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Exponential stability of nontrivial solutions of stochastic
differential equations

Tran Thi Thu Lan ® and Nguyen Hai Dang P

ABSTRACT. This paper is concerned with the exponential stability of nontrivial
solutions of stochastic differential equations. In this paper, we give new criteria
for the exponential stability for stochastic differential equations without the trivial
solution.

1. Introduction

Stability of stochastic differential equations is one of the most active and important
areas in stochastic analysis. Many mathematicians have paid attention to it. Normally,
in order to investigate stability for stochastic differential equations of the form

(1.1) da(t) = f(a(t), t)dt + g(x(t), t)dB(t)

we always suppose that f(0,t) = ¢(0,¢£) = 0. Then we shall study the stability of
the trivial solution. However, it is known that there are many types of stochastic
differential equations whose all solutions tend to each other despite they do not have
the trivial solution. These equations are worth being interested since the solutions
with different initial value has similar large-time properties. In practice, it is there-
fore sufficient to consider any solution to approximate asymptotic properties of other
solutions. In addition, the rate of the convergence tell us how large the error of the
approximation is. For this reason, we should also pay attention to estimate decay
rate of the distance of two solution with given initial values. The most important
decay rate is the exponential one. In the case where f(0,t) = ¢(0,t) = 0, the expo-
nential stability of Equation 1.1 has received quite a lot of attention in the literature.
We here mention Arnold [1], [2], Arnold, Oeljeklaus and Pardoux [3], Has'minskii[4]
among others. We also cite [5] for a systematic review. In this paper, we will study
the exponential stability of nontrivial solution of Equation (1.1).
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2. Exponential stability of nontrivial solutions

Let (Q,F,{Fi}i1>0,P) be a complete probability space with the filtration {F;};>¢
satisfying the usual conditions, i.e., it is increasing and right continuous while Fy
contains all P—null sets. Let By = (By(t),- - - , By (t))T be an m-dimensional Brownian
motion on (Q, F, {F; }1>0,P). We denote || is the Euclidean norm in R™. Throughout
this paper, we always suppose that Equation (1.1) satisfies a sufficient condition under
which there is some unique global solution to Equation (1.1) for any Fp-adapted initial
value. We can take one of the conditions given by Has'minski in [4] and Narita in [7].
In this paper, we denote X?* is the solution to Equation (1.1) with the initial value
x € R™. Relying on the concept of the exponential stability of the trivial solution given
in [6], we define

DEFINITION 2.1. The solution X*(t) is said to be exponential stable if for any
y € R, .
lim sup n In|X*(t) — X¥(t)] <0 as.
t—oo
Denote by C%1(R" x Ry ;R ) the family of all function V(z,t) : R® x R, — R)
which are continuously twice differentiable in z and once in t. For V(z,t) € C*(R™ x
R4 ;Ry) we define LV by

1
LV (z,t) = Vi(w, ) + Va(w, ) f(2,1) + 5 (97 (@, 6)Vaa (@, t)g(2, 1))
oV 2% 0*V ov
where V,, = (a—xl,...,—axn), Viea (axia%)nxnandvt— o

Since we consider the difference between two solution of Equation (1.1), we need
to introduce a new operator. For any U € C%1(R" x R ;R,) we define LU : R™ x
R™ x Ry — Ry by

LU(‘Z" yat) :Ut(m - Y t) + Um(m - Y t) (f(l‘,t) - f(yvt))
strace((902.0) = 9(4,1)) Vo 2,6 (9(2.1) — 9(0,1)))

If f(x,t) = g(x,t) =0, a sufficient conditions for exponential stability is derived from

THEOREM 2.2 (see[6]). Assume that there exists a non-negative function V €
C*YR"™ x R4;R4) and constants p > 0,¢1 > 0,¢2 € R, c3 > 0 such that for all x # 0
andt >0,

(1) alzlP < V(z,t),

(2) LV(z,t) < oV (x,t),

(3) Va(z, t)g(z, t)* = c3V?(x,1).
Then 1 5

limsup — In | X0 (¢)| < 8T s
t—o0 t p

for all kg € R™. In particular, if cz3 > 2c¢q, the trivial solution of Equation (1.1) is
almost surely exponentially stable.

With a few small modification, we can obtain the following theorem.
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THEOREM 2.3. Assume that there exists a function U € C*1(R"™ x Ry ;R,) and
constants p > 0,c1 > 0,c0 € R, c3 > 0 such that for all x # y and t > 0,
(1) alz|P <U(z,t),
(2) LU(I’,y,t) < CQU(‘T - y7t)v
(3> |Ua:(x - y7t)(g($>t) - g(y7t))|2 Z CSUQ(‘%' - y7t)
Then
C3 — 262
p
for all x,y € R™. In particular, if cg > 2cq, any solution of Equation (1.1) is almost
surely exponentially stable.

We see that the theorem demands LU (z,y,t) and |Uy(z — y,t)(g(z,t) — g(y,t))|?
can be estimated by the function of the difference z —y. It seems to be restrictive since
LU(z,y,t) and |Uy(z — y,t)(g(z,t) — g(y, t))|* may be depend not only on x — y but
also on |z| and |y|. In other words, there are many situation where the items (2) and
(3) of Theorem 2.3 can be satisfied only on each compact subset rather that the entire
space R”. In order to weaken these conditions, we need an additional assumption. We
denote by K the family of all positive continuous functions g : R®™ — Ry such that

lim p(x) = occ.

|z]— o0

1
lim sup n In|X*(t) — XY(t)] < a.s.

t—o0

ASSUMPTION 2.1. Assume that there exists a function p(-) € K and a constant
M > 0 such that for any x € R",

1 t
limsup;/ pw(X%(s))ds <M a.s.
t—oo 0

The following theorem gives a sufficient condition for the boundedness of the
average in time of p(X*(t)).

THEOREM 2.4. Suppose that there exist functions V € C*H(R" x Ry ;R,), p(x) €

K and three positive numbers A1, Ao and ¢ such that

(2.1) LV (2,8) + A1 (Vi (2, )g(2, 1)) + Aopal) < c.

1
Then, limsupg f(f w(X*(s))ds < /\i a.s. for any x € R.
t—o00 2

PRrROOF. By It6 formula, we have

V(X*(t),t) =V(z,0) —|—/ (LV(X””(S), s)+ A1 (Vx(Xz(s), $)g(X*(s), s))2)d5
(2.2) 0

¢
[ N VX (6, 909X (5), ) s + M (0

0
where M(t) = fot Vo (X7(s),$)g(X"(s),s)dB(s) is a continuous local martingale van-

ishing at ¢t = 0. It follows from the exponential martingale inequality (see [6, Theorem
7.4]) that for any n € N

IP’{ sup (M(s) -\ /Ot (VI(X’J(S),s)g(X$(s),s))2ds) > lil\n} < %

0<t<n 1 n
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An application of the Borel-Cantelli lemma yields that for almost all w € €2, there a
random positive integer number ng = ng(w) such that for any n > ny,
t
1
sup (M(0) = [ (Va(X(5),9)g(X* (5), ) "ds) < 5
0<t<n 0 A

In particular, for n — 1 <t < n,

M(t) — )\1/0 (Vz(XI(s),s)g(X"’”(s),s)) ds < 1771 a.s,

which implies that

@ — )\1/0 (Vz(Xﬂﬂ(s),S)g(XI(s)7s))2ds) < % a.s.
Letting n — oo, we obtain
(2.3) liirlsolip (MT(t) — )\1/0 (Vx(Xl(s)7 $)g(X*(s), 3))2d3) =0 a.s

Combining (2.1), (2.2) and (2.3) yields

X*(t),t A
lim sup (7‘/( (1), +22

t—o0 t t

Since V(z,t) > 0V(z,t) € R" x Ry, we get

/Ot ,u(X“"(s))ds) <cas.

I :
lim sup f/ w(X*(s))ds < £ asVreR™
0

t—o0 >\2

We now give a criterion for the exponential stability.

THEOREM 2.5. Let Assumption 2.1 holds. Assume that there exists a function
U € C*Y(R™ xRy ;Ry) and two bounded continuous functions Co(r),C3(r) : Ry — R
and constants p > 0,¢1 > 0,co > 0 such that for all x # y,|x|V |y| <7 and t > 0,
(1) Ca(r) < c2 and Cs(r) > 2C2(r)¥r > 0,
(2) arlz|? < U(z,t),
(3) LU(z,y,t) < Co(r)U(z —y,t),
(4) |Ux(x - yvt) (g(xvt) - g(yat))|2 Z C3(T)U2(x - yvt)
Then there exist § > 0 such that
1
limsup = In | X*(t) — XY ()] < =9 a.s.

t—o0 t

for all x,y € R™.

PRroOF. Firstly, we note that if z # y, then X*(¢) # X¥Y(¢) Vt > 0 almost surely.
This claim is rather basic. It can be prove similarly to [6, Lemma 3.2]. Thus,
V(X®(t) — X¥(t)) # 0Vt > 0 with probability 1. To avoid complicated symbols,
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Ul(x - y7t) (g(x,t) B g(yvt))

we denote HU (z,y,t) = , for x # y. By Ito6 formula, for

U(x—y,t)
t>0,
By _ XV M U(x — FLU(X(s), XY(s),5) .
InU(X*(t) — XY(t),t) =InU(x — y,0) + i U(Xf(t)ny(t),t)d
(2.4) f% /O (HU(X"(s),Y"(s),s)) ds

+ / HU(X%(s),YY(s),s)dB(s)

With the indication function 1(,), we note that

t
lim sup (inf{,u( . |z| > R} - / 1{|Xac(s)‘>R}d$) < limsup/ w(X*(s) < M.
0

t—o0 t—o0

Since inf{u(z) : || > R} — oo as R — oo we imply that for any 0 < p < 1, there
exists an R > 0 such that

¢ 0 t 0
liminf/0 1 xe(s)>Rr1dS < 3 and litrgglf/() 1 xv(s)>Ryds < 5

t—o0

As a result,
1 t
(2.5) litrginfg 1ixe(s)|v|X¥(s)|<R}dSs > 1—p
> 0
1
Since C3(r) > 2C5(r)¥r > 0 then LU (u,v,t) — §HU(u,v,t) < 0Vu # v. Hence,

putting\ = 703 (%)

(2.6)

! t LU(XI(S)’Xy(S)’S)_} T(s v(s),s))” )ds
t/o ( U(X*(s), X¥(s), 5) 5 (HU (X" (), X¥(5), 5)) )d

— C3(R) > 0, we have the estimate

¢ LU(X*(s), XY(s),s w
Si/ 11X (s)vIx¥(s )\<R}( U(g($(i)?Xy(i),)s)) _ %(HU(X (s),Xy(s),S))z)ds

A t
s - ?/0 L a)vixv(s) <Ry dS-

Note that M(¢ fo HU(X*(s),XY(s),s) is a continuous local martingale with
M(0) =0. Hence employmg the manner of the proof of (2.3), we have

1 e [ 2

limsup ~ (M (t) — = [ (HU(X"(s),X"(s),s))" )ds

27 PR t( 2/0 )
<limsup M(t) — <

t—o0 2

On the other hand

/0 (HU(X*(s), X¥(s),5))"ds < 0.

€ PLU(X™(s), XY(s),s)
tJo UX"(s) — X¥(s),s)

(2.8) ds < ecy
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Combining (2.4), (2.5) (2.6), (2.7) and (2.8), we obtain

InU(X"(t) — X¥(t),1)

lim sup
t—oo 3
<t [ (G S 0~ 2 (WO X)) s
(2.9) e [EU(X(9),XV(3).8)
“mpt/owm() Xi(5),5)"
+timsup - (M(0) = § [ (HUE(3).X0(5).))7) s

—(1—=€e)(1=p)A+ece as
Let € — 0 we get

sy MU (1) = X (6), )

t—oo t

< —(1-p)Aas.

Since ¢ (X7 (t) — X¥(t))? < U(X*(t) — XY(t),1), it is easy to see that

In | X7(¢) — X¥(¢),t 1— )\
lim sup n’ ( >t ®) < —( ) a.s.
t—o0 p

The proof is complete. O

EXAMPLE 2.6. Let f(x) = (z +sinz)? and consider the following equation
(2.10)

ax(t) =(a(t) + by | o

o1+ g X0 —cFX(0))dt + (X (6) + o(1)dB()

where a(t),b(t), c(t),o(t) are bounded continuous functions, b := inf{b(t) : t > 0} >
0,¢:=1inf{c(t) : ¢ > 0} > 0 and « is a constant. Obviously, we can find out a positive

constant  such that xf(x) > fx*Vz € R. Let V(x,t) = 22 and u(z) = 22 also. We
have

LV (z,t) =2a(t)x + % + a2 = 2c(t)z f(z) + (az + J(t))2
=0?(t) +2(a(t) + ac(t) + ef(i) 1 )z + 202® — 2c(t)z f(z)
(2.11) =0”(t) 4+ 2(a(t) + ao(t) + ef(j—)l)x + 202% — 2¢(t)x f(x) + 20222
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Using the inequality c(t)z f(z) > é0x?V(z,t) € R™ x R, we imply that

b(t
M= sup o?(t) + 2(a(t) + ao(t) + ®)
(z,t)ER™ X R er +1

)Jc + 20?

—2c(t)zf(z) + 0%302 (az+o(t))* + :132} < o0.
As a result, R
LV <M — T;ZLJUQ(OM: +o(t))? — 22
It follows from this inequality that this equation satisfies the Has’minskii condition
(see [4]). Moreover, applying Theorem 2.4 yields %fot (Xm(s))zds < Ma.sVr € R%

Now, we calculate

(2.12) (7{1/(:1,‘731,1f))2 — 402Ve £yt >0,
and
1 1
(2.13) LV (z,y,t) =2b(t)(x — y)(e’” 1 o+ 1) + o (x —y)?

= 2c(t)(z — ) (f(x) = f(y) + *(z —y)*.
Since 2% f(z) is a non-decreasing function, —2¢(t)(z — y)(f(z) — f(y)) < 0Vz,t. We

also have
1 1 ) B 2(glcfy)(e””fey)
et +1 ev+4+1/ et + eY

20(t)(z — y)(

<0.
Hence,
LV (x,y,t) <202V (x —y,t)Va # y,t > 0.
However, we are able to choose a constant cy < 2a2 such that LV (x,y,t) < caV (x —

y,t)Va # y,t > 0. Indeed, since (2k + 1)m, k = 0,41, ... are stationary points of f(x),
for each € > 0, there exist § = §(k,€) > 0 such that

f(2k+1)m+6) — f((2k + 1)m) > —éb.
On the other hand,
) B (o ) N
y—+oo (e +1)(e¥ +1)  y—+oo (e¥H +1)(e¥ + 1)

For this reason, we are unable to prove the exponential stability of this equation by
employing Theorem 2.3 for V(z,t) = x2. However, for any r > 0, applying the mean
value theorem, there exists an «,. > 0 such that

_ T _ oy A — T _ oy
) N < b IS < oo - Vel Iy <7
Consequently, for any z,y such that |z| V |y| < r,
LV (x,y,t) < (—ap + 2% (x — y)?,
while
(HV(:C,y,t))2 =4a’Vr #y,t > 0.
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Thus, it follows from Theorem 2.5 that the solution X*(t) is exponential stable for
any x € R.

We now give another criterion for the exponential stability.

THEOREM 2.7. Suppose there is a function p € K satisfying Assumption 2.1. If
there exists a function V(z,t) € C*1(R™ x Ry;R,) and a constant ¢, > 0 for each
r > 0 such that

LU(z,y,t)
U(I - Y, t)
where HU (x,y,t) is defined in the proof of Theorem 2.5. Moreover, there is a C' > 0
such that

2
(2.15) (HU(,y,1))" < C(p(x) + p(y))-

Then any solution X*(t) of Equation 1.1 is exponential stable.

(2.14) - %(HU(fc,y,t))z < —c,.

ProOF. By It6 formula, for x # y, we have
InU(X*(t) — XY(t),t) =InU(z — y,0)

+ /0 (ggg(zgszizgg —;(HU(Xz(s),Xy(s),t)f)ds

(2.16)
t
+/ HU(X*(s), XY(s),s)dB(s).
0
It follows from (2.7) and (2.15) that, for any € > 0,

¢
limsup%/ HU(X*(s), X"(s),s)dB(s)
t—oo 0

¢

<limsup ? (u(Xx(s)) + u(Xy(s)))ds <eCM as.

t—o0 0

Let € — 0, we get
t—oo L

(2.17) lim sup 1/0 HU(X?(s), XY(s),s)dB(s) <0 a.s.

On the other hand, employing the inequality (2.14) and the estimation (2.4), we
conclude that, there exists p < 1 and R > 0 such that

(2.18)
. 1 [t LU(X*(s), XY(s),s) 1 N Y
h?lsogpz/o (U(X’”(s) " X)) §<HU(X (s), X (s),t)2>>ds < —(1-p)cg.

Combining (2.16), (2.17) and (2.18) we get the assertion of this theorem.
O

ExaMPLE 2.8. We consider the following equation
dX (1) :<a(t) — asgn(X (1) In (1+ |X(t)|))dt

(2.19)
+ (b X?(t) + c(t) X (t) + o(t))dB(t)
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where a(t), b(t), ¢(t), o(t) are bounded continuous functions, b := inf{b(t) : t > 0} > 0
and « is a constant. Let V(z,t) = In(1 + 22). We have

gzl F ) | 2wa(t) (1= a2)(b(t)22 + c(t)z + o (1))

LV (z,t) =
(%) 1+ 22 1+ 22 (1+22)2

value #(0), there is a unique solution to Equation (2.10). Since b(t) > bVt > 0,

(1—22)(b(t)a? + c(t)x + a(1))” .
o (1+22)2 ~Path <.

Consequently, there exists two positive constant Kj, Ko such that
(2.20) LV(x,t) < K1 +V(x,t) VY(z,t) e Rx Ry

and

(z,t)ERXR 4

(2.21) LV (x,t) + %xQ + é(%(b(mz +c(t)r + a(t)))2 < KoV(z,t) e R xRy

The inequality (2.20) guarantees the existence and uniqueness of global solution to
Equation (2.19). Meanwhile, it follows from Theorem 2.4 and the inequality (2.21)
that

1

! 2K
- (Xx(s))st <22 asvreR.
t Jo b2

Now we let U(x,t) = 22 and get

LU(z,y,t) B asgnxln(l + |z|) —sgnyln(l + |y|) 241/ )
Ue—v) r—y + 03 (t)(x +y)
and
HU($7y7t) 2
(m) =40°(t)(z +y)? < 8§gg{b2(t)}(x2 +97).

It is easy to show that for any r > 0, there exists a ¢, > 0 such that for any =z # y
and max{al. ly|} < 1,

sgnzIn(l + |z]) —sgnyIn(1 + |y|) > ¢
x—y N

Hence,
LU(z,y,1)
U(‘T - Y, t)
Employing Theorem 2.7, we conclude that X*(¢) is exponential stable for all € R.

_ %(%(U(a;,y,t))2 < —2ac,.
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