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Dynamics of a stochastic predator-prey model with
Beddington DeAngelis functional response

Hoang The Tuan?®, Nguyen Hai Dang® and Van Khu VuP

ABSTRACT. This paper is concerned with a stochastic predator-prey model with
Beddington DeAngelis functional response. The existence of the global solution
and the ultimate boundedness of moments of the solution are proved. Moreover,
we also estimate the average in time of the solution.

1. Introduction

In recent years, there have been many attempts to investigate stochastic eco-
models. For a systematic review, we refer to L. J. S. Allen [1]. In [3] and [9], authors
gave lower and upper growth rate of the solution to the stochastic Lotka-Volterra
model

(L.1) z(t) = diag(21(t), -, 2, (1)) ((b + Az (t))dt + Jx(t)dB(t)),

where z(t) = (ml(t),~-- ,xn(t))T,b = (bi)1xn, A = (@ij)nxn;0 = (04j)nxn. They also
estimated the average in time of the moment of the solution. Especially, the asymptotic
behavior of the classical predator-prey perturbed by white noise was studied more
detail in [4], [5] and [10].

On another direction, the deterministic predator-prey model with Beddington-
DeAngelis functional response

o Bt Cy(t)
) da(t) = x(t) (A — Ba(t) a+ Bz(t) +yy(t)

Ex(t)
W) == D+ o7 Ba(t) +yy(t) )t
have received many attention. Here, x(t) and y(¢) respectively represent the densities
of the prey and the predator at time t, while A is the intrinsic growth rate of the prey,
D is the mortality rate of the predator,C is the feeding parameter, E is the conver-
sion efficiency parameter, B and F are the intraspecies interference parameters, 3 is a

)dt
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food weighting factor, that correlates inversely with the prey density at which feeding
saturation occurs and « is a normalization coefficient that relates the densities of the
predator and prey to the environment in which they interact. All these parameters
are positive.

In [2], [6] and [7], a complete classification of the global dynamics of this model
was done . However, so far there seems no study on the stochastic predator-prey model
with Beddington-DeAngelis functional response. Suppose the functional response is
perturbed by white noise, then Equations (1.2) becomes a stochastic differential equa-
tions

(1.3)
_ Cy(t) ox(t)y(t)
dﬂﬂ_z“NA_Bﬂw—a+5dﬂ+7ﬁﬂwﬂ+a+5ﬂﬂ+7M0ﬂﬂw
ayt) = y(t) (~ D+ —— gy PO,

o+ Ba(t) +yy(t) o+ Ba(t) +yy(t)

where o and p are real constants. The goal of this paper is to prove that Equations
(1.3) have the following properties

(1) With probability 1, the solution with the initial value (z¢,y0) € R? will
remain in R%r.

(2) Every moment of the solution is ultimately bounded.

(3) The average in time of the total population density is lower and upper
bounded by positive constants, that is, there exist two positive constants
[ and L such that,

t t

I < liminf 1/ (z(s) +y(s))ds < limsup 1/ (z(s) +y(s))ds < L, as.
t—oo t Jg t—o00 0

These results reveals the important role that environmental noise plays in population

dynamics. In [11], the authors show that the predator or both species will be extinctive

in some cases. But, in this paper, the authors proved that a tiny amount of stochastic

noise can make both species survive.

The paper is organized as follows. The first section, authors introduce the stochas-
tic predator-prey model with Beddington-DeAngelis functional response. The section
2, we study the non-explosion of the solution to (1.3) and moment estimation. Sec-
tion 3 give a estimation for a growth rate of the solution and illustrate this result by
numerical solution. Moreover, we also estimate the average in time of z(t) + y(¢). In
section 4, we give some conclusions.

2. The non-explosion of the solution and moment estimation

Throughout this paper, we let (Q, F, {F;}i1>0,P) with the filtration {F;};>0 satis-
fying the usual conditions, i.e., it is increasing and right continuous while F{ contains
all P—null sets. Let B(t),t > 0 is a scalar Brownian motion defined on this probability
space. Denote by R? the set {(z,y) € R?,z > 0,y > 0}. Obviously, the coefficients of
Equations (1.3) are locally Lipschitz continuous but do not satisfy the linear growth
condition. However, we have
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THEOREM 2.1. For any given initial value (z(0),y(0)) € R2, there is a unique
solution x(t) to Equations (1.3) ont > 0 and this solution will remain in R3 almost
surely.

PROOF. Since the coefficients of Equations (1.3) are locally Lipschitz continuous,
for any given initial value (zo,y0) € R%, there is a unique local solution x(t) on
t €0, 7.), where 7, is the explosion time. The solution is global if 7, = co a.s.

For each k € N, we define the stopping time 7, = inf{t > 0, 2(t) Ay(t) < k! or z(t)V
y(t) > k} with convention inf @ = oco. 74 is increasing, so we put 7o, = klim 7%. Denote
de el

by V(z,y) the function z + y — lnx — lny. Obviously V(z,y) = 0 for all z > 0,y > 0.
By Ito formula,

_ B — Ba(t) — Cy(t)
4V (@(t). (1) =| (a(t) = 1) (A~ Br(t) — — 2 )
Ex(t) )
o+ Ba(t) + yy(t)
wwa + (pa(t)”
Q(a t) + vy (1))
(w(t) ) (t) + p(y(t) — D(t)
R DRSO R
It is easy to show that, there exist two constants K;, K such that (:r — 1) A—
Oy (epe B 2 and 7Y+ (pr(0)”
a+6x+7y)+(y D D+a+ﬁx+7y) < Ka(l+a), and 2(a + Bx(t) +yy(1)’
K, for all z > 0,y > 0. Thus, there exists K > 0 such that

Y
o+ B +yy
(oy(t)” + (pr(t)”

2(a+ Ba(t) +7y(t)”

Consequently, for any ¢ > 0, we have

(2.1) s

EV(z(t A1), y(t A1k)) =V (2(0),y(0)) + E/O [(az(s) -1) (A — Bx(s) — . ﬁfg;ﬁ P ))

Brlo) (o) + (e’
o+ B (s) +yy(s) 2(a+ Ba(s) + 'yy(s))

+ @t -1)(-D+

0'

)4 (-1 (~D+ —" )y

(:vfl)(Afof ot Bty

< Ki(z+1)+ Ky — ba® < KV(z,y) € R

+(y(s)—1) (- D+

<V(x(0)7y(0))+E/o " Kds = V(@(0), y(0)) + KE(t A ).

Suppose T, < oo with a positive probability. It implies the existence of two positive
constants € and 7" > 0 such that P{roc < T'} > 2¢. Hence, there is ko € N such that
P{r, < T} > e for any k > ko.

Put my = (k—Ink) A (k=1 + Ink), then my, — oo as k — oo and V(73) = my. By
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(2.1), mpe < mpP{r, < T} < EV(T A7) < KE(T A7) + V(2(0),y(0)) < KT +
V(x(0),y(0))Vk > ko. Let k — oo we get a contradiction co < KT + V(x(0), y(0)).
Hence, 7o, = oo with probability 1. The proof is complete. O

THEOREM 2.2. For any 0 > 0, there exists Ko > 0 such that for any given initial
value z(0) > 0,y(0) > 0, limsup E(z%(s) + y°(s)) < Kp.
t—o00

PRrROOF. By Lyapunov’s inequality IE|XT|% < E|Xp\% Y0 < r < p, it is sufficient
to prove the theorem for § > 2. Put V(x,y) = (Ex+ Cy+1)?. In view of Ito formula,
(2.2)

de"P1V (2(t), (1)) = P (LV (2(t),y(t) + 0DV (w(t), y(¢) ) dt

0—1(Eo + Cp)x(t)y(t) d

o+ Br(s) +yy(s) B(E).

+ 0Pt (Bx(t) + Cy(t) + 1)

where

6—1 (Eo + C’p)2x2y2)
2(Ex + Dy +1) (a+ Bz +y)2 /)
-1 (Eo + Cp)?x?y? o 0 —1(Eo+Cp)?

Note that <
2Bz +Cy+1) (a+ Bz +yy)? 2F 72
Therefore, M7 > 0 can be found such that for all z > 0,y > 0,

LV (z,y) = 0(Bz+Cy+1)7~! ((EAx—EBxQ—C’Dy)—F

xVxr > 0,y > 0.

0DV (z,y) + LV (x,y) =0(Ex + Cy + 1)1 ((E(A + D)z — EBz* + D)
(2.3) N -1 (Eo + Cp)2x2y2) o
2(Bx+Cy+1) (a+fz+yy)?/ =

Define the stopping times ¢, = inf{t : x(t) V y(t) > k},k € N. By virtue of (2.3),
taking expectations on both sides of (2.2) yields

M
EcPUNIV (@(t A i), y(t A i) < V(o yo) + g E(P —1)

Let k — oo, we get

PRV (a(1), 9(1)) < V(z0,50) + S (P~ 1),

or

EV(J)(t), y(t)) < V(.’Eo, yo)e—GDt + % _ e—GDt)

)

which implies
. M,y
limsup EV (z(t),y(t)) < —
t— o0 0D.
By combining this with the inequality =% +3? < (E=% + C~%)V(z,y), the proof
is complete. O

The following result is a direct corollary of this theorem.
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COROLLARY 2.1. Fquations (1.3) is stochastically ultimately bounded in the sense
that for any € > 0, there is a positive constant H = H (e) such that for any initial value
(2(0),y(0)) € RZ, the solution has the property that limsup P{x(t) + y(t) > H} < e.

t—o0

3. Pathwise estimation

In this section, we always denote by (z(t),y(t)) the solution to Equations (1.3)
with the initial value (2(0),y(0)) € R3. The following theorem give a estimation for
the growth rate of the solution.

THEOREM 3.1.

E E 2
Jimn sup z(t) + Cy(t) <( o+Cp)”
t—00 Int EB~?

PROOF. Let 0 < < D and put V(z,y) = Ex 4+ Cy. In view of Ito formula,
(3.1)

IV (@(t), y(1) =V (2(0), y(0)) + /O " (Ba(s)(A+0 — Bu(s)) = C(D ~ 0)y(s) ) ds
b s (Eo + Cp)z(s)y(s)
“ ) T ) P

¢ s (Bo + Cp)a(s)y(s)

07 o+t Ba(s) +y(s)
valued continuous local martigale vanishing at t = 0 with quadratic form

[P ((Eo + Cp)a(s)y(s))®
(M(t), M(1)) = / TRy RREwES

For each A\ > 0, it follows from the exponential martigale inequality that

Put M(t) =

dB(s). It is also known that M(t) is a real-

ds.

P{ sup M(t) — Ae ¥ (M(t), M(t)) > e

In k:} < k72
0<t<k A

By the Borel-Cantelli lemma, there exists an g C £ with P(Qg) = 1 such that for
any w € €, there exists a kg = ko(w) € N satisfying
0k
M(t) — N~ (M(t), M(t)) < % InkV0<t<kk> k.

On the other hand, for any 0 < ¢ < k,
2
L e¥((Eo+ Cp)z(s)y(s)) s
2
(a+ Ba(s) +y(s))

N

t 0s E 2
/ EEOP) 2 g)as,
0

e—@k
(M(1), M(1)) < / -

which results in

(3.2) M(t)</t P ABo +Cp)’ e
0

2 x (s)ds—l—TlnkVOgtSk‘,k;}ko.
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EB~?
It is easy to show that for A < m,
Eo + Cp)?
(3.3) Ky= sup Exz(A+60-Bx)—(D-0)y+ AMJCQ < 0.
(z,y)E€RZ v

Thus, from (3.1), (3.2) and (3.3) we have

t 0k
e“V@@LM@)gvmm%)+K&/e%@+frhwﬁogt<hk>kw
0

Consequently, for all k > kg and 0 < t < k,

k=) 1nk

V(@ (), y(t) < V(zo,yo)e " + 21— e %) +

0 A
Obviously, if k > kg and k — 1 < t < k, the following inequality holds
V(z(t),y(t —ot K K  Ink
@O®) e o Ky, Ky ¢

Int S n(k—1) 0
V(z(t).yt) _

Oln(k—1) ' XNln(k—1)

Let £ — oo, we get limsup ——————= < —. The required assertion follows from
t—o00 Int A
EB~?
letting 6 - 0,\ - ———. d
etting , (Fo - Cp)?

ExAMPLE 3.2. We illustrate the above results by the following example. Consider
(1.3) with A=1, B=2,C=1, D=1E=1F=2, a=f=v=1,0 =p=2.
This numerical solution is displayed in figure 1.

Ex(t) + Cy(t)

FIGURE 1. The graph of function 7
n

In the sequel, we estimate the average in time of x(t) + y(t).

1
THEOREM 3.3. There exists L > 0 such that lim sup n fot (z(s) +y(s))ds < La.s.
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PrOOF. Put V(z,y) = Ex + Cy. By Ito formula,

(3.4)
Vix(t),y(t)) — V(zo,yo) = +/O [Ex(s)(A — Ba(s)) — CDy(s)|ds + M(t)
t ((Eo + Cp)a(s)y(s))”
=-D V(x ))ds Ex(s)(A+ D — Bx(s € 5 ) ds
/ +/° ( L W (+ Ba(s) +7y(s)) )

+ M(t) — e(M(t), M(t)),

(Eo + Cp)a(s)y(s)

o+ fa(s) +yy(s)
vanishing at t = 0 with quadratic form

2
(B +Cp(s)y)*
2
(o + Ba(s) +7y(s))
It is easy to chose € sufficiently small such that

((Bo +Cpay)® _

where M (¢ fo dB(t) is a real-valued continuous local martigale

(M(t), M(t)) = /

BBt > < —er?¥(z,y) €RE,
(a+ B +y)
which implies
2
Eoc+C
(3.5) My = sup (Ea:(A +D— Ba)+ 6%)
()2 (ot Bz +7)

On the other hand, V(z,y) > 0V(z,y) € R3. Thus, it follows from (3.4) and (3.5)
that

(3.6) D/o V(z(s),y(s))ds < V(zo,yo) + Mat + M(t) — e(M(t), M(t)).

Applying the exponential martingale inequality [8, Theorem 7.4, p.44] yields,

Ink 1
IP’{ sup {M(t) — e(M(t), M(t))} > “} <
0<t<k € k
By Borel- Cantelli lemma, for almost all w, there exists a number kg = ko(w) such
that for all £ > kg and 0 < ¢ < k&,

M) — M (D), M (1) < P
which implies that for k — 1 <t <k
H(01(0) = e(a1(0), M) < o
As a result,
. 1 ) Ink
(3.7) limsup — (M (t) — e(M(t), M(t))) < lim

t—oo 1t k—oo (k— 1)e -
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1 M.
Combining (3.6) and (3.7) gets limsup — fot V(z(s),y(s))ds < 22 a.s. Thus
t—oo L D
1 t
lim sup 7/ (z(s) + y(s))ds < La.s,
t—o00 t 0
M-
where L = 2 The proof is complete. O

Dmin{E-1,C-1}"
1
THEOREM 3.4. There exists | > 0 such that litrginf n fot (z(s) +y(s))ds > la.s.

ProOOF. By Ito formula

—Inx(0) = t — Bzx(s) — Cy(s) s
. I z(t) — n2(0) /O (A= Bats) = e A=)
. _} t 0.2y2(5) ) t Uy(s) .
2/0 (o + Ba(s) —I—Wy(s))Qd +/0 (a+ Bz(s) +vy(s)) 45(e)
= [ 7y(s) is a continuous martigale vanishing at t =
M(t) = [, (aJrﬂx(s)Jr’yy(s))dB(s) t tigal hing at ¢ = 0

with quadratic form
o’y (s)
2
a+ Ba(s) +yy(s))

By the strong law of large numbers [8, Theorem 1.3.4, p.12],

ds < 02772t.

(M(1), M(1)) = / :

(3.9) lim MT(t) — 0a.s.

t—o0

On the other hand, it follows from Theorem (3.1) that
Inz(t) — Inx(0)

(3.10) lim sup < 0a.s.
t—o0 t
Combining (3.8), (3.9) and (3.10) yields
1/t 1 2,2
liminf = [ (Bx(s)+ Cy(s) + - 7y (s) 5)ds > A.
t=oo o o+ Bx(s) +yy(s) 2 (o + Ba(s) +yy(s))

Note that an H > 0 can be found such that
C’y N 1 0.2y2
a+ Bz +yy 2 (a+ Bz +y)

> < HyV (z,y) € R

1
Thus, lim inf . fg (Bxz(s) + Hy(s))ds > A with probability 1. This inequality results

in the required assertion. O
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4. Conclusion

Compare with Equations (1.1) which is studied in [3] and [9], Equations (1.3)
has more desired properties. It is due to the linear growth rate of the function
z(t)y(t)

a + B (t) + yy(t)
My such that

. Namely, while Mao et al [9] show that for § < 3, there exists

. IRVANSS n
lnnsup;/0 E[fo(t)] < MyVxy € RY,

t—o0 i—1
the solution to Equations (1.3) satisfies limsup E[z?(¢) + y%(¢)] < Ky V0 > 0, where
t—o00
Eax(t t
Ky is only dependent on 6. In addition, we show that limsupM

50 Int
(Eo + Cp)? Ind " 901»(75)1H
~— " instead of the estimation limsup —=4=L"""~
EB~2 t—r00 Int

1 1
Sam [3]. The estimation 0 < [ < htlgian I3 (x(s) + y(s))ds < hmsupg I (z(s) +
o t—o00

< 1 given by Du and

y(s))ds < L < coa.s. is also an interesting property.
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