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On the boundary control of a parabolic system coupling
KS-KdV and Heat equations

Eduardo Cerpa?, Alberto Mercado® and Ademir F. PazotoP

ABSTRACT. This paper presents a control problem for a one-dimensional nonlin-
ear parabolic system. The system consists of a Kuramoto-Sivashinsky-Korteweg
de Vries equation coupled to a heat equation. The problem of boundary control-
lability is discussed. The local null-controllability of the system is proven. The
proof is based on a Carleman estimates approach to deal with the linearized sys-
tem around the origin. A local inversion theorem is applied to get the result for
the nonlinear system.

1. Introduction

A one-dimensional model for turbulence and wave propagation in reaction-diffusion
systems is given by the Kuramoto-Sivashinsky (KS) equation, which reads as

(1.1) Ut + VUgrrr + QUze + Uty = 0.

This equation, where v and a are coefficients accounting for the long-wave instability
and the short-wave dissipation respectively, was derived in various physical contexts
[14, 15, 21]. By adding a linear third-order term, Benney in [5] takes into account
dissipative effects in the Kuramoto-Sivashinsky-Korteweg-de Vries (KS-KdV) equation

Equation allows to study various nonlinear dissipative waves. When looking for
solitary-pulse solutions of on the whole line, one finds out that they are unstable.
In order to combine dissipative and dispersive features, and to simultaneously support
stable solitary-pulse, a one-dimensional model consisting of a KS-KdV equation, lin-
early coupled to an extra dissipative equation, was proposed in [I7]. The model has
the form

(1.3) { Ut + YUggze + Upze + QUge + UUy = Vg,

vy — DUy + cvp = Uy,

2000 Mathematics Subject Classification. Primary 93B05 Secondary 35K41, 93C20.
Key words and phrases. Parabolic system, boundary control, null-controllability.

55



56 E. CERPA, A. MERCADO AND A.F. PAZOTO

where the dissipative parameter (effective diffusion coefficient) T' > 0 accounts for
stabilization and c¢ is the group-velocity mismatch between the wave modes. Gener-
alizations of this system to the two-dimensional case has been considered. In [18],
the authors use Zakharov-Kuznetsov equations and in [19] Kadomtsev-Petviashvili
equations.

In this work we are interested in the study of controllability properties of system
posed on a bounded interval with boundary control inputs /1, hs, hs, and initial
data wug,vg. Thus, the system considered is written as

Ut + Vlgrzz + Uzze + Qlzy + Uty = vz, (2,1) € (0,1) x (0,7T),

vy — DUgy + U + 02 = Uy, (z,t) € (0,1) x (0,7,
(1.4) w(0,8) = hy(t), wu(l,t) =0, te(0,7),

ug(0,t) = ha(t), wu.(1,%) =0, te(0,7),

v(0,t) = h3(t), wv(1,t)=0, te(0,7),

u(z,0) = uo(x), v(x,0)=wvo(x), z € (0,1),

where we have added a quadratic term into the heat equation. Here, we assume that
(1.5) a,v, and I' are positive constants while ¢ may have any sign.

We address the problem of steering the solutions of system to the rest. More
precisely, given T' > 0 and an appropriate space X, we say that system is null
controllable if for any initial condition (ug,v9) € X, there exist boundary controls
hi, ha, hz such that the solution of satisfies u(T,-) = v(T,-) = 0. We say that the
local null controllability holds if we can find controls as above whenever ||(ug, vo)||x is
small enough. In this paper we will prove this last property for system , which
couples a heat equation and a KS-like equation.

On one hand, the null controllability for the heat equation is well known from [16]
by Lebeau and Robbiano. The same result can be proven by using a global Carleman
estimate as in [I0] by Fursikov and Imanuvilov. On the other hand, recently the null
controllability of the Kuramoto-Sivashinsky has been proven in [7] (see also [6] about
the linearized KS equation). The approach used is the same as that by Fursikov and
Imanuvilov. In this paper we combine the results for these two equations in order to
get the following theorem.

THEOREM 1.1. Let T > 0. There exists § > 0 such that for any (ug,vo) €
H72(0,1) x H~1(0,1) with
lwollz—2(0,1) + [lvoll m-1(0,1) <6,
there exist hy, he, hz € L?(0,T) such that the corresponding solution
(u,v) € C([0,T], H~2(0,1) x H~*(0,1)) n L*(0,T; L*(0,1) x L?(0,1))
of (|1.4) satisfies
u(T,-) =v(T,-)=0.

The paper is organized as follows. In Section [2, the well-posedness framework is
stated for system (1.4]). The proof of Theorem is given in Section The linearized
system is studied in Section by using a Carleman estimates approach. The final
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result for the nonlinear system is obtained by means of a local inversion theorem in
Section

REMARK 1.2. As stated in the survey [4], the study of the controllability for
systems of parabolic equations is rather recent. Let us mention, in the case of internal
control of coupled reaction-diffusion equations, the articles [2], [3, 12), 3] and the
references therein. In those papers, the main tool is a Carleman estimate. In the
one-dimensional case, the boundary control of two coupled heat equations has been
considered in [9]. The authors use the moment method and prove the existence of an
appropriate biorthogonal family of L2-functions.

2. Well-posedness

This section is devoted to the proof of well-posedness results for the equations we
are concerned here. We state results for both the linear and nonlinear systems.

2.1. Linear homogeneous system. Next theorem states the existence and
uniqueness of solutions for the linear system with homogeneous boundary data.

THEOREM 2.1. Let a, 7, T and ¢ as in (.5), (uo,v0) € HZ(0,1) x H}(0,1) and
fi1, f2 € L?>(0,T; L*(0,1)). Then, for any T' > 0 the linear system

Up + Vlgzre + Uspe + QUze = v + f1,  (2,1) € (0,1) x (0,T),

vp — Dugy + vy = Uy + fo, (z,t) € (0,1) x (0,7),
(2.1) u(0,t) =0, wu(l,t) =0, te(0,7T),

g (0,t) =0, wu,(l,t) =0, t e (0,7),

v(0,8) =0, v(1,t) =0, te(0,7),

u(z,0) = up(x), v(x,0)=uvy(z), xz € (0,1),

has a unique solution (u,v) such that
(2.2) (u,v) € L2(0,T; H*(0,1) x H?(0,1)) N C([0,T]; H3(0,1) x H}(0,1)).
Moreover, there exists C' > 0 such that
(2.3)  (w,v)lemzxmyynre(aexm?) < C{H(f17fz)||L2(L2)2 + H(UOaUO)HngHg}
for all (ug,vp) € HZ(0,1) x H}(0,1) and f1, fo € L*(0,T; L*(0,1)).
REMARK 2.2. We have introduced for m, s € Z, the notation
H™(H?):=H™(0,T;H°(0,1)), C(H?®):=C([0,T7],H*(0,1)).

The proof of Theorem will be done by applying the Faedo-Galerkin method
with a special basis formed by the solutions of the spectral problem associated with
the operator A2, Therefore, the following result will be needed.

LEMMA 2.3. There exists a set of positive real numbers (u;)jen such that the
corresponding solutions (w;);en of the problem

{ A?w;(x) = pjwj(z), z € (0,1),

(2.4)
w;(0) = wj(0) = w;(1) = wj(1) =0,
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form a basis in H*(0,1) N HZ(0,1), which is orthonormal in L?(0,1).

We note that, since the operator A? is simultaneously positive and self-adjoint,
the assertions of Lemma [2.3| follow from classical results (see, for instance, [8]).

Proof of Theorem[2.1, We split this proof into five steps.

Step 1: Approximate solution. Let (w;);en be the basis of H*(0,1) N HZ(0,1)
given by Lemma and Vy = (wy,ws,...,wy) the subspace spanned by the N
first eigenfunctions w;. We formulate the approximate problem as follows. Find
ulV, 0N € CY((0,T),Vy) , ie.,

N N

uN (t) = ngv(t)wi, and o™ (t) = Z RN (t)w;,

i=1 i=1
where gV (¢) and hl¥(t) are solutions of the system of ordinary differential equations
given by
(2.5)
(WU (1) w5) + (U3, (8), w5) + alugy (t), wy) = (v7 (8),w5) + (fr,wy)
= (0% (8), wy) + (v (t),w5) = (ug! (), w)) + (f2,w;)

u(0) =ufs g (0) =g,

for j = 1,..., N, where (-,-) denotes the inner product in L?(0,1) and (u}’)nen,
(v} )nen are sequences such that ul’ — ug and v}’ — vg as N — oo, strongly in
HZ(0,1) and H{ (0, 1) respectively.

According to Caratheodory’s theorem, system has a local solution on [0, ty)
and its extension to [0, 7] is a consequence of the estimates given below.

Step 2: Energy estimates. We first replace w; by 4" in the first equation of
and w; by vV in the second one. In order to make the reading easier we omit the
indices and simply denote " by u and v by v.

After integration by parts we can add both equations to obtain

d1 1o, o ' 2 Lo
3 (v +v)dx +v | |uge|*de + T [ |ug|*dx
0 0 0

1 1 1
= — a/ umudm—i—/ fwda:—&—/ fovdz.
0 0 0

Applying Holder’s inequality at the right hand side of the identity above it follows
that

dl/l(uz—l—?ﬂ)dx—i—’y/l |u |2dac—|—I‘/1 v |2 dx
dt2 Jo 2 o o

<(a2+1>/1( 2 0h)d +1/1(f2+f2)d
< | —+4+= U vi)dxr + — T.
2y 2 0 2 Jo ! 2
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Then, from Gronwall’s inequality and the convergences of u}Y and v{Y, we get

1 T 1 T 1
(2.6) / (u2+v2)d:c+/ / |um|2da:dt+/ / v, |2dadt
0 o Jo o Jo
< C1(ll (o, vo)l[Z2 2 + 11 2122 (12y2)
where C; > 0 does not depend on N and ¢ € [0, 7.
Using w; = 6§uj_le in the first equation of (2.5), multiplying by gJN (t) and

summing from j =1 to N, we obtain the identity

1 1
0 0

1 1
/ (O T— / flua:mxzdx
0 0

The next steps are devoted to estimate the terms appearing in the left hand side
of the identity above. It will be done in several steps.

(i) Performing integration by parts, we have

1 1
d1
/ Ul gz dT = —7/ [t | dux.

(ii) For any € > 0, there exists c¢(¢) > 0 satisfying

HumeZ < 5||uzmw‘|2 + 0(5)Hu||2

1 1 1
) )
/ uxwwuzxwwdx 2 - (ry + 6) / ‘uwzwm|2d-r - ﬁ/ u2dx,
0 20 2v) Jo 2y Jo

for any § > 0.

Then,

(iii) The remaining terms can be estimated as follows

1 1 2 1
~ da
/ aumxuzmmmdx > *7/ |U’I$:E:E|2dx - 7/ |umm|2d$
0 20 Jo 2y Jo
1 1

1

)

/ Umuwmwxdx > _l ‘umwwm|2d-x - 7/ |'Uw‘2dm7
0 20 Jo 2v Jo

1 v 1 5 1
0 20 Jo 27 Jo

for any § >0 .
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Then, using previous computations (from (i) up to (iii)) in (2.7) we deduce that

d1l 2 )
dt2/ |um| de + 7(15272>/0 |umm|2d:v

1
< i/ |vx|2d:c+667(5)/ uldx —|——/ \um\ dr + — / fldx
27 Jo 2y

We choose ¢ = %2, with ¢ sufficiently large. We can combine (2.6) and Gronwall’s
inequality to obtain

1 T 1
(2.8) / Uy |2da + / / [Ugpae|*drdt
0 o Jo

< Gz (110, v0) 32 + (F1s ) Fazye)

where Cs is a positive constant that does not depend on N.

Now, we obtain a uniform bound for the term vV, which is simply denoted by v.
In order to do that, we replace w; by v, in the second equation of and perform
integration by parts to obtain

a1 [t 1 ) 1 1 1
—= |vg)*dx + T [Vgz|“dz = ¢ [ vpvzpdx — Up Vg AT — Sfovgzdz.
2 Jo 0 0 0 0

Thus, for any § > 0, we get

di1 [+ 35 2 2 -
0

Consequently, choosing § > 0 sufﬁmently small and using Gronwall’s inequality the
previous estimates allow us to conclude that

1 T 1
(2.9) /|vx|2dx+/ / (020 [2dadt
0 0 0

<O (I, v) ey + 101 ) En(zoye)

where C' is a positive constant independent on N.

Step 3: Convergence of the approximate solutions. According to (2.6)), (2.8)
and (2.9), the sequences (u™)n>1 and (vV)y>1 satisfy

(uNM)ns1  is bounded in L°°(0,T; H3(0,1)) N L?(0,T; H*(0,1)),

(2.10) (uN)n>1 is bounded in L2(0,T; L?(0, 1)),
' (wN)ns1 is bounded in L (0,T; HL(0,1)) N L2(0,T; H%(0,1)),
(v¥)n>1  is bounded in L2(0,T; L?(0,1)),
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for all T > 0. The boundeness given by (2.10) allows to extract subsequences of

(uM)n>1 and (v™V)y>1, still denoted by the the same index N, such that
uN —u  weakly * in L°°(0,7T;HZ(0,1)) N L%(0,T; H*(0,1)),
2.11) ul —wu, weakly * in L2(0,T;L?(0,1)),
vV — v weakly * in L°(0,7T;HZ(0,1)) N L%(0,T; H2(0,1)),
vV —wv;  weakly x in L%(0,T;L?(0,1)),
as N — oo.

Observe that (2.11)) allows to pass to the limit in the linear terms of the approxi-
mate problem to deduce that (u,v) satisfies (2.2) and

/0 (ut (t) + Uzzz (t) + augy (t) + YUzzax (t) — Ug (t) - flv w(t))Lz (0,1)dt =0

T
/O (0rt) + evn(t) — Do (t) — va(t) — for (1)) 200yt = O,

for all w € L?(0,T; L?(0,1)). Thus, the above identities hold for w € D’((0,T)x (0,1))
and since (Ut + Upze + QUgy + Vzzzs — Ve — f1), and (vg+ cvy — Tz — v, — f2), belong
to L2((0,T) x (0,1)) the above identities hold a. e. in (0,1) x (0,7, for any T > 0.

Step 4: Verifications of the initial data. From the previous steps, we obtain
some subsequences of (u")y>1 and (v"V)n>1, still denoted by the the same index N,
such that

(2.12) /0 (W (1), w(1)) oy, At — /0 (u(t), w(t)) 2o,y dt

and

T T
(2.13) / (¥ (5), (1)) )t — / (u(t), () 2oy s

for any w € L?(0,T; L?(0,1)), as N — 0.
Let 6 € C1([0,T]), such that §(0) = 1 and §(T) = 0. For any 2z € L?(0,1), we
take w(t) = 0'(t)z in and w(t) = 0(t)z in (2.13). Thus, we obtain

T T
d d
/ %[(UN@), 2)r2001)0(t)] dt — / a[(u(t), 2)r201)0(t)] dt, as N — oo.
0 0
Consequently, for any z € L%(0,1),
(2.14) (u™N(0), z)L2(071) — (u(0),2)r2(0,1), as N — oo.

From (2.5, we know that 4™ (0) = u{} and that ) — u® as N — co. By using
(2.14) we conclude that w(0) = ug. Analougously, we obtain v(0) = vy.

Step 5: Uniqueness. Let (u',v!) and (u?,v?) be two solutions of the problem,
corresponding to the same initial data (ug,vg) and sources terms (f1, f2). Then,
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u=u'—u? and v = v! — v? satisfy
Ut + Uggy + QUzz + VUzzze = Uz, (‘rﬂ t) € (07 1) X (07 T)v
vt + vy — Ty = Uy, (z,t) € (0,1) x (0,7,
(2.15) w(0,t) = u,(0,t) = u(l,t) = u,(1,¢t) =0, te (0,T),
v(0,t) = v(1,t) =0, te(0,7T),
u(z,0) =0, ov(zr,0)=0, z € (0,1).

Then, combining Gronwall’s inequality we can proceed as in the previous estimates to
deduce that u =v =0, i. e., u! = u? and v! = v2.

Finally, inequality follows directly from estimates and . This com-
pletes the proof of Theorem O

2.2. Adjoint system. A time-backward equation will appear in the next section,
when applying the transposition method. Moreover, this equation will be used when
studying control properties of system (1.4)). It is called adjoint equation and reads as

— Qi + VPzaaez + WPrz — Poze = —Yz + g1,

*wt - F1/er - C¢x = — Pz + gz,

@(t’ 0) =0, QO(t, 1)
(2.16) 0z (t,0) =0, (8,1

P(t,0) =0, (t,1)

@(Tv .’E) =@, ¢(Ta .T) = ¢T~

By performing the change T' — t by ¢, we obtain system (2.1) and we can apply
Theorem Thus, we get the well posedness of the adjoint system.

~—

0,
= 07
0,

PROPOSITION 2.4. Let (o7, wr) € H3(0,1)xHE(0,1) and (g1, g2) € L?(0,T; L*(0,1))%.
System (2.16)) has a unique solution (¢, %) € C(Hg x H}) N L?*(H* x H?). Moreover,
there exists C' > 0 such that

(217) (e, V)llemzxmyynre(maxmz) < C{||(g1,92)HL2(L2)2 + ||(%0T,¢T)||ngH5}-

In order to deal with L2-regular boundary data, we present the next regularity
result. Taking into account the continuous embeddings H?(0,1) C C([0,1]) and
H*(0,1) C C3([0,1]), from Proposition we directly obtain:

PROPOSITION 2.5. There exists C' > 0 such that any (p,) solution of (2.16)
satisfies

(2.18)  |[Y2 (-, 0)llz2(0,1) + lP2za (- 0) |l 2(0,7) + |22 (-, 0) | 20, 1)
< {ll(g1: 92 + o ) 30 ey o) §-

2.3. Linear non-homogeneous system. We have to deal with boundary data
in the space L%(0, 7). Let us define what we mean by a solution of the linear control
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System
Ut + VUgzar + Uger + QUze = v + f1, (x,t) € (0,1) x (0,7T),
— Ty + Cvp = Uy + fo, (z,t) € (0,1) x (0,T),
(2.19) uw(0,t) = hy(t), wu(l,t) =0, te (0,7),
uz(0,t) = ha(t), wu.(1,£) =0, te (0,7T),
v(0,t) = h3(t), wv(l,t) =0, te (0,7),
u(z,0) = uo(x), v(z,0)=mwvo(x), xz € (0,1).

DEFINITION 2.6. Let ug € H~2(0,1), vo € H (0, 1) hl,hQ,hg € L*0,7T),
fr e LYW=, fy € LY(LY). A solution of the system is a couple (u,v) €
L?(0,T; L?(0,1))? such that for any g;, g2 € L?(0,T; L?(0, 1)),

(2.20)
/ / (t,z)g1(t, ) / / (t,2)g2(t, ) = (uo, p(0, %)) gr-2 2 +(vo, (0, 2)) -1 1

_7/ hl( )‘Px:cac(t 0 dt+”)// h2 @xaﬁ(t O dt-l-F/ hS %(f 0)

0
+ (f1(t, @), (t, ) L1 w11y, Loe (woey + (fa(t, @), (t, @) L1 (1), Lo (L)
where (¢, ) is the solution of
—pr + VYPzxrx + APy — Prax = _wz + 91,

=t — Dby — by = — 05 + g2,
(2.21) p(t,0) =0, (t,1) =0,

1/)(t,0) =0, 1/1(15, 1) =0,
o(T,z) =0, Y(T,x)=0.

REMARK 2.7. Asusual, (-, ) x y stands for the duality product between two spaces
X and Y.

Next theorem establishes existence and uniqueness of solutions of system (2.19)).

THEOREM 2.8. Let ug € H’Q(O, 1), Vo € H’l((), 1), hi,ho,hs € L2(0,T), and f; €
LY(W=b1Y) fo € LY(L'). Then, there exists a unique solution (u,v) € L?(0,T; L*(0,1))?
of system (2.19). Moreover (u,v) € C([0,T], H=2(0,1) x H=1(0,1)).

PRrOOF. The right-hand side of ([2.20)) defines a linear bounded functional

L(})y, : (91792> € LQ(OaTa L2<07 1))2 — L(})L(glaQQ) € Ra

and therefore, from the Riesz representation theorem, we obtain the existence and
uniqueness of a solution (u,v) € L?(0,T;L?(0,1))%. We can prove that Proposition

and all the above results on system ([2.16)) still hold if (g1, g2) € L*(0,T; H3(0,1) x
HJ(0,1)). Thus, the right hand side of (2.20) also defines a linear bounded functional

L) : (91,92) € L'(0,T; H3(0,1) x Hy(0,1)) — Lp(g1,92) € R,

which gives the extra regularity stated in the theorem.
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2.4. Nonlinear system.

THEOREM 2.9. There exists a positive real number r such that for any ug €
H=2(0,1), vo € H~%(0,1), h1,hy and hz € L?(0,T) satisfying
(2.22) [ (wo, vo)lE-2xrr-1(0,1) + [[(R1, B2, h3) || z20,1)s < 1,
the nonlinear equation (1.4)) has a unique solution (u,v) € L?(0,T; L*(0,1))2. More-
over (u,v) € C([0,T], H=2(0,1) x H~1(0,1)).

PROOF. Let us consider ug,vg, hi,he and hg satisfying (2.22)) for » > 0 to be
chosen later.

We define the following map
(2.23) I: (¢,m) € L*(0,T; L*(0,1))* — (u,v) € L*(0,T; L*(0,1))?

where (u,v) is the solution of

Ut + VUprar + Upze + QUge = Uy — Uy, (x,t) € (0,1) x (0,T),

Uy — DUgg + CU3 = Uy — M2, (x,t) € (0,1) x (0,7,
(2.24) u(0,t) = hi(t), wu(l,t) =0, te (0,7),

uz(0,8) = ha(t), wug(1l,t) =0, te(0,T),

v(0,t) = hs(t), wv(1,t) =0, te(0,7),

u(z,0) = up(z), v(z,0)=vo(z), z € (0,1).

Let us notice that (@,?) is a fixed point of this map II if and only if (@,?) is a
solution of our nonlinear control system (|1.4)).
From Theorem [2.8] and by using
1
16l w-1) < 3 Zacan)
and
||m2||L1(L1) = ||m|\2L2(L2)

we get

ITL(L, m)[12(L2y)2 < C(”“O”H*?(O,l) + [Jvollzr-1(0,1) + [[(R1, h2, ha)l 20,13
13 2y + I3 zs))-
For each R > 0, let us denote the ball of radius R and centered at the origin by
B0, R) = {(6,m) € L(0, T3 L2(0, 1) [(¢.m)]| 2222 < R).

We see that if 7 > 0 and R > 0 are chosen such that C'(r+2R?) < R, we obtain that
| p,ry C B(0, R). Let us verify that we can choose R such that II is a contraction.
Let (¢,m) and (£,7m) € L?(0,T; L?(0,1))%. The couple (a,9) = (TI(£,m) — II(¢,m)) is
the solution of



CONTROL OF A SYSTEM COUPLING KS-KDV AND HEAT EQUATIONS 65

Gy + Vligaze + Uaze + 0llgy = Op + e — Uy, (x,t) € (0,1) x (0,T),
O — Dlgy + Dy = Qg + m? — 12, (z,t) € (0,1) x (0,7,
a(0,t) =0, a(1,t) =0, te(0,7),
,(0,8) =0, dy(1,¢) =0, te(0,7),
8(0,8) =0, 9(1,¢) =0, te (0,7),
(x,0) =0, o(z,0)=0, z € (0,1).

From Theorem we get
ITI(, /) — TI(6,m)|| p2(g2) < c{||£zfm — |y + 2 — m2HL1(L1)}.
By using that
- 1 1 - _
164 — Ly || Lrqw-11) = §||Z2 — ey < LA PAT Lld PO

and
12 —m?|| 11y < i+ ml g2 7 — ml| e z2)

we obtain
1T ) = T1(¢, ) p2nz) < 2CR{INE = Clpaee + I = mll a2 |

and therefore the map II is a contraction if 2C'R < 1. By applying the Banach fixed
point theorem, we can conclude that IT has a unique fixed point which is the solution of
equation in L2(0,T; L?(0,1))%. Now, once we have (u,v) the solution of equation
(L.4), we see that (u,v) satisfies equation with source terms f; = —uu,, and
fo = —v?, which belong to L'(0,7;W~%1(0,1)) and L*(0,7; L*(0,1)) respectively.
We apply Thereom and we get the extra regularity (u,v) € C([0,T], H2(0,1) x
H=1(0,1)). O

3. Null controllability

3.1. Linear control system. In this section, we study the boundary control of
the linear system .

Let us take a well-posedness framework (Uy, Uz, Us, X1, X2,Y, Z) for this system.
By this we mean that given h; € U; for j =1,2,3, (f1,f2) € Y =Y1 x Ys, up € X3
and vg € Xo then there exists a unique (u,v) € Z = Z; X Z3 solution of equation
(12.19)).

This system is said to be null controllable if for any state ug € X7, vg € X5 and
for any (f1, f2) € Y1 x Ya, one can find controls hy € Uy, k = 1,2,3, such that the
solution (u,v) of satisfies u(T) = v(T) = 0. It is a well-known fact that by
duality, this null-controllability property is equivalent to the existence of a constant
C > 0 such that

B.1) e, )y + (0, 2)l1 x5 + [0, 2) [ x5 < C(lI(g1,92)]
+ [|0zaz(t,0)] Uy + |z (t,0)]

Z*

v + [1¥2(t,0)|lus)
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for every o € X5, ¢r € X3 and g € Z*, where * stands for dual space and (¢, 1) is
the solution of the adjoint linear system .

Inequality is called an observability inequality for system .

In this section we prove a Carleman estimate for system . Then, we use it in
order to prove the observability inequality within an appropriate well-posedness
framework. Thus, we get the null-controllability of system .

We shall use an abbreviated notation for the derivatives and integrals. We write,
for k integer, wy, instead of g%’j and [[ instead of fOT fol, avoiding the symbols dzdt
in the last case.

We take a function 8 € C?([0,1]) satisfying

(3.2) 0<6<dk—ﬁ() Vr € [0,1], for k=0,1
. \dxkx, X 9 ) ©) - )
and

d2
(3.3) 6(:c)<75<0, vz € [0,1],

da?
for some positive constant 9.
Carleman estimates for heat equation are well known (see [10] for example). We
recall a one-parameter estimate, which holds because we are in the one-dimensional
case, in the following theorem.
THEOREM 3.1. (See [10]). Let u(t,z) = ;%5 with 8 € C%([0, 1]) satisfying
and . There exist C' > 0 and sg > 0 such that

) s [[upe s s [ [ oo

T
< C(// |L1/J|2@*2s/‘ + 3/ |¢$(Ovt)|26725“(0’“dt)
0
for every s > so and ¢ € C°°([0,T] x [0,1]), where L) = 1)y — ['Ppy — cthy.

On the other hand, a Carleman estimate for the KS equation has been studied in
7.

THEOREM 3.2. (See [7]). Let n(t,z) = ;{72 with 8 € C*((0,1]) satisfying (3.2)
and (3.3]). There exist C' > 0 and A\g > 0 such that

(3.5)
)\7 //|<P|2€_2/\777’]7+)\5 //|<,Dz|2€_2’\"775+)\3//|9021|2€_2’\"773+)\//|<,03x\26_2)‘7’77

T
<cf [[1pepeman [ pn 0.0 210050, 0
0

T
+/\/ |<P:m(07t)IQe‘””(O’”nx(o,t)dt)
0

for every A > X\ and ¢ € C°°([0,T] x [0,1]), where Po = —@¢ + YPrzws + 0Pz —
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In order to get an estimate for system let us recall that, if (¢, 1) is a solution,
then Pp = —tp, + g1 and LY = —¢p, + go. We apply the Carleman estimates
and (with the same weight function and s = A) to the corresponding equation
in the system, and we add both estimates. Taking the parameter A large enough, the
integrals involving the coupling terms 1, and ¢, are absorbed by the left hand side
of the inequality. Hence we obtain the following result.

THEOREM 3.3. Let 3 and 7 be as in Theorem There exist C' > 0 and A\g > 0
such that

(3.6)

2 [[1oremmpen [[ e < o [[ial + P

L / (022 (0, £) P 200,30, £)de+ A / (0320, £) e 22000 (0, 1)d
0

T
+)\/ |1/)w(0,t)|26_23"(0’t)dt)
0

for every A > \g and g; € L*((0,T); L*(0,1)), j = 1,2, where (¢, ) is the solution of
equation ([2.16)).
We prove the following energy estimate for equation (2.16]).

LEMMA 3.4. If g1,92 € L?((0,7); L?(0,1)) and ¢, are the solutions of system

[£-16) then

1

61 =G | e i <C [ ot + vl e

1
< / (g5 + g3)dx
0

for every ¢ € [0, T].

PROOF. Multiplying the first and the second equations of system (2.16)) by ¢ and
1 respectively and integrating in (0,1) we obtain

(38) 50 / ()P + / (aalz, 1) Pdota / o (2, ), )

——/ wx(x,t)gp(x,t)dx—k/ p(z,t)g1(x, t)dx
0 0

and

(3.9)

1 1
-2 / (e t) P+ T / irlafde == [ (ot e [ vt (e s
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for each ¢ € [0,T]. Adding (3.8) and (3.9) and using that

2
a
~a [ aro <7 [lomal+ S [ 1ol
we get (3.7)). O

LEMMA 3.5. If g1,92 € L?((0,7); L?(0,1)) and ¢, are the solutions of system
1

2.16]), we define ®(t) = / (p(t)* + 9 (t)*)dx. Then,
0

L1
(310) (@l \c<||¢|22(g,35)+ | [ i+ yaaar).

PRrROOF. Let z € C°°(0,T") be such that z(¢t) = 1 for all ¢ € [0,7/2] and z(t) = 0
for all t € [37/4,T]. Multiplying (3.7) by z we obtain

1
(3.11) —fgmm<6k¢—%¢+2/(ﬁ+ﬂﬁﬂl
0

dt
For each t € [0,T] we apply Gronwall inequality in [¢,T]. Since z(T) = 0 we obtain

T
(3.12) A(D)(t) < C / h(s)ds
where h(t) = z(t)/ (g3 + g3)dz — Zt(t)/ (g5 + g3)da.

0 0
From (3.12)) we deduce ({3.10)). O

We introduce a weight function 7j(x,t) = 8(z)¢(t) where 8 € C*(]0,1]) satisfies
hypothesis (3.2)-(3.3)) and ¢ is defined by

4 .
= 1
——  if T/2<t<T
HT 1)

PROPOSITION 3.6. There exist Ao, C' > 0 such that for every A > \g the solution

(¢, ) of (2.16) satisfies

(3.13) //|1/)|2 —2M0 3 +/ [ (x,0) 2dm+/ l2e 257

/ lp(z,0)2de < / (1911 + |g2/*)e —2/\77_|_/ 022 (0, 1) 22210055 (0, £)3dt
T
/ ‘%I(O’t)|2672Aﬁ(0,t)ﬁz(0,t)dt+/ |¢z(0’t)|26728ﬁ(0,t)dt)
0 0

for every g1, g2 such that // e M (g? 4 ¢g2) < 00
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PROOF. From Lemma and the fact that e=2* > § > 0 for ¢ € [0,37/4] we

obtain
T/2
/( (2,0)” + t(z, 0)° dx+/ / 77 e~ (3, 1) dadt
T/2 ~
+/ / i2e M (z, t)2dzdt < (2, V) L= (0,7 /2;22(0,1))2
0 0
< O, )| Loe (12,37 /4;02(0,1))2 +

(3.14) (T/ / (0,1))

Cll(g1,92) || (0,37/4;L2(0,1))

3T/4
/ (z,t)? + b(x, t)%)dxdt

T/2

+C’/4 / e M (g? 4 g2)dxdt.
o Jo

On the other hand, we have 7j(z,t) = n(x,t) if t € [T/2,T] and 7j(z,t) < n(z,t) if
t € [0,T/2]. Using that 7(0,0)*e=2*1(0.0) = 0 for k¥ = 3,7 and Carleman estimate
(3.6) we deduce that

(3.15) / /W 2 +/ /w el // 0 + g2l
T/2 T/2

b [ 1m0 000+ [ 0,005, 0,
0
T ~
+/ |w$(0,t)|26_23"(°’t)dt).
0
Inequality (3.13)) is obtained from ([3.14)) and ( - g

We will assume an additional property of the weight function. We will ask the
function B(x) to satisfy

(3.16) max, Bx) < 2xren[5nl] B(x),

as well as, the stated conditions (3.2) and (3.3). Thus, we define

3.17 ‘= mi , =
o St T T

and we take r € R such that ro < r < 2r;. Through the rest of the paper we will
denote by p the function defined by

(3.18) p(t) = e T

for t € (0,T).
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PROPOSITION 3.7. There exists C' > 0 such that the solutions (¢, ) of (2.16)),
satisfy

(3.19)

T
. _2m
||(P%P¢)||L°<>(Hg)xLoc(Hg) < C(/ (\91|2+ |92|2)€ T—t +/ |¢w(t,0)|26 Tt dt
0
T 5, 2 5 T y _an )
[ et 0P B -y S [ gt o) B - )
0 0
for every g such that / |g\26_% < 0.

PROOF. Define ¢ = pp, ¥ = pyp. Notice that ¢, ¥ satisfy system with
o1 = ¥y = 0 and with the functions (pg1 — prp) and (pg2 — pr)) at the rlght—hand
side instead of g; and go, respectively. Thanks to Proposition we have

||(P<Pam/’)||L°°(H2)xL°°(H1 (”(Pglaﬂgz)HL?(L?) + ||(PtS07Pt1/’)||L2(L2))

We can easily check the existence of some positive constants C; and Cy such that

// 1pg; | <C//Igj|26’%,
//W 0//\so|2e A5 (T — 1) c//we =

and in the same manner
//W <c [[wpet.
Therefore, by using , we get - O

Inequality (3.19) directly implies an observability inequality like (3.1) in some
weighted spaces. In order to precise that, we introduce the following notations.

DEFINITION 3.8. Given T > 0 and a function 7 : (0,7) — RT, we denote

Li(n) == {f;/OT IF(O)2n(t) dt < oo}

L7 (n) := {f;/OT /01 |f (2, t)*n(t) daedt < oo}

endowed with their natural norms.

and

Taking into account the continuous embeddings Hg (0,1) < L>°(0,1) and H3(0,1) —
W120(0, 1), inequality (3.19)) gives us the observability (3.1)) in the spaces
Uy = L2 (ef) U = (eT t(T—t)), Us =L (eT t(T—t)3>,

27

X1 =H70,1), Xo=H'(0,1), Z=Lf(eT7)
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(3.20) Vi ={y;p 'y € L'(0,T;W~1(0,1))}

and
Yo ={y;p~'y € LN0,T; L'(0, 1))}
Thus, by duality we obtain the null controllability result in this functional frame-

work. Next proposition gives extra information on the decay of the controlled trajec-
tories, which will be useful later in dealing with the nonlinear equation.

PROPOSITION 3.9. For each fi; € Y1, fo € Ya, up € H~2(0,1), vo € H-1(0,1)
there exist controls h; € U; for j = 1,2,3, such that the solution (u,v) of system

lj belongs to L?, (e%)2 and satisfies
(T — t)2e7 (u,v) € C([0,T]; H2(0,1) x H~1(0,1)).
In particular, u(T") = v(T) = 0.

2r
PROOF. The existence of the solution (u,v) € L2,(eT-7)2 is a direct consequence

of the inequality and the controllability-observability duality.

On the other hand, let us define @ = (T — t)2e™7u, & = (T — t)2eT v, f; =
(T - t)Qe%fj for j = 1,2 and h; = (T — t)Qe%hj for j=1,2,3.

Then we have that h; € L?(0,T) and (i,9) satisfy

(3.21) it + Vilgwaa + liag + lage = s + f1 = 2(T — t)eT7u + r1eT7 0,
By — Dy + Uy = Gy + fo — 2(T — t)e%v +re™ .
By using that (u,v) € Lfm(e%)2 and that f; € Y; for j = 1,2, we obtain (recall
that 71 < re <r < 2rq)
(fi. f2) € L0, T;W11(0,1)) x L*(0,T; L*(0,1))
and that

T

—2(T — t)eT%u toreT Ty — 2(T — t)eT%v + et € L*(0,T; L*(0,1)).

Hence, by applying Theorem we obtain the desired result. O

3.2. Nonlinear control system. We shall prove the null controllability of the
nonlinear system. We will deduce that result from the null controllability of the linear
equation by using a local inversion theorem.

In order to obtain Theorem we apply the following result.

THEOREM 3.10. (see [1]) Let E and G be two Banach spaces and let A : B — G
satisfy A € C1(E;G). Assume that é € E, A(é) = g, and A'(é) : E — G is surjective.
Then, there exists 6 > 0 such that, for every g € G satistying ||lg — gll¢ < 4, there
exists some e € E solution of the equation A(e) = g.
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Let us define some appropriate spaces E,G and a map A whose surjectivity is
equivalent to the null controllability for the KS equation. We denote

Ll(u7 U) = Uy + YUzzzx + Upzy + AUz — Vg,

Lo(u,v) = vy — Twgy + cvp — uy.

Keeping in mind (3.20)) we define the spaces

E:= {(u,v) € Z : Li(u,v) € Y1, La(u,v) € Yo, and (T—t)ze%(u,v) € C(Hfszfl).}

and
G:=H%0,1) x Yy x H(0,1) x 5.
The map A is given by
A FEF— G,
(ua U) — (U(Oa ')7 Ll(u7 U) + Uy, rU(Oa ')a L2(“7 U) + UQ) .
We now prove that A is well-defined. First, we have to verify that uu, € Y7 for
each (u,v) € E.
We have
uu, €Y7 = e<TTt>qu € LY0,T;W=11(0,1))
e ™D \u|2 € LY0,T; LY(0,1))

= / / [ul?e ™D dadt < oco.

Therefore, as r < 2r; (see 3.16—3.17) and u € L2, (e G ), we see that (u,v) € E
implies uu, € Y.
In the same way, let us see that v2 € Y5 for each (u,v) € E. In fact,

T 1 . T 1 -
/ / o2 ™0 dadt < / / [v|?e T dxdt < oo
o Jo o Jo

and then v%e ™9 € L'(0,T; L'(0,1)) € L*(0, T; W=11(0, 1)), which means that v> €
Y.

Notice that each one of the maps (u,us) — %(uluQ)m € Y1, and (v1,v2) —
(v1v9) € Y3 is a bilinear continuous map and consequently A is a C! map.

As the functions (u,v) € E satistfy u(T) = v(T) = 0, the local surjectivity of A
around the origin is equivalent to the local null controllability of system . Thus,
by Theorem the proof of Theorem will be ended if we prove that the map
A’(0) is surjective.

PRrROPOSITION 3.11. The map A’(0) : E — G is surjective.

PROOF. It is easy to see that this map is given by

AN(0): E— G,
(u,v) —  (u(0,), Li(u,v),v(0,-), La(u,v)),
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and therefore its surjectivity is equivalent to the null controllability of the linearized
equation with source terms lying in Y; X Y5. This control property was proved in
Proposition [3.9] O
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