))sl(b⊗ Etj)sk

=
n∑

s=1

Dsl
it (a).bδtsδjk = Dtl

it(a).bδjk,

and

((a⊗ Eit)D(b⊗ Etj))kl =
n∑

s=1

(a⊗ Eit)ls(D(b⊗ Etj))ks

=
n∑

s=1

aδilδts.D
ks
tj (b) = aδil.D

kt
tj (b).
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Then

Dkl
ij (ab) = aδil.D

kt
tj (b)+Dtl

it(a).bδjk. (2.2)

Thus, Dkl
ij is a derivation from A into E(m). From 2.1 and 2.2, the following

equalities hold

Djl
ij(a) = Dil

ii(1).a (i 6= l), Dki
ij (a) = a.Dkj

jj (1) (j 6= k),

and by suitable choices of t in each case,

Djj
jj (a) = Dij

ji(1).a + Dji
ij (a) = Dij

ji(1).a + Dli
il(1).a + Djl

lj (a)

= Dij
ji(1).a + Dli

il(1).a + Dll
ll(a) + a.Djl

lj (1),

and so
Dij

ji(a) = a.Dij
ji(1) + Djj

jj (a).

Therefore Dll
ll(1) = 0, and hence Dij

ji(1) = −Dij
ji(1) and consequently

Dji
ij (a) = Dli

il(1).a− a.Dlj
jl(1) + Dll

ll(a).

By relations 2.1 and 2.2, for each (ars) ∈ Mn(A) we have

(D(ars))ij =
n∑

k,l=1

Dij
kl(akl) =

n∑
k=1

Dij
ki(1)aki +

n∑
k=1

ajkDij
jk(1) + Dji

ij (aji)

=
n∑

k=1

Dkj
kk(1)aki +

n∑
k=1

ajkDik
kk(1) + Dji

ij (aji),

and

(D(EkkEii))ik =
n∑

k=1

Dsk
kk(1)δsi +

n∑
k=1

δksD
is
ii (1) = Dik

kk(1) + Dik
ii (1) = 0.

This shows that Dik
kk(1) = −Dik

ii (1). In this term we define Dkj = Dkj
kk. By above

result we have

(D(ars))ij =
n∑

k,l=1

Dkj(1)akj −
n∑

k=1

ajkDik(1) + Dji
ij (aji)

= ((Drs(1))(ars)− (ars)(Drs(1)))ij + Dji
ij (aji).

Therefore proof is complete in the case that m is odd.
Now let m be an even positive number

(D(a⊗ Eit)(b⊗ Etj))kl =
n∑

s=1

(D(a⊗ Eit))ks(b⊗ Etj)sl

=
n∑

s=1

Dks
it (a).bδtsδjl = Dkt

it (a).bδjl

and

((a⊗ Eit)D(b⊗ Etj))kl =
n∑

s=1

(a⊗ Eit)ks(D(b⊗ Etj))sl
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=
n∑

s=1

aδikδts.D
sl
tj(b) = aδik.Dtl

tj(b),

for every a, b ∈ A. Then

Dkl
ij (ab) = aδik.Dtl

tj(b)+Dkt
it (a).bδjl. (2.3)

Thus, Dkl
ij is a derivation fromA into E(m). By 2.1 and 2.3, the following equalities

hold
Dkj

ij (a) = Dki
ii (1).a (k 6= i), Dil

ij(a) = a.Djl
jj(1) (j 6= l),

and
Dii

ii(a) = Dji
ji(a) + Dij

ij (1).a = Dij
ij (1).a + Djl

jl(1).a + Dli
li(a)

= Dij
ij (1).a + Djl

jl(1).a + Dll
ll(a) + a.Dli

li(1),
and so

Dji
ji(a) = Dii

ii(a) + Dji
ji(1).a.

Therefore Dij
ij (1) = −Dji

ji(1) and consequently

Dji
ji(a) = Djl

jl(1).a− a.Dil
il(1) + Dll

ll(a).

By using of the relations 2.1 and 2.3, for (ars) ∈ Mn(A), we have

(D(ars))ij =
n∑

k,l=1

Dij
kl(akl) =

n∑
k=1

Dij
kj(1)akj +

n∑
k=1

aikDij
ik(1) + Dij

ji(aij)

=
n∑

k=1

Dik
kk(1)aki +

n∑
k=1

ajkDkj
kk(1) + Dij

ji(aij)

and

(D(EkkEii))ik =
n∑

k=1

Dks
kk(1)δis +

n∑
k=1

δisD
sk
ii (1) = Dki

kk(1) + Dik
ii (1) = 0.

This shows that Dki
kk(1) = −Dik

ii (1). In this term we define Dkj = Dkj
kk. With above

result we have

(D(ars))ij =
n∑

k,l=1

Dik(1)aki −
n∑

k=1

ajkDjk(1) + Dij
ji(aij)

= ((Drs(1))(ars)− (ars)(Drs(1)))ij + Dij
ji(aij).

Therefore proof is complete. �

Lemma 2.2. Let D : A −→ E(m) be a continuous derivation. The induced deriva-
tion D : Mn(A) −→ Mn(E(m)) from D is inner (approximately inner) when D is
inner (approximately inner).

Remark 2.3. If A have not unit, we replace it by the forced unitization of A and
we show it with A]. From Proposition 2.4 of [8], A is approximately amenable if and
only if A] approximately amenable. For proof of the following Theorem we use this
Proposition.
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Theorem 2.4. Let A be a Banach algebra and Mn be a n× n matrix. Mn(A) is
approximately amenable if and only if A is approximately amenable.

Proof. Let Mn(A) be approximately amenable and E be a Banach A-bimodule.
Let D : A −→ E∗ be a continuous derivation. According above argument Mn(E∗) is a
Banach Mn(A)-bimodule. Now suppose that D : Mn(A) −→ Mn(E∗)is a continuous
derivation. Since Mn(A) is approximately amenable, thus there exists a net (ξα) ⊆
Mn(E∗) such that

D(a) = lim
α

(a.ξα − ξα.a) (a ∈ Mn(A)).

Let a ∈ A, and a be a matrix in Mn(A) such that entire of first row and first
column is a and others entire is zero. Then (ξα)1,1 ∈ E∗, and we have

D(a) = D(a) = D(a)1,1 = lim
α

(a.ξα − ξα.a)1,1 = lim
α

(a.(ξα)1,1 − (ξα)1,1.a).

This show that A is approximately amenable.
Conversely, Let A be an approximately Banach algebra (see remark 2.3). Let

D : Mn(A) −→ Mn(E∗) be a continuous derivation. From Lemmas 2.1 and 2.2, D is
the sum of an inner derivation and a derivation induced by a derivation from A into
E∗. Therefore there are derivation D : A −→ E∗ and inner derivation δ such that
D = D+δ. Since A is approximately amenable, thus D is an approximately inner. �

Theorem 2.5. Let A be pseudo-amenable, then Mn(A) is pseudo-amenable and
if A is pseudo-contractible, then Mn(A) is too.

Proof. Let (mα) be an approximate diagonal for A. For each α, define

Mα =
n∑

i,j=1

Eij ⊗ Eji ⊗mα ∈ Mn(A)⊗̂Mn(A)

With the above definition (Mα) is an approximate diagonal for Mn(A). �

Theorem 2.6. Let Mn(A) be pseudo-amenable and have a b.a.i., then A is ap-
proximately amenable.

Proof. Let Mn(A) be pseudo-amenable and have a b.a.i., then Mn(A) is ap-
proximately amenable by Theorem 2.3 of [9], and by Theorem 2.4, A is approximately
amenable. �

Corollary 2.7. Let Mn(A)∗∗ be approximately amenable. Then Mn(A) is ap-
proximately amenable.

Theorem 2.8. Let A be a permanently weakly amenable Banach algebra. Then
Mn(A) is a permanently weakly amenable.

Proof. Let D : Mn(A) −→ Mn(A(m)) be a continuous derivation for some m ∈
N. According to Lemma 2.1, D is sum of the two derivations of which one is an
inner derivation and the other is an induced derivation from A into A(m). Since A is
permanently weakly amenable, then Mn(A) is too. �
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2.2. Approximate Amenability of `1-Munn Algebras.

Definition 2.9. Let A be a unital Banach algebra, I and J be arbitrary index
sets and P be a J × I nonzero matrix over A such that sup{‖Pij‖ : i ∈ I, j ∈ J} ≤ 1.
Let LM(A, P ) be the vector space of all I × J matrices A over A such that ‖A‖∞ =∑

i∈I,j∈J ‖Aij‖ < ∞. LM(A, P ) with the product A ◦ B = APB, A,B ∈ LM(A, P )
and the `1 − norm is a Banach algebra that is named `1-Munn I × J matrix algebra
over A with sandwich matrix P or briefly `1-Munn algebra (see [6]).

Theorem 2.10. Let LM(A, P ) has a bounded approximate identity. Then LM(A, P )
is approximately amenable if and only if A is approximately amenable, I and J are
finite and P is invertible.

Proof. Let LM(A, P ) be approximately amenable, then by Lemma 3.7 of [6],
I and J are finite and P is invertible. Since LM(A, P ) is isometrically algebraic
isomorphic to LMm⊗̂A (Lemma 3.3 of [6]), where m = |I| = |J |. Thus LMm⊗̂A is
approximately amenable and therefore by Theorem 2.4, A is approximately amenable.
The converse of proof by Theorem 2.4 is clear. �

When I = J and P is the identity J × J matrix over A, LM(A, P ) denoted by
MJ(A). Similarly Theorem 2.5, if A has an approximate diagonal then MJ(A) has
too. If I and J are finite and LM(A, P )∗∗ is approximately amenable, then A is
approximately amenable.
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