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An upper bound on the second fiber coefficient of the fiber
cones

Guangjun Zhu

ABSTRACT. Let (R, m) be a Cohen-Macaulay local ring of dimension d > 0, I an
m-primary ideal of R and K an ideal containing I. When depth G(I) > d—1 and
r(I|K) < oo, we present an upper bound on the second fiber coefficient fo(I, K)
of the fiber cones Fi (I), and also provide a characterization, in terms of f2(1, K),
of the condition depth Fg (I) > d — 2.

1. Introduction

Let (R,m) be a Cohen-Macaulay local ring of dimension d > 0 having infinite
residue field. Let I be an m-primary ideal of R and K an ideal containing I. The fiber
cone of I with respect to K is the standard graded algebra Fi(I) = Ig—;n The

n>0
graded algebra F (I) for K = m is called the fiber cones of I. For K = I, F(I) =
G(I), the associated graded ring of I. For every n > 0, we denoted by HY%(I,n) :=

)\(%) the Hilbert function of Fk(I), where A denotes the length function. The

higher iterated Hilbert function of Fi (I) are defined as for every n > 0

| HO.(I,n) i=0
Hic(I,n) =N S~ gizy(1,j) :i>0
7=0

It is well known [2, Corollary 4.1.8] that for every i > 0, Hi-(I,n) coincides with a
polynomial for n > 0. Let the corresponding polynomial be denoted by

d+i—1 . .
i ; n+d+l_ -2
Pelto) = Y- i) (T,
=0

We call f;(I, K) the i-th fiber coefficient of Fg (I).
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The objective of this paper is to explore some connections between the fiber coef-
ficients and depth of the fiber cone Fi (I).

The relation between Hilbert coefficients and depth has been a subject of several
papers in the context of the associated graded rings and Rees algebras of ideals. That
conditions on Hilbert coefficients could force high depth for the associated graded
rings was first observed by Sally in [14]. Since then numerous conditions have been
proved for the Hilbert coefficients so that the associated graded ring of I, G(I), is
either Cohen-Macaulay or has almost maximal depth, i.e. the grade of the maximal
homogeneous ideal of G(I) is at least d — 1.

Let J be a minimal reduction of I. Huckaba and Marley [8] gave a lower bound
and an upper bound for the first Hilbert coefficient eq(I), and they also provided
necessary and sufficient conditions on e (7) so that G(I) is Cohen-Macaulay and has
almost maximal depth. They showed that:

(i) er(I) < > A(I™/JI™1) with equality if and only if depth G(I) > d — 1;

n=1

(i) e1(I) > > A(I™+J/J) with equality if and only if G(I) is Cohen-Macaulay.
n=1

Corso, Polini and Rossi [4] gave an upper bound on ey (/) which is reminiscent of
a similar bound on e (I) due to Huckaba and Marley [8]. They showed that

ex(I) <Y (n— HAI"/JI™T)
n=2
for any minimal reduction J of I. Furthermore, equality holds for some minimal
reduction J of I if and only if depth G(I) > d — 1.

Little is known about that translating information from the fiber coefficients into
good depth properties of fiber cone F(I). When d > 2, a1, ..., a4 is a joint reduction
of (I""YK) such that af,...,a’ | is a G(I)-regular sequence and rp(I|K) < oo
where L = (ay,...,aq). Zhu ([15],[16],[17]) proved that

(i) fil,K) < ioj M=)~ A(3); if equality holds, then depth
Fr(I) =2 d )
(i) AU, K) > i )\(%) — A(£). if equality occurs, then depth Fi(I) >
i1
(i) If K = kgl(mk . JF), then fo(I, K) > n2>22(n — DAELEL) + A ().
When d > 3, K = U [(KI* + (a1,...,aq-3)) : J¥], KI + (ay,...,a4-3) =
U [(KT* + (ay,. {C%,lad,g)) : J¥] and the above equality holds, then depth
IF;(I) >d—1.

It is natural to consider whether the second fiber coefficient fo(I, K) has a similar
upper bound on the first fiber coefficient fi(I, K) due to Zhu ([15],[16]). Under the
condition that depth G(I) > d — 1 and r(I|K) < oo, we find a formula for fo(I, K),
which generalize the bound of es(I) obtained by Corso. el [4]. Namely, we show
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that: Let a1,...,aq-1 € I, ag € K be a Rees-superficial sequence for I and K. Set
J = (a1,..., Cld—1) L= (ay,...,aq). If depth G(I) > d — 1, and r1(I|K) < co. Then

fol,K) < Z (n— )/\(ﬁ) + A(£). Furthermore, the upper is attained if

and only if depth Fr(I)>d—2.

2. Preliminaries

We firstly recall some basic facts about reductions from [9]. An ideal J C [ is
called a reduction of I if there exists a positive integer n such that I"*1 = JI". A
multiset of ideals consisting of m copies of an ideal I and n copies of an ideal K is
denoted by (I™|K[™). A sequence of elements ay,...,aq_1 € I, aqg € K is called a
joint reduction of (I'*~U|K) if the ideal (ai,...,aq_1)K + aql is a reduction of IK.

It is well known (cf. [1]) that for large values of r and s, the function A(R/K"I?)
coincides with a polynomial P(r,s) of total degree d in r and s. We write such a
polynomial P(r,s) as

P(r,s) = ei'IK(r_?—Z)(S_'T]),
)= 3 et () (7
where e;;(I|K) are certain integers. When ¢ + j = d, we set e;;({|K) = ¢;(I|K) for
j=0,...,d, these integers are called the mixed multiplicities of I and K.

An element a € [ is called Rees-superficial for I and K if there exists a positive
integer 7o such that for all » > g and all s > 0, aRNI"K® = al" ' K*°. A sequence

of elements aq,...,aq—1 € I, ag € K is called a Rees-superficial sequence for I and K
if for all ¢ = 1,...,d, a; is Rees-superficial for I and K, where “ ~” denotes residue
classes in R/(a1,...,a;_1). In this case, a1,...,aq is a joint reduction of (I'*~|K)

and ed_l(I|K) = )\(R/(al, SN ,ad)) by [13]
Let HSY-(I,2) = >, H%(I,n)z" be the Hilbert series of F(I). For every i > 0,
n>0
the iterated Hilbert series of Fi (I) is defined as

HSje(I,2):=>_ Hi(I,n)
n>0

Since Hi(I,n) — Hi(I,n — 1) = Hic '(I,n), it is easy to see that for every i > 0,
HSi(I,2) = (1 —2)HSIF (I, 2).

As I is an m-primary ideal, there exists a unique polynomial h(z) € Z[z] with
h(1) # 0 such that
h(z)
(1 —z)d+i”

Clearly if h(z) = hg + h1z+ ...+ hs2® with h; € Z, then

HS!(I,2) =

R 1 R
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Write i
+i— o
; _ g n+d+i—j5—1
Pt = 3 (- pum("LiTIT.

Then, comparing with the earlier notation, we get that f3(I,K) = fo(I,K) and
FIILEK) = f:(I,K) + fi1(I, K) for all i > 1.
If we denoted by hU)(z) the j-th formal derivative of h(z), then

=" =5 ()

=y

and fi(I,K) = h(1).

If g : Z — Z is a function, let A[g(n)] := g(n) — g(n — 1), and A? defined by
Atlg(n)] := A*71[A[g(n)]]. By convention, A°[g(n)] = g(n). If a € I is a Rees-
superficial element for I and K, then for large n, H%(T, n) = A[H%(I,n)]. In partic-
ular, f;(I,K) = fi(I,K) for i = 1,...,d — 2, where “ ~” denote the image modulo
(a).

For a € I\K1, let a* denote its initial form in the associated graded ring G(I),
and a” denote its initial form in the fiber cone of Fi (I).

PROPOSITION 2.1. ( [16, Proposition 2.2] ) There exist ai,...,a4-1 € I, aq €
K such that a1,...,aq is a Rees-superficial sequence for I and K. Suppose that
depth G(I) > d — 1, we can choose the above ay,...,aq such that af,...,a}_, is a

G(I)-regular sequence.

Throughout the paper, if depth G(I) > d — 1, then we put any Rees-superficial

sequence aq, ...,a4-1 € I, ag € K for I and K such that a,...,a};_; is a G(I)-regular
sequence, J = (a1,...,a4-1) and L = (a1, ...,aq). Set v, = )\(#{:adm)

DEFINITION 2.2. ([6, Definition 1.2]) Let ay, . . ., aq be a joint reduction of (I'*~|K).
If there exists an integer n such that KI" = JKI" ™! + aq4I", define ri,(I|K) to be
the smallest such n, otherwise, ri,(I|K) = co. The smallest of all r,(I|K), where L
is varying over joint reductions of (I1"~U|K), is denoted by r(I|K).

Using the same arguments as in [10, Theorem 5.1] and [9, Theorem 2.9], we have

PropPOSITION 2.3. Let ay,...,aq—1 € I, ag € K be a Rees-superficial sequence for
I and K, k o positive integer such that af,...,a; is a G(I)-regular sequence. Then
depth (a9, a0\ Fr (1) = k if and only if KI" N (a1,...,ax) = (a1, ... ,ap)K It for all
n>1.

PROPOSITION 2.4. Let d =1, a; € K be a Rees-superficial element for I and K
such that r,(I|1K) < co. Then

f(ILK) = (n— 1))

n>2

KI® R
ar) TR
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Proof. Note that for all n > 0,
IAL R a1R KIm R \ R

> hpz™
Put HSY (I, 2) = ““;——. Then we get that hg = A(£), h1 = A(75)—A(£) = vo—v1,
Infl

hn:)\(lg—;n)f)\(w):yn_lfum n=2,3,...,and h, =0 for n > 0.
Let h(z) = 3 hn2™. Then h(z) = A(£) + 3 [Vh—1 — v,]2". Differentiating the
n>1

above equality tzvzige with respect to z, we get that W (z) =Y n[vn_1 —v,)2" 1 and
W(z) = 3 n(n - 1)vn1 — vale" 2. =
Thusn22
g = 0w
- m Dy ) - S vyl s Al DUSELS

= Y -l A

2
n>3

_ 2(n51>[%_1_yﬂ]+x(§)

_ g(n—m(ﬁ:)u(ﬁ).

O

PROPOSITION 2.5. Letd =2, a1 € I, ag € K an Rees-superficial sequence for I
and K such that o] is a G(I)-regular element and r,(I|K) < co. Then

KIm R
I,K)= - 1A AM=).
R K) = 30 = DM o) + )
Proof. Consider the exact sequence
R v R R 4 (az,ay)

0— - — & — 0

(I":a) N (KT a)  In © KI"'  apl" + a KIn—1
where ¥ (r') = ((—ra1)’, (raz)"), ¢(z',y’") = (zaz + ya1)" and here primes denote the
residue classes. We have
(Q/Qa al) R R R

ANt o) ~NE) ~ A=) + A (I a)) N (KI"1: a2)) =0
Hence
n It KI" (I" :ay) N (KT : ap)
. = e (I|K) — :
)\(KIn) )\(Klnil) 61( | ) )\(GQIn +CL1KI”71)+)\( In,] )
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As a7 is a G(I)-regular element, we have I" : a; = I"~! for n > 1. Thus

LA SV L SR 1) B VR < L

A

KIn KIn-1 agIm + a; KIn—1
Z hnzn
Set HSY(I,z) = (21“7) Then we get that ho = A(£), by = M) — 2A(£),

In2

B = A7) = 2A () + Moz ) = Vn—1 — vy for n > 2, and hy, = 0 for n > 0.

Let h(z) = Z hnz™. Then h(z) = A(£) + [M&5) = 2ME)z+ X -1 — va)2™
n>2
Differentiating the above equality twice with respect to z, we get that

h'(2) = [Mg7) —2M#)] + Z;Q Moy v LK (2) = 5 n(n =)oy — )22,

n>2
Then

f,K) = h/;(ll) — (1) + h(1)
= M D ) - D)~ G~ Yol
F A+ ) (e 3l -
B n(n—1) R
= nzZ%(T —n+ 1) [vh—1 —vp] + )\(E)
= Z (n; 1) [Vn—l - Vn] + /\<§)
n>3
= Z(n—m(almfiaﬂn)+A(§).

O

The following example shows that the assumption in Proposition 2.5 that depth
G(I) > 1 cannot be dropped.

EXAMPLE 2.6. Let R = k[x,y|m, where k is an infinite field, x and y are indeter-
minate and m = (z,y). Let K =m, I = (2* 23y, zy3,y*). Then it can be seen that
a1,y is an Rees-superficial sequence for I and m, r(Ilm) = 2 where L = (2*,y) and
Fu(I) = k[z*, 2%y, zy3, y*]. Note that for alln > 2, I" = m*", we have that

1424227
HS(I, z)—1+4z+z (dn +1)2" = —& (th;) G
n=2

Then fo(I,m) = 0, > 0% ,(n — 1))\(%) + AN£&) = 1. This forces that

fa(I,m) = nz>:2(n - 1))\(%) + (&) is not true. Since G(I)4 C ann(z?y?)*,

depth G(I) =
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3. Main Results and Examples

THEOREM 3.1. Let a € I be an Rees-superficial element for I and K such that a*
is a G(I)-regular element. Then

S KP“ ca)N I
(D fara (1K) = (-1 fa (1E) 3 o0t
7=>0
where “ =7 denotes the image modulo (a). Furthermore the following facts are equiv-

alent:

fori (LK) = fai (I, K),

(I,K) = fi(I,K) for all0<i<d-—1,

a” is an Fi (I)-regular element,

HS%(I,Z) =(1-2)HS%(I,z).

Proof. Since a* is a G(I)-regular element, we have I" N (aR) = al™ ! for all n > 1.
For n > 1, consider the exact sequence

(KI":a)n It =t . I» T

0 — 0
~ K KiK' R
where p,(r + KI"™ 1) = az + KI™. Tt follows that
- (KI":a) NIt
HY(I,n) = Hi(I,n) — Hy(I,n — 1) + X( T ).
It is easy to see that for all nonnegative integers n, @
i1 ]Jrzfl (KDt ia)n @/
Hence for n > 0,
d+i—1 . d+i—1 ..
o7 (ntdti—g—2 ; n+d+2]2>
~1Y§:(1,K L = -1 f;(I,K S
> U5 (e > U5 ("o
n+i—j—1\, (K[t :a)n D
AM———F—).
+ ;( . ) ( V7 )
Since f;(I,K) = f;(I,K) for j =0,. — 2, we get
d+i—1 . . d+i—1 . .
7 (Nt dti—g =2 ; n+d+i—j—2
> cogpam (" ) > g ("
Pl d+i—75—1 Paorall d+i—j7—1
TL+’L—]—1 (KI[P*H ia)n D7
A :
i ]>0( > ( KL
If i = 0, one has
_ _ - — (KDY ia)n DV
() faa (LK) = (1) (LR) = A2 00,

).

720



70 GUANGJUN ZHU

From the above formulas we can obtain the following equivalent facts. First of all
notice that fy_1(I,K) = fq_1(I,K) if and only if (KI’*! : ) NI/ = KI’ for all
j >0, or equivalently, if and only if a® is an F (I)-regular element. From the above
equalities it is simple to see that (KI/*! : a) N[/ = KI7 for all j > 0 is also
equivalent to f;(I,K) = f;(I,K) for all 0 <i < d— 1. Thus (1),(2), and (3) are all
equivalent. Moreover, From (), (KI’t! : a) N I? = KI7 for all j > 0 if and only if
Hg 41, n) = H(I,n) for all nonnegative integers n, i, or equivalently, if and only if
HS:(I,2) = (1 — 2)HSy(I,2) for all i > 0. Then (3) and (4) are equivalent. ]

THEOREM 3.2. Let ay,...,aq—1 € I, ag € K be an Rees-superficial sequence for
I and K such that r,(I|K) < co. If depth G(I) > d — 1, then

- KI" R
n=2

The equality occurs if and only if depth Fx(I) > d — 2.

Proof. If d = 1,2, the result follows from Proposition 2.4 and Proposition 2.5.

If d = 3, then dim(R) = 2 where “ ~” denotes the image modulo (a;). By
Theorem 3.1, we have

1. ;
RLE) = IR - A a0l
j=>0
< fo(l,K)
% mn -
- ~ DN ——=7—=) + MR/K
T;Q(n ) (mn,1+a37n)+ ( / )
.- KI R
< Z(nfl))\(m)Jr/\(?),
n=2

where the second equality holds by Proposition 2.5. The equality occurs if and only
if (KIPH ia))NIP =K@ for all j >0 and KI" N (a1 R) = a; KI"! for all n > 2, if
and only if af is an Fy (I)-regular element by Proposition 2.3, or equivalently, if and
only if depth Fi(I) > 1.

Now suppose that d > 3 and “ ~” denote the image modulo (a1 ), then dim(R) =
d =1, r(I|K) < 00, A(R/K) = (), and Msgot2 7)< Maggtyazpe) for all
n > 1. By inductive hypotheses, we have
fQ(IvK) = f2(TvF)
= KI" S
< Z(n — DM ——7—— =) t MR/K)
~= TRT " +a,l

IN

> KI" R
> (- DA (e ——— 2
(n =DM G5 +ad1n) (%)

n=2
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The equality occurs if and only if depth F=(I) > d—3 if and only if depth Fg (I) > d—2

by [10, Lemma 2.7]. O
COROLLARY 3.3. Letay,...,aq—1 € I, ag € K be an Rees-superficial sequence for
I and K such that r,(I|1K) < oo. If depth G(I) > d —1 and
- KI® R
I.K)> —N(——— AM—=)—2
f2( ) )77;2(”’ ) (JKI”_l—'—adIn)—’_ (K) ?
then depth Fr(I) > d — 3.
Proof. Let “~” and “7” denote the image modulo (ay,...,aq—3) and (a1, ...,aq4—2)

respectively. Then dim(R) = 3, dim(R) = 2 and A(R/K) = A(R/K) = A(R/K). By

Theorem 3.1, we have fo(I, K) < fo(I, IN() and

o0 o0

> (= DAXKI/(JKI" +Gal™) < > (n— DNET" /(TRT" " +ad"))
n=2 n=2
> KI"
< — DA ————).
= 7;2(” MR g
If fo(I,K) = fo(I, K), then depth F=(I) > 1 by Theorem 3.1. Hence depth Ff (1) >
d — 2 by [10, Lemma 2.7]. If
S (- DMK /(TR +agl™) = 3 (n— DAET /(TR +ad")),
n=2 n=2

then fo(T,K) = fo(I, K), and as before, depth Fi(I) > d — 2. If

o0 oo

S (- DMK /(TET +agl™) # 3 (n— DAET/(TRT " +ad")),
then

f(ILEK) < fo(I1,K) - 1.
It follows that

KIm R
20 = Gy ) FA ) 2

< BLK) = LIF)

< fQ(i f() -1

- i(n — DMK /(JKT" +a@al™) + A(R/K) — 1
< ) (n— 1))\((][(]#[1%]“) + A(g) -2
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Hence we obtain that

o0 oo

> (= DAKT/(TKI' +Gal™) = > (n—1)A(

n=2 n=2

KIm ) .
JKI1 4 aqI™ ’

which implies that A(KI12/(JKI + aql?)) = M-5L—) — 1 and A(-rEL—— ) =

~ o~ ~ e~ - JKI+aql? JKIT4agl™
MKI"/(JKI"Y +agI™)) for all n > 3. Hence
=~ = 5] -~ igadiand ot -~ o & n
KL E) = AL K) = 3 MET (TR 4l ™) =MR/K) = 52 Mt tam) -
)\(%) — 1, from which it follows that depth Fg (I) > d — 3. ]

The following example provide an instance that the bound of f5(I, K') in Theorem
3.2 can be attained.

EXAMPLE 3.4. Let k be a field and R = k[[z,y, z]] the power series ring. Put
I = m3 where m is the unique mazimal ideal of R. It is easily seen that both the
fiber cone Fy(I) and the associated graded ring G(I) are Cohen-Macaulay. It is easy
to see that 23,y € I, z € m is an Rees-superficial sequence for I and m such that
ri(Ilm) = 2 where L = (23,y3,2). The Hilbert series of Fy(I) is

HSY(1,2) =Y (3”; 2)2” - Z[g("‘;?) —9("71Ll> 1) = W

n>0

We also have that fo(I,m) = > (n — I)A(Mg)n‘"&%) +A(E)=1.
; :

n

We observe that in Theorem 3.2 the assumption on depth G(I) > d — 1 cannot
be weakened. The following example shows that depth Fx (I) > 1 does not imply the
upper bound of fo(I, K) can be attained.

EXAMPLE 3.5. Let R be the three-dimensional local Cohen-Macaulay ring
k[[X7 Ya Zv U7 V7 W]]/(Z27 ZU? Z‘/a U‘/v YZ - UdaXZ - V3)7

with k a field and X,Y, Z, U, V. W indeterminates. Let x,y, z,u,v,w denote the corre-
sponding images of X, Y, Z U V.W in R,  =m = (z,y, z,u,v,w) and K =m. Then
Fu(I) = G(m). One has that depth G(I) = 1. Indeed, we checked that the Hilbert
series of Fun(I) is

14324323 — 24
EEEE

Thus fo(I,m) = 1. Let J = (z,y,w), we can obtain A\(m?/Jm) = 2, A(m3/Jm?) = 2
and m* = Jm3. Thus Y (n — )A(m"/Jm" 1) + A(R/m) = 3.

n=2

HS (I, 2)
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