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Approximate Amenability of Matrix Algebras

A. Jabbari ® and H. Hossein Zadeh P

ABSTRACT. In this paper, we study approximate amenability of matrix algebras.
We show that every derivation from My, (A) into M, (E(™) is the sum of an inner
derivation and a derivation induced by a derivation from A into E(™) where A
is a Banach algebra and E is a Banach A-bimodule. By using this, we provide
many results in approximate and permanent weak amenability of these algebras.

1. Introduction

The notion of an approximate amenability of Banach algebras was defined by
Ghahramani and Loy in [7] and developed in [3, 4, 5, 8, 9]. Let A be a Banach algebra,
and suppose that X is a Banach A-bimodule such that the following statements hold

laol < lalllzl  and Ja.al < [alllz]
for all a € A, and x € X. We can define right and left actions of 4 on dual space X*
of X via,
(z, X.a) = (a.x, \) and (z,a.\) = (z.a,N),
foralla € A, x € X and A € X*.

Similarly, the second dual X** of X become a Banach A-bimodule under the

following actions

A\ a.A) = (Aa, A) and (A Aa) = (b A),

forallace A, z € X, A € X*, and A € X**.

Throughout, if A is a Banach algebra we write Af for the unitization of A.
Suppose that X is a Banach A-bimodule. A derivation D : A — X is a linear
map which satisfies D(ab) = a.D(b) + D(a).b for all a,b € A. The derivation &
is said to be inner if there exist x € X such that 6(a) = d,(a) = a.x — x.a for
all @ € A. Denoting the linear space of bounded derivations from A into X by
Z'(A, X) and the linear subspace of inner derivations by N1(A, X), we consider the
quotiont space H*(A, X) = Z'(A, X)/N'(A, X), called the first Hochschild cohomol-
ogy group of A with coefficients in X. The Banach algebra A is said to be amenable
if H'(A, X*) = {0} for all Banach A-bimodule X. Banach algebra A is said to be
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n-weakly amenable if every continuous derivation from 4 into the n—th dual space
A is inner. The Banach algebra A is said to be permanently weakly amenable if it
is n—weakly amenable for all n € N.

Let A be a Banach algebra. The Banach algebra A is called approximately
amenable, if for every Banach A-bimodule X and every bounded derivation D : A —
X* there exists a net (D,) of inner derivations such that lim, D, (a) = D(a) for all
ac A

Let A be a Banach algebra. An approximate diagonal for A is a net (1;) in A®.A
such that, for each a € A,

aM; — M;.a— 0 and am(M;) — a.

Let A be a Banach algebra. We say that A is pseudo-amenable if it has an
approximate diagonal.

In this paper, at first we study approximate and weak amenability of M, (A) and
after that we consider approximate amenability of Munn-algebra £M (2, P).

2. Approximate Amenability of Matrix Algebras

2.1. Approximate and Weak Amenability of M, (A).

In Example 6.2 of [7], approximate amenability of algebra M,, of n x n matrices
studied. In this section we investigate approximate amenability of algebra M, (A),
which A is a Banach algebra and all elements of M, (A) are in A. It is clear that
M, (A) is operator space.

Let E be a unital Banach A-bimodule. M, (E) will be Banach M,,(.A)-bimodule
with the following actions

n n
(a.x)ij = Za,;s.xsj and (z.a);; = Zazis.asj,
s=1

s=1

for each a = (a;;) € M, (A) and = = (x;;) € M,(F). We identify the dual of M, (E)
with M, (E*) and we have

(a.A)ij = Zajs.)\is, (AG)U = Z/\Sj.asi and <CL,A> = Z aij.)\ij,
s=1 s=1

ij=1

for each a = (a;5) € M,(A) and A = (\;;) € M,(E*). Let D : A — E* be a
continuous derivation, then D induces a derivation as a ® : M,,(A) — M,,(E*) by
D(a;;) = (D(aij)) or D(a;;) = (D(aj;)). Eij is a nxn matrix, such that whose (i, j)*"
entry is 1 and other entries are 0. For each a € A, the matrix a ® F;; is a matrix
whose (i,7)'" entry is a and other entries are 0. The proof of the following Lemma is
similar to the Theorem of [1].

LEMMA 2.1. Let A be a unital Banach algebra, and E be a Banach A-bimodule.
Then every derivation from M, (A) into M, (E™) (E(™ is the m—th dual of E) is
the sum of an inner derivation and a derivation induced by a derivation from A into
Em).
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Proor. By above argument, we have

(( azg Z )\sl Ak and ((a/zj)()‘lj))kl = ZalsAksa
s=1

for each a = (a;5) € My (A) and (Aij) € Mp(E*). Then by use of the above relations
for each A € E*, (Ay;) € M, (E**), (a;5) € My, (A), and k and I, we have

n

(A ® Epi, (Mij)-(aij)) = ((aij)- (A ® Ex), (Aij)) = <Z(asl~)‘ ® Er), (Aij))

s=1

=Y aa A M) = (0 Aseas).
s=1 s=1

Thus for every A € E*,
n
((Aiy)-(ai)e =Y Ans-as,
s=1
and similarly for every A € E*,
((aig)- (M)t = Y ans-As.
s=1

Similarly, the following inequalities hold for each positive integer number m, when
m is odd and is even, respectively, for each (a;;) € M, (A) and (\;;) € M,,(E(™)

(( a’L] Z Asl Ak and ((aij)()‘ij))kl = Z als)\ks
and _ 21)
((Aij)(aij)) Z Aks-asi and (@)t = Y arsst.

Suppose that © : M,(A) — M, (E) is a continuous derivation. For each
i,j and k,l, define Df! : A — E™) by DM(a) := (D(a ® E;j)), for each a € A.
Let m be an odd positive number, for each a,b € A and each 1 < t < n, with easy

calculations we have
n

(D(a® Ei)(b® Eyj))u = Z(D(G®Eﬁ))3l(b®&j)3k
s=1
S D (a) b = Dik(a) b,
and -
(@@ E)D0@Ey)u = Y (4@ Ei)is(D0 @ Eyy))is

n

= ) abudi..DfS (b) = ady.Df} (D).

s=1
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Then
Dyj(ab) = ady.Dyj (b)+Dff(a).bdj. (2.2)

Thus, ijl is a derivation from A into E™). From 2.1 and 2.2, the following
equalities hold

jl ] . i kj .
Dli(a)=Di(1).a (i#1), Df(a)=aDJI1) (j#k),
and by suitable choices of ¢ in each case,
D¥(a) = D¥(1).a+ DJ(a) = D¥(1).a+ Dj(1).a+ Di(a)
= D¥(1).a+ Df(1).a+ Dji(a) + a.DJ}(1),
and so B N B
Dil(a) = a.D(1) + Dij(a)
Therefore Djj(1) = 0, and hence D}(1) = —Dj}(1) and consequently
Dli(a) = Dlj(1).a — a.D% (1) + Djj(a).
By relations 2.1 and 2.2, for each (a,s) € M, (A) we have
(D@r))is = > Difflaw) = Y Dif(Dars + 3 ajuDii (1) + Dij(az:)
k=1 k=1

k=1

> Dyl (Dawi + Y apDif (1) + Dii(az0),
k=1 k=1
and

(D(ExrEii))in ZD 552+25kspw = Dik (1) + D*(1) = 0.

=1
This shows that le’fc(l) —Di¥(1). In this term we define Dy; = D}. By above
result we have

(D(ars))ij > Dij(Vay; — Z%szk ) + DI (a:)

k=1
((D"'S(l))(a/TS) - (ars)(Drs(l)))ij + DZ;(a]z)
Therefore proof is complete in the case that m is odd.

Now let m be an even positive number

n

(D(a® Eit)(b® Ej))u = Z(Q(a QR Ei))ks(b® Eyj)sl
s=1

= Z DE*(a).b:50;, = DE!(a).bd

and
n

(@@ E)D(b® Ey))i = Y _(a® Ei)is(D(b® Eij))a

s=1
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= adixis.Dij(b) = adi. DL (D),

for every a,b € A. Then
D} (ab) = adi.Dyk(b)+DJ (a).bdj. (2.3)
Thus, D}! is a derivation from A into E™). By 2.1 and 2.3, the following equalities
hold
kj i . i jl .
D¥(a)=Dl()a  (E#i), Dia)=aDl(1) G #D,
Dj;i(a) = Dji(a) + Dj(1).a = Dyj(1).a + D%(l).a + Dli(a)
= D(1).a + D(1).a + Djj(a) + a.Dji(1),
and so - ) -
Di;(a) = Djj(a) + Dj;(1).a.
Therefore ij(l) = ng-':-'(l) and consequently
Dii(a) = DJ(1).a — a.Djj(1) + Dji(a).
By using of the relations 2.1 and 2.3, for (a,s) € M, (A), we have

n

(Dlars))ij = Y Diilar) ZDkJ Jar; + > awDii(1) + Djj(ai;)
k=1

k=1

i ki i
- Z Diji(Da: + Z a;ji D (1) + Djj(ai;)
k=1 k=1
and

(D(ExEi))ik = Y Din(1)dis + Z 8is D3 (1) = Dgj,(1) + D (1) = 0.
k=1
This shows that Dfi(1) = —D¥(1). In this term we define Dy; = D}J. With above
result we have

are iy = Z Dzk ak’l Zajk‘Djk‘ +D;z(az])
k,l=1
= ((Drs(1))(ars) = (ars)(Drs(1)))ij + D (au)
Therefore proof is complete. 0

LEMMA 2.2. Let D : A — E™) be a continuous derivation. The induced deriva-
tion © : M,(A) — M, (E™)) from D is inner (approzimately inner) when D is
inner (approximately inner).

REMARK 2.3. If A have not unit, we replace it by the forced unitization of A and
we show it with A%, From Proposition 2.4 of [8], A is approximately amenable if and
only if A* approximately amenable. For proof of the following Theorem we use this
Proposition.
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THEOREM 2.4. Let A be a Banach algebra and M,, be a n x n matriz. M,(A) is
approzimately amenable if and only if A is approzimately amenable.

PROOF. Let M, (A) be approximately amenable and F be a Banach A-bimodule.
Let D : A — E* be a continuous derivation. According above argument M, (E*) is a
Banach M,,(A)-bimodule. Now suppose that © : M,,(A) — M, (E*)is a continuous
derivation. Since M, (A) is approximately amenable, thus there exists a net (§,) C
M, (E*) such that

D(a) = lién(a.fa —&q.a)  (a € My(A).

Let a € A, and a be a matrix in M, (A) such that entire of first row and first
column is @ and others entire is zero. Then (£,)1,1 € E*, and we have

D(a) = @(a) = @(a)Ll = hén(afa — fa.a)Ll = lién(a.(fa)l,l — (fa)171.a).

This show that A is approximately amenable.

Conversely, Let A be an approximately Banach algebra (see remark 2.3). Let
D : M,(A) — M,(E*) be a continuous derivation. From Lemmas 2.1 and 2.2, D is
the sum of an inner derivation and a derivation induced by a derivation from A into
E*. Therefore there are derivation D : A — E* and inner derivation ¢ such that
® = D+4. Since A is approximately amenable, thus ® is an approximately inner. [

THEOREM 2.5. Let A be pseudo-amenable, then M, (A) is pseudo-amenable and
if A is pseudo-contractible, then M, (A) is too.

PrOOF. Let (m,) be an approximate diagonal for A. For each «, define

Mo =Y Ei;j® Ej; ® mq € My (A)BM,(A)

ij=1
With the above definition (M,,) is an approximate diagonal for M, (A). O

THEOREM 2.6. Let M, (A) be pseudo-amenable and have a b.a.i., then A is ap-
prozimately amenable.

PRrROOF. Let M, (A) be pseudo-amenable and have a b.a.i., then M, (A) is ap-
proximately amenable by Theorem 2.3 of [9], and by Theorem 2.4, A is approximately
amenable. O

COROLLARY 2.7. Let M, (A)** be approximately amenable. Then M, (A) is ap-
proximately amenable.

THEOREM 2.8. Let A be a permanently weakly amenable Banach algebra. Then
M, (A) is a permanently weakly amenable.

PROOF. Let ® : M, (A) — M, (A")) be a continuous derivation for some m €
N. According to Lemma 2.1, ® is sum of the two derivations of which one is an
inner derivation and the other is an induced derivation from A into A, Since A is
permanently weakly amenable, then M, (.A) is too. O
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2.2. Approximate Amenability of /!-Munn Algebras.

DEFINITION 2.9. Let 2 be a unital Banach algebra, I and J be arbitrary index
sets and P be a J x I nonzero matrix over A such that sup{||P;;|| :i € I,j € J} < 1.
Let £M (2L, P) be the vector space of all I x J matrices A over 2 such that || Al =
Yierjer Ml < 0o, EM(RL, P) with the product Ao B = APB, A,B € LM(%, P)
and the ¢! — norm is a Banach algebra that is named ¢'-Munn I x J matrix algebra
over 2 with sandwich matrix P or briefly /-Munn algebra (see [6]).

THEOREM 2.10. Let LM(2, P) has a bounded approzimate identity. Then LM (2, P)
is approzimately amenable if and only if A is approzimately amenable, I and J are
finite and P is invertible.

PROOF. Let £M (2, P) be approximately amenable, then by Lemma 3.7 of [6],
I and J are finite and P is invertible. Since £M(2A, P) is isometrically algebraic
isomorphic to £M,, @2 (Lemma 3.3 of [6]), where m = |I| = |J|. Thus £M,, & is
approximately amenable and therefore by Theorem 2.4, 2 is approximately amenable.
The converse of proof by Theorem 2.4 is clear. O

When I = J and P is the identity J x J matrix over 2, LM (2, P) denoted by
M (). Similarly Theorem 2.5, if 2 has an approximate diagonal then M ;(2) has
too. If I and J are finite and £M(2(, P)** is approximately amenable, then 2 is
approximately amenable.
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