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CBMO Estimates for Multilinear Commutator of
Marcinkiewicz Operator in Herz and Morrey-Herz Spaces

Xiaoming Huang, Chuangxia Huang and Lanzhe Liu

ABSTRACT. In this paper, we establish CBMO estimates for the multilinear com-
mutator related to the Marcinkiewicz operator in Herz and Morrey-Herz spaces.

1. Introduction.

Let b € BMO(R™) and I, be the fractional operator, the commutator [b,I,]
generated by b and I, is defined by

[b7 Ioz}(f) = b(x)la(f)(x) - Ia(bf)

A result of Chanillo (see [3]) proved that the commutator [b,I,] is bounded from
LP(R™) to LI(R"™), where 1 < p < g < oo and 1/p — 1/q¢ = a/n. Lu and Yang (see
[5]) introduced the central BMO space that is CBMO space. Since it is obvious that
BMO(R") & CBMO,(R"™) for all 1 < ¢ < co. However, we know the (L?, L9) bound-
edness fails with only the assumption b € CBMO4(R"). Instead, certain boundedness
properties on Herz spaces and Morrey-Herz spaces can be proved. The purpose of this
paper is to introduce the multilinear operator associated to the Marcinkiewicz op-
erator and establish CBMO estimates for the multilinear commutator in Herz and
Morrey-Herz spaces.

2. Preliminaries and Theorems

First, let us introduce some notations.
Definition 1. Let 1 < ¢ < co. A function f € L] (R") is said to belong to the
space CBMO4(R"™) if

1/q

1

||f||CBJWO(1 = sup |f(l‘) - fB 0,r ‘qu < 00,
r>0 \ [B(0,7)] B(0,r) )
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where, B = B(0,r) = {x € R" : |z| <r} and fp(o, is the mean value of f on B(0,r).
Let = (q1,- - q}), for b; € CBMOq;(R")(j =1,---,m), set

m
Ibllesmo, = [ Ibsllesmo,, -
=1 ’

Given a positive integer m and 1 < j < m, we denote by C7" the family of all finite
subsets o = {o(1),- - -,0(j)} of {1,---,m} of j different elements. For o € C}*, set
¢ ={1,--m}~o. For b= (b1, - -,by) and o = {o(1),- - -,0(j)} € Cr, set by =
(bo1), b)) br = o1y oy and [|bsllcBaro; = [lbonlloBaro,, - Ilbs(pllesaro,, -

Definition 2. Let a € R, 0 < p< oo and 0 < ¢ < 00. For k € Z, set By, = {z €
R" : |z| < 2%} and Ay, = By, \ Bj_1. Denote by Y} the characteristic function of Ay

and xg the characteristic function of By.
(1) The homogeneous Herz space is defined by

K P(R") = {f € L, (R" ~{0}) : || ]| o » < 00},

loc

where

00 1/p
11l goe » = [ S 2’Wp|ka||zq] ;
k=—o00

(2) The nonhomogeneous Herz space is defined by

K P(R™) = {f € Li,u(R™) « || llieg- » < oo},

loc

where

s 1/p
||f‘|K§“p: ZQkap||ka||I£q+|fXBo||€q] ;

k=1
And the usual modification is made when p = ¢ = oco.

Definition 3. Let a € R, 0 < A < 00, 0 < p < ooand 0 < g < co. The
homogeneous Morrey-Herz space M Kg;lA(R”) is defined by

MEGMRY) = {f € Ly (R {0}« ||y gp < 00},

loc

where

ko 1/p
Wiz = sup 27 ( 3 2W|ka||’zq>
’ 0€

z
k=—o
with the usual modifications made when p = oo.

Remark 1. Compare the homogeneous Morrey-Herz space M K;‘,;;‘(R”) with the
homogeneous Herz space Kg"p(R") and the Morrey space M, (R™)(see [6]), obviously,
o0 n\ _ jra, n A n a0 n _
MI.(p’q (R") = K&P(R™) and M2 (R") C MKy, (R"). We can see that when A\ = 0,

M Kz?fz? (R™) is just the homogeneous Herz space.

Definition 4. Let 0 < § < n, 0 < v < 1 and 2 be homogeneous of degree zero
on R™ such that [g,_, Q(2')do(z’) = 0. Assume that Q € Lip,(S™~'), that is there
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exists a constant M > 0 such that for any z,y € S"~1, |Q(x) — Q(y)| < M|z — y|".
The Marcinkiewicz multilinear commutator is defined by

st = ([T ners)

where
Hnm=[ NCERAMIFO
Set
o= [ R

we also define that

o () (@) = ( / N |Ft,5<f><x>|2) "

which is the Marcinkiewicz operator(see [12]).
Let H be the space H = {h IRl = (57 () 2%)1/2 < oo}. Then, it is clear
that

pas(f)(@) = || Fus(f)(@)|| and b 5(f) (@) = [[FL5(f)(@)]]-

Note that when by = - - - = b, '”?l,é is just the m order commutator. It is well
known that commutators are of great interest in harmonic analysis and have been
widely studied by many authors (see [1-3][7][10]). The purpose of this paper is to
study the boundedness properties for the multilinear commutator u%, s in Herz spaces
and Morrey-Herz spaces .

Now we state our theorems as following.

Theorem 1. Let 1 < g < o0, b € CBMO,(R"™), and ulgm be defined as in

Definition 4 with0 < d <mn, 1 < g1 <n/d,1 < g2 < oo. If 0 < p < o0, qQ_qll—i—%—%,
16
where 1/g = 1/¢; + --~1/qj,and;—qf1—|—5< ,a—qfl—ﬁ,é—f<oz1<n—q—l

and as = a1 — n/q, then
B‘ —
lnasll kez < CllblloBrmogl| fll k-

Theorem 2. Let A > 0, 1 < ¢ < 00, b € CBMOy(R"), and uéébe defined
asinDeﬁniti0n4With0<5<n,1<q1<n/6,1<q2<oo Ifo<pg<
qiz:q—ll—l—%—%,wherel/q:1/qi—|—---1/q§,and%:——i— <1%:q—1—%,

A+d—2 <o <n—2+Aand oy = ay —n/q, then

HM%,éHMKg%; < C||b||CBMO(T||f||MK;1q,1>\.
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3. Proof of Theorems.

To prove the theorems, we need the following lemmas.
Lemma 1.(see [7]) Suppose that f € CBMO4(R"), 1 < ¢ < oo and 71,72 > 0.
Then

1/q
1 .
s aa— — q < 1 '
<|B(0,7’1) o |f(@) = fB(0,r))] dx) < <1+ ‘ln <T2>D|f||CBMOq

Lemma 2.(see [11]) Let 0 <d <n, 1 <p<n/dand 1/g=1/p—46/n. Then uq s
is bounded from LP(R™) to L4(R").

Proof of Theorem 1. We only consider the case 0 < p < co. Let f € Kg‘ll P(R™)
and decompose f into

f@) =Y flx@ = > fil).

l=—o0 l=—oc0

When m = 1, we consider

[e%) l/p
gy s ()| geozr (mmy = (Z 2’““2”|u’;;,5<fz>xk|’zq2<m>)

k=—oc0

o0 k-3 py 1/p
< C{ Z 2ka2p<z |Ml§zl,5(fz)Xk|LQz(Rn)> }
k=—o0 l=—00
oo k+2 py 1/p
+ C{ Z 2ka2p<z ||/J?21’5(fl)Xk||Lq2(R")> }
k=—o00 I=k—2
o] e’} py 1/p
+ C{ Z 2’“‘”(2 ||M?§,5(fl)Xk||qu(Rn)> }
k=—o0 l=k+3
- E1+E2+E3.

Let us first estimate Es, note that

pts s(F)xe = (0= b pas(f)xe + pas((b = bs, ) fi) Xk
We have

ey s(FOxklLa < 10— bp, ) pa.s(f)xkllLe + uas((b = bp,) fi)XkllLe = Ji + Ja.

For Jy, by Holder’s inequality , Lemma 1 and the boundedness of pq s from L9 (R™)
to L*(R"™), we have

1/q 1/u
5o< c(/ |b1<x>—ka|de) (/ IMQ,a(fz)I“dx>
By, By,

< CIBi|"9||brllcsmo, |l fil Lo -
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For J2, by Holder’s inequality, Lemma 1 and the boundedness of g s from L*(R") to
L% (R™), we have

1/t
ho< c(/ |<b—b3k>fzfda:)
By
1/q 1/q:
< C(/ |b1(x)—b3k|qd;v> </ |fl|‘hdx>
Bk Bk
1/q
< o/ m-bmlra) Al
B,
< CIB|M|billesyo, | fill Lo -
Therefore
o0 k2 py /P 0o ko py 1/p
By < c{ Z 2’“2?(2 J1> } +C{ Z 2’“21’(2 JQ) } =1 + I,
k=—oc0 l=k—2 k=—oc0 l=k—2

For I, if 1 < p < oo, by Minkowski’s inequality and if 0 < p < 1, by the inequality
(> a;)? <> |a|?, we have

- 2 py 1/p
C{ Z Qhcap < Z an/q|b1|CBMOq|fl|Lq1> }

I <
k=—o00 I=k—2
< Clibilleso,
i 142 1/p
o —
S5 2| il Y, 20 >] L 0<p<l
% [ o0 lagp P 142 (k—)arp 142 (k—1)arp P/’ 1/p
Zl:*OOQ ||leL‘11 k:l722 Zk:l722 ,
1<p< oo
< Clbillesmo,
[ 142 1/p
oo —_
2l it 200w 0<p <
8 [ o0 loap|| £,]|P H2 5(k—l)aip/2 42 o(k—Dayp'/2 p/v 1P
Z127002 ! ||leL‘11 k:l722 1 Ek:l—22 1 ,
1<p< oo
00 1/p
< Cllbllesmo, ( > 2la1p||fl|1£ql>
l=—00
< C\|b1|\CBMqufHK§11,p.
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For I5, similarly to the method estimating for I;, we have

00 k+2 py 1/p
I, < C{ Z 2ka2p < Z 2l"/q||b1||CBMOq||fl||Lq1> }
k=—o00 I=k—2
42 (k=1 w7
SR 2| fl TR, 20 —><m—q>p} C0<p<i
o 1+2 k=D (o1 —2
< ClblloBmo, § | 202 002! 1p||fl|Lq1< 2 gkl >p/2)
o\ PP
X(Z?j—z 2(k=Dlea=5)p /2> ] L 1< p<oo.
142 k-1 1P
szoo 2la1p||fl”’i’11 k=l—2 2( - )(Oé1q)p:| , 0<p<1
oo a l Dy —2
< Cliballesmo, | 2E o2 1p||fl|’zq1( 142 k=D q>p/2)
. L \P/PL/p
X (le_?zz 2(k=Dlen=5r /2> ] , 1< p<oo.
00 1/p
< Clbillesmo, ( > 2lalp||fl|gql>
l=—o00
< CHblHCBJVIOqHf”[(;’llm.

Thus, we deduce
E; < C||bl||CBMoq||f|\K;;11,p.

Now let us turn to estimate E4, choosing (b1)p = |B|
inequality, note that x € Ay, y € A;, we have

IIM?zl,s(fz)Xkllm

~t [ bi(x)dz, by Minkowski’s

< { [/ k ‘ /| » = S TOLE )bl(y))f(y)dyQgrmdx}l/qz
< {/A _/n<b1<x)—b1<y>>|'m = sty >(/|x_y<t ﬁ>1/2dyr2dx}1/@
< { / k ' e ~n i | v dy} qzdx}l/%
< [ ate) = 22 ] ")

A, LJR |z -y
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cimer [ k ( e —b1(y)|f(y)ldy>q2dx}

CIBlr (/A o)~ Gl ([ | |f(y)dy>qzda:>l/%

+amlr( [ [ - <b1>3||f<y>|dydx)l/q2

1/q2

N

N

N

1/02
B ™| fill ( [ ) - <b1>B|%dx)
k

L OBy / 1b1(y) — (b1) 511 £ () |y
Ay

N

1/q
1Bl ) 0 ([ 10160 = Gupplre) e

k

1/q 1/q1
n C|Bk|5/"-1+1/qz( / |b1<y>—<b1>B|Qdy) ( / If(y)l‘“dy) BV
Az AL

ClBk|6/n—1+1/qz|Bl|1—1/ql||fl||Lq1 ||b1||CBMOq~

N

Therefore, we know

) k—3 py 1/P
B < C||b1||CBMOq{ Z gkaap ( Z 2nk(5/n1+1/¢12)2nl(1I/Q1)|fl||Lq1> }

k=—00 l=—0c0

< ClbilleBmo,
p11l/p
00 olaip P 0 2nk(5/n71+1/q271/q)2nl(171/q1)2(k7l)a1
Do Sl 2ok=i4s :
0<p<l1
X p/2
1 - 2= - 1 - 1
Z?i—oo |By|® p||fl|‘iql ZzozH_g (2nk(6/n 1+1/q2-1/q)9nl(1-1/q1) 9(k—l)ax )
p'/2\ p/P'71/p
“ (Z?—Hg <2nk(5/n—1+1/q2—1/tJ)in(l—l/ql)g(k—l)al) ) ] 1<p<oo
< ClbilleBmo,

p11l/p
[Zfi_m 2la1p|‘fl|‘lj_:ql ZZ‘;HS <2nk(1/f111)2nl(11/q1)2(kl)a1> } , 0<p<1
p/2
o0 «@ o0 nk — nl(l— c—1)ay
% [Zz—oo 9! 1p|‘fl”12ql (Zk—l+3 (2 k(1/q1—=1)9nl(1-1/q1)9(k—1) ) )

p'/2\ p/P'11/p
X(ZZO_H-3 (gnk(l/ql1)2nl(11/q1)2(kl)a1) ) ] l<p<oo
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1/p
Z;’i_oo 2la1p|‘fl||1£ql Z:il+3 Q(k—l)(n/Q1—n+a1)P:| , 0<p<1
k—1 14
< CllbilleBmo, S0 oleap||f[[2,, <E;o_l+3 o(k=D)(a1—1+2 )p/2)

L N\P/PY1/p
% (Z;O_H_g 2(k7l)(a171+ﬁ)p /2> :| . 1<p<oo.

1/p
< Clbillesmo, ( > 2la1p|fl|m1>

l=—0c0

< Cllbillesao, | fll e

Now let us turn to estimate Fs3, by Holder’s inequality, we have

||N?21,6(fl)Xk||Lq2

<AL o <>—b1<y>>f<y>dyzﬁr%x}w
<{[] / @) =) ([ ft)/dy} Qde}l/qz
(Lo someeshnly

< {[ [ o) -mn 2= ) "ar)

< c{rfé//{ [ (/. |bl<L> - bl(y>f<y>jy) i}/

< ([ e - o) |Q2( NG |dy)q2dx)l/q2

1/‘12
LB < [ [ - eslis >|dydx)
A JA;

1/q2
CIBP 1Al /A a(a) = ()l )
k

L OB By Ve /A 1B1(y) — (1) ] F()ldy
1

N

N

1/q
CIBz5/"‘1||fzImIlel‘l/“(/A Ibl(w)—(bl)qudw> | By[M/ 92714
k

1/Q1
n C|Bﬁ/”1|Bk|1/qz< [ ) - @) B|Qdy) ( / 1 |‘hdy)
1

% |Bl|1—1/q—1/q1
C|B*/ "0 Be Y| fil | o ||ba | Baso,

N
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Thus, in this case, we obtain

oo [e%s} py 1/p
By <C||b1||CBMOq{ Z gkaap ( Z 2ln(5/n—1/Q1)2kn(l/Q2)||fl|Lq1> }

k=—o00 I=k+3

< Clklleswmo,
p11/p
P laap|| f| 1P =3 In(8/n—1/q1)okn(1/g2—1/q) o(k—1)on
2:1:—002 HleLq1 oo | 2 2 2 ,
0<p<l1
X [e’s) 1—3 _ _ _ P/2
S 2| flF ., 173 [ 2i(6/n=1/a)gkn(1/a2=1/a) g (k—Den
p'/2\ p/p'71/p
><< 2—:3_00 <2ln(6/n1/Q1)2kn(l/¢I21/q)2(kl)a1> ) ] ’ 1< p < oo.
1/p
YOINE LTI SO G Ut L B PP
< Clbillesmo, § | 2i2—oe 21a1p|fl||1£ql< . 2<lk><6a1;;>p/2>
. — k)5 n,2p/p'1/p
N AP
S 1/p
< ClbilleBmo, ( Z 21a1p|fl|’]:ql>
l=—o0
< C||bl||CBMoq||fHK:11,p.

This completes the proof of the case m = 1.
Now, we consider the case m > 2. We write,

o 1/p
s (Plliczs vy = (Z 2kagp||ug,a<fl>xk|§q2<Rn>>

k=—o0

o k-3 py 1/p
S C{ Z Qk%p(Z ||M?),5(fz)Xk|L<z2(Rn)> }
k=—o00 l=—00
o0 k+2 . py 1/P
+ C{ Z 2k0¢21’? < Z ||/~L?),5Xk||Lq2(R")) }
k=—o00 I=k—2
] oo py 1/p
+ C{ Z gkazp ( Z ||M%75Xk|LL12(Rn)> }
k=—o0 l=k+3

= G1+Gy+Gs.
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Let us first estimate Gy, set bg = ((b1)5, -+« » (bm)B), where (bj)p = |B|™! [ |bj(x)|dx,
1 < j <m, we have

th,g(f)(l“)Z/l - [H((bj(x)—(bj)B)—(bj(y)—(bj)B)) f(y)m Y
= 3 X V) < bade [ (0) ~ badar S ) e — oy
j=0ceCm lo—yl<t
= [10@ - @)pFs(N@) + ()™ Es(T] (0 w) — ()N (@)
YOS () b(a) — b)o FO () ()
j=1 G’€C;"
thus
ub s (f) (@) = [|FL5 (1) ()]
< @) — (0)5) Fus(fi) (= ||+Z ST 1) - (0)8).FY3 (f)(@)]]
j=1 j= IUEC’L
+ ||Ft5<H<b — (bj)B) f1)(2)]]
< H(bJ(ﬂf) — (bj)B))ka,s(fi)(x) + (=1)" g 6(H(bg — (bj)B))B)f1)(2)
Y S () — B (G- Bs)o f)(2)
j=1 ceCcy
= H,+ Ho+ Hs.

For H,, taking 1 < ¢; < n/0 and u such that 1/u = 1/g; — §/n, choosing 1/q =
1/¢) + - 1/q3», by Holder’s inequality and the boundedness of pq s from L% (R™) to
L*(R™), we have

m

I H B)Ha,s (i) (@) xk|| Lo

c( [ 5) qu)l/q( /. Iun,af(x)ludx)l/u

m
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m , 1/q; 1/q
< CH( / bj(x)(bj)qufd:c> ( / fz(z)lqldx)
, , m 1 , 1/q; /a
< im0 T (o o - @stas) ([ p@in i)
=1 \Bk| /B, A

m
< CIBe[V [T lIbsllenno,, 1 fill L
j=1

< OIBi|M|bllcaogl fill Lo -

For Hy, taking 1 < ¢ < n/¢ and u such that 1/g, = 1/t—§/n, choosing 1/t = 1/q+1/q,
by Holder’s inequality and the boundedness of pg s from L*(R™) to L% (R™), we have

mMQé lnj )Xk||Lq2
< C||H (bj — (b)) fixllLe
< C( / f[l(bj(w) — (b)) qdm)l/q( / |fl<m>|mdx)l/m

< CIBV||bllesmogl | fil Lo -

For Hjs, choosing 1/g2 = 1/¢] + 1/w and 1/w = 1/¢5 + 1/q1 — §/n, using Holder’s
inequality and the boundedness of pq 5, we have

I Z Z x) = bp)opa,s((b—bB)oe fi) () Xkl Laz

j= 10607”

me1 ) 1/4} He
<Y Y (/ b(x)—bB)UIqldﬂc> </ I/m,a((b—bB>acfl>(x>|‘”dx)

j=1 ceCm N/ Ak o

m—1 , 1/q1 ’ 1/qé
<cYyY ¥ (/ b(x)—bB)glq‘d“”) </ |<b<w>—bB)acq2dx>

Jj=1 O'EC]m Ak A

/a1

([ o

Ag
< C’|Bk|1/q/1||bgHCBMOq|Bk’|1/qéHbUC cBMog|| fillLa
< C|Bk|1/q\IEHCBMOq-HleL“-
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Then, similarly to the method estimating for I, we get G < C||5||CBMoq||fHK:1,p.
1
Next, we estimate G, let 7,7/ € N such that 7 + 7/ = m, we have

12y, (f1) Xk a2

2 1 q2/2 1/q2
{/Ak ’/z y|<t|x_ |n16H| () t3
r m 1z — y)| ( dt 1/2 a2 1/q2
< bi(z) —b;(y) —————=——f(y / — dy| dzx
{/;lk _/"1:[| J( ) J( )|x7y|n7176 ( ) lz—y|<t t3
‘Q( —_— 1 1/2 :|Q2 }1/Q2
< bi(z) —b;( fly dy| dzx
UL H' e P
Q q2 1/112
< {/ / H|b ) = bj( ' ( n)lf()dy} dx}
1/Q2
< OBy Y ( / z) = bg)o %x) / |(b(y) = bB)oe |1/ () ldy
j=0oceCy
m 1/7
< ClB |5/n 12 Z Z (/ _bB) |Td$> |Bk|1/fI2—1/7—
Jj= OUGC"‘TJrT’*m
, ! /¢ ,
< ([ 10w - bm)oer da:) ([ 1rtimay) e
Al Al
< C|Bk|6/"_1+1/q2|Bl|1_1/Q1||5HC’BMOq-Hfl||Lq1-

Then, similarly to the method estimating for E;, we can obtain G; < C||b| loBmogl| f] |Ka1 ».
Finally, let us estimate G, since

H/u‘ﬂé(fl Xk|| Loz

<{LLL ‘/ T 6H|b ] 4] )
) {/A / "ﬁwj(x)_bj(y)lxg—(f/l;yl)5f ) |x—1 e I/Qdy}Qde}l/qz
U /nH'b L o
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1/42
< Pty Y ( IR o) /. 106) = b))y
j= OUEC'"'
m 1/7'
< C|B ‘§/n 12 Z Z </ _bB) |Td$) |Bk|1/q2—1/‘r
j= OUEC’” T4+1'=m
, 1/‘11 ,
x ( |<b<y>—bs>acfdx) ( / If(y)lqldy> B[
Al Al
< C|BP/m Y0 By Y |bl | cparog ) fil| o

Then, similarly to the method estimating for Fs3, we can get Gs < C||b] loBno, | f] |1'(q“1 .
1

This completes the proof of Theorem 1.
Proof of Theorem 2. Let f € MK (R™) and decompose f into

P;q1

= Z f@)xi(z) = Z fi(@)

l=—00 l=—00

When m = 1, we consider

1/p
b (03
||“Ql,5(f)||MK§g:j(Rn) = sup 27"* < E 2P|t 5 (FOXI 02 (emy )

k=—o0

N

ko k—3 P 1/p
C sup Q_ko’\{ > okeer ( > |lezl,5(fl)Xk||L42(Rn)> }

koeZ k=—o0 l=—00

ko k42 P 1/P
+ Csup 2_]““{ > gkewr ( > ||M?i5(fl)Xk|qu(Rn)> }

ko€Z k=—oo I=k—2

ko 00 py 1/p
+ C sup 2"““{ > gkear ( > ||M?21,6(fl)Xk|L‘12(R")> }

koez k=——oo I=k+3
= U +Us;+Us.

Let us first estimate Us, similarly to the method estimating for Fs, we have

ko k+2 p l/p
U, < Csup 2’“0/\{ Z 2ka2p<z J1> }

ko€Z

k=—o0 I=k—2
ko k+2 p l/p
+C sup 2’“”)‘{ Z okazp < Z J2> }
ko€Z k——oo I=k—2

= N+
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For Vi, we have

ko k42 py 1/p
C sup 2_’““{ > 2keer ( > Bk|1/q|b1|CBMoq|fl||LQ1> }

Vi <
ko€Z k=—o0 I=k—2
ko k+2 py /P
< O sup 2—/90)\{ Z gk(a1—n/q)p ( Z 2kn/q||b1||CBMOq||fl||L‘11) }
ko€Z k=—oo0 I=k—2
< —koA

C|lb1llcBmo, sup 2
ko€Z

. ot l 1/pq9py 1/p
" { Z 2kAp[ Z Q(kl)a12(lk)’\2l’\( Z 2mlp|fi||iql) ] }

k=—o0 l=k—2 1=—00

N

ko k42 py 1/p
C|lbille su 2’“0A{ 2’”?{ 2(k=D(a1=4) a} }
l1b1llcBMmo, sup) > > i

P,q1
k=—o00 I=k—2

N

CHblHCBMOq||f||MK§,1qvl*'

Similarly, for V5, we have

ko k42 py 1/p
Vo < Csup Q_kok{ > 2keer ( > |Bll/q|bl||CBMoq||fz|Lq1> }

kocz k=—o0 I=k—2

N

ko k42 p 1/]7
C sup 2—ko>\{ Z ok(a1—n/q)p < Z 21"/q||b1||CBMOq||fl||Lq1> }

ko€Z k=—oo I=k—2
Ko

N

Clb1llcBmo, sup 27
ko€Z

ko k42 l 1/pqpy 1/p
X { Z 2k)\p|: Z 2(]4)—00612(l—k)n/q2(l—k§)>\2—l>\( Z 2ia1p||fi||Z£ql) :| }

k=—o0 l=k—2 i=—00

ko k42 py 1/p
< CHblHCB]\/[Oq ksup 2—/60)\{ Z 2k‘kp |: Z 2(k_l)(al_n/q_)\)||f|MK“1’:":| }
0E€Z

P,q1

k=—o0 I=k—2

< Cllbrllenyo, | flly g
Therefore Uy < O||b1||CBMOq||f||MKg‘71q~1P-
Then, let us estimate Uy, similar to F1, we get

Ui < Olbillesmo, sap 27 %02
ko€Z

oo k-3 py1/p
< {30 e (X g )

k=—o00 l=—00
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—koA

N

Cl|b1lleBro, sup 2
ko€Z

k-3 py 1/p
% { Z ok(a1—n/q)p ( Z okn(8/n—1+1/g2)gln(1— 1/q1)|fl|Lq1> }

k=—o0 l=—00
—koA

N

C||bl||CBMOq Sup 2
ko€

ko 1/pypy 1/p
« { Z 2k)\p|: Z 2(k D(n/q1— n)2(k l)a12l k))\2 l)\< Z 2za1p||fl||qu> :| }

k=—0o0 l=—00 1=—00

N

ko k—3 1/p
Cllb c 0. Su 2k0)\{ 2/4:Ap|: 2(k: )(ar—n+n/qg1—N) o p:| }
Ib1lleBnm . S > > N ar kg

k=—o00 l=—o00

N

Cllballemaro, 1 1]y

Last, let us estimate Us, similar to Fs3, we get

Us

N

o fe%s) py 1/p
C||b1|leBamo, sup 2k°’\{ Z gkazp ( Z |Bl|5/n1/q1|Bk|1/QZ||fl|Lq1> }
koeZ k——oo I=k+3
koA

N

Cl|b1lleBro, sup 2
ko€Z

N . py 1/p
v { Z ok(cn—n/q)p ( Z 2ln(5/n1/Q1)2kn(1/Q2)||fl|Lq1> }

k=—0c0 I=k+3
—koA

N

C|lb1|lcBmo, sup 2
koc€Z

ko 1/pypy 1/p
> { Z 2k)\p|: Z 2(l k)(6— n/q1)2(k l)a12l k))\2 l)\< Z 2'Lo¢1p|fz||qu> :| }

k=—oo I=k+3 i=—00
o py1l/p
< Cllallcssio, M 32 2] 3 at0en ey, ||
ko€Z e oo I=r1s
< C”bl”CBMOq||f|‘MK;~71q,1>\.

This completes the proof of the case m = 1.
When m > 1, we consider

B ko B 1/p
H/’L?L(S(f)HMKpO‘%‘;‘(Rn) = sup 2_k0)\ ( Z 2ka2p||N?2,6(fl)Xk||1£42(Rn)>

ko€Z k=—o0
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N

ko
C sup 27 koA { Z

ko€Z

ko€Z

ko
+ C sup 2'“0)‘{ Z
ko
+ C sup 2"“‘“{ Z

ko€Z
= Wi+ Wy + Ws.

For W5, similar to G2, we have

Wy < C||5HC’BMO(; sup 27 FoA

ko€Z

< Clfllosmo, sup 2{
ko€Z k

k=—o0
k=—o0

k=—o0

(s

k—3 py 1/P
gkazp ( > ||M?z,5(fz)Xk|qu(Rn)> }

l=—0c0

k+2

py /P
gkazp ( > ||H?2,a(fl)xk||L“2(R")> }

l=k—-2

o p 1/p
21«121)(2 ||/j/?2’5(fl)xk||Lq2(Rn)> }

I=k+3

k=—o00

ko

=—00

< C||bHCBMO@HfH]wksquvl’\-

For W7, similar to G, we have

Wi

X

N

<

C‘ |g| |CBJVIOL7 sup 27 koA
ko€Z

Z 2kAp

k42 py 1/p
> 2’“’”’( > |Bk|1/Q|fl||m) }

I=k—2

k—+2
{ Z 2(k_l)(al_k)|f||MK§,gf]

I=k—2

ko k-3 py1l/p
{ X 2o X i evimmpo g, ) |

k=—o00 l=—00

C[bllcparo, sup 2—m{
ko€EZ

CHbHCBMOaHfHMKg’qu‘-

For W3, similar to G3, we have

W3

<

<

N

N

k=—o0

C|5||CBMO¢{ > akeer ( > B BV | fil| Lo

CHgHCBMQ7 sup 27 koA
ko€EZ

ko

Z zk)\p

k=—o00

l=k+3

|

k—3

l=—00

p}l/p

(k=0)( /aq1—X) nyr
—(ar—n+n/q1— o
3 ol iz |

-

ko ) l 1/p7py 1/p
{ Z 2]6)\p|: Z 2(l—k)(6—n/fh—a1+)\)2—l)\( Z 2m1p||fi|1£q1) :| }

k=—o00 I=k+3

CllEllearo, sup 2{
ko€EZ

ClWBlcrio |l

ko

Z Qk)\p

k=—o0

|

i=—00

o0
Z 2(l—k)(a1—n+n/q1—k)||f||M
I=k+3

py 1/p
k;’izf’} }
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This completes the proof of Theorem 2.
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