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A COMPARISON OF THE METHOD OF BRACKETS WITH THE
METHOD OF NEGATIVE DIMENSION

KRISTINA VANDUSENA, IVAN GONZALEZB AND VICTOR H. MOLLC

ABSTRACT. Negative dimensional integration is a method of evaluating Feynman
diagrams. The method of brackets is an improvement on existing algorithms.
These methods are compared for the ”flying saucer” diagram.

1. INTRODUCTION

The goal of this work is to compare a variety of methods for the evaluation of a
definite integral, all being variations of the so-called method of negative dimension,
with an alternative presented in [5] under the name of method of brackets.
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FIGURE 1. The Feynman diagram for the flying saucer

These methods are compared in terms of efficiency of a single integral, the one
associated to the Feynman diagram of the flying saucer, shown in Figure 1.
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Feynman studied the interaction among elementary particles via his now famous
diagrams. The literature on this subject is immense. The reader will find [10, 11, 13,
18] good introductions to several parts of this topic.

From our point of view, a Feynman diagram is a graph with a collection of vertices
VY and two types of oriented edges: the first type is a semi-infinite edge ending at
a single vertex; the second type are finite edges connecting two vertices. These two
vertices need not be distinct, so loops are allowed. The semi-infinite edges are also
known as external edges and the other type are internal edges.

The example shown in Figure 1 has 3 vertices, 2 external edges and 4 internal ones.
The edges are oriented with a label assigned to them. The initial assignments of the six
edges is modified using the condition that, at each vertex, the sum of the assignments
is zero. This gives a new total of three parameters p, q1, ¢o.

The Feynman diagram represents the integral of the product of the propagators
over all R*, where the propagators are the reciprocals of the squares of the momenta
that are labeled on the internal edges of the diagram. The details may be found in
[16]. The integral becomes a function of the external parameter p and the remaining
propagators parameters qi, go run over all R*. The corresponding integral is

1
(1) = /d ad L@@ p’d @ —w)?
The following notation is used throughout: for a 4-vector ¢ = ¢* = (¢*, ¢%, ¢3, ¢*) € R*,
the symbol ¢? is the euclidean norm (¢*)? + (¢%)% + (¢®) + (¢*).

In order to illustrate the methods of integration discussed here, it is convenient to
extend the dimension of the variables g; from 4 to a complex-valued parameter D. A
second generalization is to introduce powers v; on the propagators. This yields the
integral

(1.2) Iss(7,D;p) = /dDQIquz

1
(a7)"[(g2 — p)?]*2(a3)"2 (a1 — g2)%]"
Notation. A variable with a multi-index notation, refers to the sum of the variable
with each individual summand as an index. Examples include

(1.3) Nig3 = N1 +n2+n3
Vigg = V1 +V2+vs.
All D-dimensional integrals over g; variables are calculated over RP. All integrals over

the z-parameters are calculated in one dimension, over the positive real numbers. All
contour integrals are calculated over a small circle containing the origin.

2. THE COMPUTATION OF GAUSSIAN INTEGRALS

A classical statement of elementary integration theory is that the function exp(—2?)
does not admit a primitive in the class of elementary function. In spite of this, the
complete integral can be evaluated as

(2.1) /00 e dr = F(%),

— 00
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where I'(1/2) = /m. Details on this classical formula appear in [4, Chapter 8]. A
simple scaling, with A > 0, gives

(2.2) /_OO e~ dy = L)

Al/2°

This result is now used to establish the formula

(2.3) / exp (—Ale—-~-—ANx§V) dri---dzy = i,
. (A7 An]|1/2

simply from the observation that

N N
(2.4) exp | — Z Azt | = H exp(—A;z7).

j=1 j=1
In the special case A; = A for 1 < i < N this yields
(2.5) / exp(—A(x3 + - +ay))dry ... day = M,

v (AN)72

which may be written as
(2.6) /RN exp(—Az?)dNz = I:L%VZ;V,

using the notation 22 = 22 +- - -+2%. The identity (2.6) is generalized to the situation
where the integrand contains a quadratic form by the formula

NG
2.7 exp(—ztAz)dVr = —2 .
(2.7) |, expl=ataa) ERTEILE

At this point, one makes an analytic continuation of the parameter D, initially in

N, to a complex-valued parameter D. Then (2.6) is written as

r(3)®

_A2\gD.,. _ \2

(2.8) /RD exp(—Az)d" x AD/z

3. THE SCHWINGER PARAMETRIZATION

The result presented next allows to convert powers of a real variable into an integral
containing exponentials. This Schwinger parametrization appears in the literature in
several forms.

The parametrization used in [1, 2, 15, 16] is given first.

Lemma 3.1. For A>0 and v € R,

1 1
3.1 — == " Lexp(—zA)dx.
(31) &= e enl(ad)

Proof. Start with the integral representation of the gamma function

(3.2) I'(v) = /OOO ' e dx



84 KRISTINA VANDUSEN, IVAN GONZALEZ AND VICTOR H. MOLL

and scale to produce
1 1

Il > v—1_—Azx
(3.3) T /0 ¥ e M dx, for A > 0.

The parametrization used in [9, 12] is given next.

Lemma 3.2. For A, v € R,
1 -1)*T(1 —
(3.4) YT M j{m”_l exp(—Az) dx.

21

Proof. Start with the representation of the gamma function using a Hankel type con-
tour

(3.5) I'v) = —% ‘%(—ac)”_le_“J dx.

2isin(mv)

Now use the identity

T

3.6 rv)rl—v) =

(36) ()P(1—v) =

and scale the integrand by x — Ax to obtain the result. O

The reader will find in [3] information for the type of contour used above. Observe

that, changing A to —A, gives the equivalent form
1 'l -
(3.7) YT (7”7{%”_1 exp(Ax) dz.

21
This is used in Section 6.

4. INTEGRATION OF THE INTERNAL VARIABLES
The Schwinger parametrization converts the integral in (1.2) into

4
1 d.]?l dJ?Q d.’133 dI4
4.1) I4(¥, D; )% (1 el et haied:] V1 2 08 b4
(4.1) Iys(7, Dsp) |=| )(2m) o 2y 1y m, LTl

x / dPq1dP g2 exp ([x147 + 22(q2 — p)* + 2305 + za(qr — ¢2)%]) -
R2D

The goal of this section is to describe a procedure to evaluate the integrals in the
g; variables, corresponding to the momenta on the loops. These will be referred as
the internal variables. This computation uses the result in (2.8).

Step 1. Compute the integral in ¢;. Completing the square leads to
(4.2)

2
T4q

216 + 22(q2 — p)> + 2365 + xa(qr — @2)° = (21 +24) (fh— 122 > +V
xr1 + T4

2
T4q2

= Tus (Ch - ) +V
T14




NEGATIVE DIMENSION VERSUS BRACKETS 85

(4.3) V = Tt s + 22(q2 — p)? + (23 + 24)5

2
T
[— 1 +$2+$3+$4] q% —2$2P'Q2+w2]?2~
1+ 2y
2

T
[—4 + 96234] G — 2x2p - g2 + x2p”
T14

(4.4)
Then (2.8) gives

(4.5) /D dPqr exp ([x165 + 22(q2 — p)? + 2365 + za(q1 — q2)?))
R

=——= _—xe'.
(:E1+1‘4)D/2 e

Step 2. Now integrate with respect to ga. As before, complete the square and write

2
(4.6) V=W (e+ ) +T
with
2 w2p?
4.7 W=—""2__—2y—a5— d T==22 2,
(4.7) e Tg — T3 — T4 AN W + Zop
This gives

(4.8) /w exp ([z14] + z2(q2 — p)* + 2305 + 24(q1 — ¢2)?]) dg1 dgz =
R

r (5) ZaD 2
D/2(_=i R +@2p
(w1 4+ 24)P/2 (50 — wa — 3 — x4)P/ T — T2 — T3 — Ty

With the notation introduced in (4.7), the expression above can be written as
1\2D 1\2D
r(3) o I (3) o7
((y + 24)W)D/2 (—wa(zg + 23) — w1 (22 + 23 + 4)) P/2
Introduce the notation

(4.9)

(410) F = (xll‘gl’g + X1T2x4 + 1‘2:63134)]72

U = xi1204 2123+ 2124 + T2y + T324.
Then (4.8) is written as
(4.11)

112D

r( F
2 RY 2 — o2 da dao — 2 o)
/Rw exp ([21¢F + w2(q2 — p)* + 2363 + ®a(q1 — ¢2)?]) dar dao e 7



86 KRISTINA VANDUSEN, IVAN GONZALEZ AND VICTOR H. MOLL

Definition 4.1. The polynomials F' and U are called the Symanzik polynomials
corresponding to the diagram appearing in Figure 1.

The final product of this section is that the integral in (1.2) has been reduced to:

4
(4.12) Iz, (7,Dip) = [[(-1)"T(1 - v)

Jj=1

1 j{dl‘l dﬂ?g d.’)33 d$4xl,1 V2x1/3 V4

—_— —S =z T
(2mi)4 Tl xo Ty Ty L 234

1_‘12D
(LG exp(F)

(_1)D/2 Ub/2 U
in terms of the Symanzik polynomials F' and U.

Note 4.2. The next five sections present different methods in the literature to evaluate
integrals associated to Feynman diagrams. The methods are used to evaluate the flying
saucer integral.

5. RICOTTA METHOD WITHOUT PARAMETRIZATION

This section presents the evaluation of

R 1
6.0 1,000 = [P0 dPe

(a1)" [(q2 = p)?1"2(a3)* (@1 — @2)°]"

where / is an abbreviation of / / . The method discussed here appears in [12].
RD JRD

In her thesis, the author discusses two approaches to this evaluation. In the first one,
discussed in this Section, there are some gaussian integrals appearing as intermediate
steps are evaluated directly. This method is referred to as Ricotta method without
parametrization. In the second approach, the author uses the Schwinger parameter-
ization as an intermediate step. This is discussed in Section 6 and is called Ricotta
method with parametrization.

Step 1. The binomial expressions [(g2 —p)?] 72 and [(q1 —2)?]~* are expanded using
the multinomial theorem. For n, m € N, recall the classical expansion

(5.2) (W1 £ -+ yom)" = | ;ﬂ (Z) .o

where oo = (a1, ..., ), Y =y1t - y%m, the sum runs over all multi-indices « with
|a| = @1 + -+ - 4+ @, = nand the binomial coefficient given by

63 (&)= e

In the case with three summands' and real exponent, the expansion (5.2) becomes

(5.4) (1 +y2+ys)" =T(1-v) Z Wy v
7l1! ng! 77,3!

ni,n2,n3
nitna+nzy=—v

LThis is the case appearing in the calculations discussed here.
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The sum can be written without restrictions on the indices by introducing the Kro-
necker delta

1 if x =
(5.5) Say = LY
’ 0 if x #y.

and then (5.4) becomes

ny no ns
- Y- Y27 Ys
(56) (Z/l +y2 + y3) Y= F(l - V) X Op +ng+ng,—v-
E : | 1 o 1+n2+ns,
n1mams ni: Ng: N3

In the expression (5.1) use the expansions
(5.7)
(g2 —p)*)™" (45 —2q2-p+p*) ™"

—1)"=2
= T(l-w) > (qi)"l@p~(h)"z(p2)"3(7).5m+n2+n3,—u2

1135 17-

n1 MM ni1nging.

(@ —a))™ = (d—2q ¢+¢)™
; (=1)"s
= F(l - V4) Z (q%)n4(2q1 : Q2)no (qg)nsm n4+ns+ne,—va

N4,N5,N6
in (5.1) to obtain
(5.8)

. B (_1)nz+n5 o\n
IfS(V, Dap) - P(l_VQ)F(]-_V4) . Zn nllng!ng!n4!n5!n6! p ) 35"741+n2+n3771’25n4+n5+n6171’4
1500316

x /dDQIdDQ2 (g7) ™17 (g3) 7T (2p - q2)™ (241 - 2)"™
Step 2. Derive first an identity for general integrals of the type

(5.9) / AP g1d” 4o () () (20 - 41) (20 - )" (241 - )

by using the associated gaussian
(5.10)

E= /dDQIdDQQ exp (—a1q] — a2q3 + a3(2p - 1) + aa(2p - g2) + a5(2q1 - g2))

with «a;, 1 < i < 5 are arbitrary parameters. The evaluation of (5.8) will employ this
identity.

Start by evaluating F using the method of completing squares detailed in Section
3. The result is

2 2 2
(5.11) E = nP(a1as — a2)"Pexp |:p2 <a1a4 + azal + 043044015)} '

ajas — o
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Now expand the equations (5.10) and (5.11) in powers of the parameters «; and
match corresponding coefficients to produce the identity

(5.12) /chnquz(q?)kl (@)"(2p- q1)"(2p - ¢2)" (2q1 - q2)*

o Z 7TD(71)k1+k22m3k1!k2!]€3!]€4!k5!r(1 + may + m5)(p2)m1+m2+m3 %
o milma!lmslmalms!

1) 1) Ok 0 2Oke m. ..
m1+m2+m3+m4+m5,—%D k1,mi1+m4Pks mo+myCks,2mo+m3zPky,2mi+m3zks,ma+2ms

The constraints given by the Kronecker deltas lead to the system of constraints

m1+my = ki
mo+my = ko
2mo +m3 = ks
2m1+ms = kg
ms+2ms = ks
(5.13) miy+ms+ms+mg+ms = —g.

The corresponding matrix is of rank 4 and the system is consistent only if the
conditions

(5.14) 2ko + ks + ks =—D and 2k + ks +ks=-D

are satisfied. These constraints will be imposed by including the Kronecker deltas
02y +ks+ks,—D AN Oop, + ks +ks,—p D the series giving the value of the integral /. Since
the rank is 4 there is a single choice for the free index m; and the value of the integral
is independent of which choice of index is made.

Choose mg as the free index, then impose the condition (5.14) and solve the system
to obtain

(5.15) S VA
mo 3(—ms + k3),
my $(msg + 2k — ks)
ms = g(—mz+ks).

Note that the Kronecker deltas 6k, my +mayOks,mas+maOks,2ma-+ms Oky,2m i1 +ms Oks,ms+2ms
appearing in (5.12) imply that the solutions mj;, j # 3, are integers. For instance, the
term Oy, 2m,+my iMPOSes k3 = 2mg + Mg, so that k3 = m3 mod 2 and this shows that
ms is an integer. The sign condition on these solutions are discussed below.
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With this information (5.12) becomes, with m3 written simply as m,

(5.16) /dD(th(h(Q%)kl (@) (2p- )" (2p - ¢2) (2q1 - g2)**

1
3 TP (—1) "R k2 2 e oy ey g s T (1 + kg — kg + Sks) (p2) 2o tha)
D(1—im+ 2ks)(1— tm + 2k)D(1 — 1 + Lks)

m
02k +katks,—D O2k1 +ks+ks,—D
L1+ 3m + kg — 5k3)T(1 +m)

In the previous sum one has to impose restrictions of the index m so that the vari-
ables my, ma, my, ms are non-negative. This requires m to range from max{0, —2ks+

ks} to min{ks, kq, ks5}.
Step 3 is to use (5.16) to evaluate (5.1)
1
(a1)" [(a2 = p)?1"2(a3)" (01 — q2)°]*

6a1) 10D = [ a0 de
that has been written in (5.8) as

(5.18)

Its(7, D;p) = T(1—wa)T(1=vs) Y

N1,eeyN

) /dD‘th(h (7)™ (g3) T (2p - g2)"2 (201 - g2)™0.

(_1)”24-”5

p2)n36n +ns+ns,—v 671 +ns+ng,—v.
nllng!ng!n4!n5!n6! ! 2 BRI 5 6
6

Comparing with (5.16) it follows that
(519) kl = -1 + N4, kg = —v3 +n1 + ng, kg = 0, k4 = N2, k5 = N5
and then (5.18) becomes

(5.20)

Ifs(lj,D;p) = Z
n1,...,ne m=max{0,2v3—2n16}
y F(l — V4)F(1 — v+ n4)F(1 — V3 + TLlG)F(l — V3 +nig + %’n5)

- 5T+ % - 500+ 5 - 5)

X 5"1237—V2 67l4567_V4 52”16 +n2s5,2v3 —D52n4+n5 2v1—D-

min{0,n2,n5} WDQm(_1)*V13+n12455 (p2) %n2+n31—x(1 — y2)

ning!ng!ng!m!T(1 — v3 + nyg + $m)

Now observe that ng, ns € N, so that min{0, na, ns} = 0. Therefore the inner sum
is trivial if 23 — 2n16 > 0. The only contribution comes from the case 2v3 — 2n16 < 0
and then only m = 0 contributes to the sum. In addition, the Kronecker deltas
appearing in the derivation of the identity require that %2 + 3 and %> £ % to be
integers. The conclusion is that nsy, ns and m must be of the same parity. Since the

only contribution is from m = 0, it follows that n, and ns must be even. Replacing
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(n2,ns) by (%, %) transforms the sum to one over all integers, not just even ones.

This is now written as

(5.21)
I;4(7,D;p) = Z 7P (p*)"#T(1 — o) (1 — va)D(1 — v1 + na)L(1 — v3 + nise)
Foi 2 n1!n21n3!n4!n5!n6!
ny...ng*
X (_1)_V1234_n35n13+2n2,*Vz§n4ﬁ+2n5,*l/46n1256,113_§57145,”1_%

where the star in the sum indicates that the constraint v3 — ni;g < 0 must be satisfied.

Step 4 is to use the constraint on the indices to write the sum in (5.21) with a minimal
number of them.

The constraints in (5.21) are

(5.22) ni+2ns+ng = —uy
ng+2ns +ng = —Uy

ny+ne+ns+ng = —%—&—Vg

ng +ns = —% + .

There are four constraints and six indices, therefore there will be two free indices
and at most (g) = 15 solutions. The first two equations in (5.22) show that the sets
{n1, n2, ng} and {n4, ns, ng} must contain a free index each. This lowers the total
number of solutions to at most 9. One of these examples is completely discussed below,

the remaining eight are evaluated in a similar form, so the details are omitted.

Case 1: ny and ny as free indices. Solving the system of constraints (5.22) in
terms of the free parameters gives

(5.23) neg = —D+uviza—m
ny = 2D —2vi34 — 12 +ny
ny = —% + v —ng
ng = D —2v1 —vs+ng.

Replacing in (5.21) gives

71—D(_1)2D+V134+nl (pQ)D*V1234]_"(]_ _ I/Q)F(]. _ 1/4)
nl'n4'F(1 + 2D — 21/134 — vy + nl)F(l + D — 21/1 — vy + n4)

(5.24) Su= Y

ni,ng*
L(1—v +n)l(1+ 2 — 150+ m)
F(l - D =+ V134 — nl)F(l — % + vy — TL4)7

where the star in the sum indicates that the constrain n; +n4 > —D + 211 + v3 + 4.

The expression for Sy4 given above depends on the parameters D, vy, vs, v3 and
vy, originally assumed integers.
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In order to write S14 in more compact form, introduce the notation
(525) p=-D+2v1+vs+uvy, n=1-v1, 2=1+2 — 113,
v3 =1+2D —2v134 —v2, Ya=1+D =211 —vy, v5 =1 —=D+vi34, V6 = 1-%4-1/1

to obtain

(5.26)  Syq = 7P (—1)2P s (p2) Pz (1 — py)T(1 — vy)

S (=)™ T (71 +na)l(y2 +n1)
Z Z n1!ng! (3 + 1)L (ya + na)D(ys — n1)C(v6 — na)

n1=0n4=p—n1

Note 5.1. In the special case p < 0, the lower limit of summation in the index n4
can be reduced to 0. Then the double series simplifies and one obtains

(5.27) Sy = 7P (—1)2P s (p2)Pr12aa (1 — 1y )T(1 — vy)

oo

(=D™T(y2 +m) = D(v1 +n4)
> ni!l(ys +n1)L(ys — n1) 2 ng!T (s + na)T (6 — na)”

n1:0 ’I’L4:0
Simplify these expressions using
-1)"T
(5.28) I'(a+n)=T(a)(a), and I'(a—n)= ((1))((1),
—a),

where (a), =a(a+1)---(a+n—1) is the Pochhammer symbol. The first series Sﬁ)
in (5.27) becomes

() = (12)n (1 =75)n
5.29 I ! 1
>:29) WS Tt 2 mit,
['(7y2) (72 1—75 )
p— — F 1 .
F(73)F(75)2 ' V3
Similarly, the second series Sﬁ) is
['(y1) v 11—
5.30 5(2) = ——— L F < —-1].
( ) " P(%)F(%)z ! Y4
Therefore

(5.31) Sy = 7P (—1)2PFvss(p2)Pr12aa (1 — 1y )I(1 — vy)

I'(72) I'(m) Y2 1= m 1=
* T(v3)I (7s) P(74)F('76)2F1 < V3 1) 21 < V4 1) '

In summary: the Ricotta method without parametrization gives 9 solutions of
the type given in (5.26). Under certain restriction on the parameter p, it is possible
that the terms in these sums could be products of two hypergeometric o F}-functions.
However, the results may not always allow simplification.
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6. RICOTTA METHOD WITH PARAMETRIZATION

This section presents a method to evaluate the integral

1
(gD) (g2 — p)H2(g3) 2 [(q1 — g2)?]"s’

(6.1) Iss(¥,D;p) = /dDQIdDQ2

which uses the Schwinger parametrization in the alternate form given in Lemma 3.2
as an initial step.

Step 1. Use the Schwinger parametrization

1 I'(l-v) y dz
(6.2) TS o j{x exp(zA) .

to rewrite (6.1) as

dry dra drs dza 0 4y b

4
3 1 )
(63) 157 Dip) = gy [T 0 —wy) p 2225 2m R et

=1

X /qulquz exp [21¢5 + 22(q2 — p)* + 2365 + za(qr — 2)°] -

Step 2. Evaluate the gaussian integral using the formula, discussed in Section 2,

N
_1)PL/2,;DL/2 F
(6.4) /qu1 ...dPqr exp < sz&) = ()W exp (U> )
i=1

where F, U are determined in Section 3. The result is

4
— 1 dl‘l dl‘g d.]?g d$4 Vi Vs s
(6.5) IfS(V, D;p) = - H 1 - yj) xilxigxigaxllx;lésxﬁ
(=1)P=" r
X W exp ﬁ .

Step 3a. Expand the exponentials in powers of x; and U to obtain

P —v)T'(1 —)l'(1 —v3)I'(1 —va) [ doy dxg dag day
(2mi)* T1 To XT3 T4

D(_1\D(,,2\n123
% § : ™ ( 1) (p) xn12+ylx3123+y2$313+V3$Z23+D4U_D/Q_”l%.

1
nilng!ng!
ni,n2,ng 1 2 3
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Step 3b. Expand the multinomial U to express the integral I¢,(7, D;p) in terms of
the parameters x;. This produces

(6.7)
I Dip) = Y DT )DL = )P 1) D1 = 1)1 = )
fs\0h 5 P) = ni!na!nglng!ns!ng!ny!ng!
1: M2 N3 M4 N5 N6 V7N
na-ng
X L % ﬁzl’ﬂr”lm%i%%‘r”2+”12347i f %x%-‘rnwss
211 T 211 To 211 T3 3
1 d334 4
x % T4 .t n236786n12345678,*D/2'
Step 4. Use the identity
1 dx
(6.8) i ?In = 0n,0

to evaluate the integrals involving x;. This gives

(6.9)

Ifb(ﬁvDap)

> 72 (=1)P(p*)™1= T (1 + nusers) (1 — v1)T (1 — o) (1 — v3)0(1 — 1)

nilng!nglng!ns!ng!ny!ng!
ny g

X 0 ) ] ]

12456, — vy “112347,— vy “N1358,—vg n23678,7u45”12345678,—D/2'

Step 5 is to solve the system of constraints to reduce the numbers of indices. This
system is

(6.10) ni+ng+nz+ng+ns+ngt+nyt+ng = f%D
ny+ng+ng+ns+ng = —11

ny+ng+nz3+nat+ny = —o

ny+ng+ns+ng = —U3

No2 +n3+ng+ny+ng = —y.

8
There are 5 equations with 8 indices, so there may be as many as (5> = 56 solutions.

It turns out that 20 choices of a set of three free indices do not lead to a solution. For
instance, choosing ni,ng,n3 as the free parameters, leads to a 5 x 5 system of rank 4.
Gaussian elimination on this system leads to the relation

(6.11) n1+ng +ng =D — 1234,

contradicting the fact that ny, no, ng are free variables.
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Take n1,n9,n4 to be the free variables. Solving the system of equations,

(6.12) nyg = D —viozq —ni2
nso= T T V4 — Ny
D
ne = 9 Via — N2
nr = —D+4uviza—ng
ng = D —wvi234 —n1o

The next step is to replace these values in (6.9) to get

(6.13)
Ifs(lj’D;p) = Z

n1,m2,Mn4

7P (=1)P (p?)P=1234 (1 — v1)T(1 — vo)T(1 — v3)T(1 — 1y)
77,1'77,2'7’?,4'F(1 + D — V1234 — nlg)F(l - D + V134 — ’fl4)
T (1= 322 4+ v1934)
X .
F(l—%+u4—n14)1"(1+%—u14—n2)1"(1—%+u12+n124)

This solution may be written as a product of three 5 F7 hypergeometric functions. Now
use Gauss’s formula for the o F} at 2z =1

abl\ _T(@I'(c—a-Db)
(6.14) 2F1< . 1) T T(c—al(c—b)

to arrive at the solution
7P (=1)P (p?)P=1234 (1 — v)I(1 — vo)T(1 — 1y)
F(]. + D — 1/1234)F (1 — % + 1/4) r (1 + % - 1/14)
T (1 — % + 1/1234) r (1 + % — V134) F(l —D + I/14)
F(l—D+V134>F(1—%—i—VQ)F(l—%—FVl)
Each of the 36 sets of free indices lead to the same solution when hypergeometric
identities are used, so there is a 36-fold degeneracy in the solutions for the flying saucer

diagram using the Ricotta method with Schwinger parametrization. The solutions are
classified in Tables 1 and 2

(6.15) I;4(¥,D;p) =
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ni, N2, N3 | N1,Ns5,N7 | N2,N5,M8 | N3, N7, N8
ni,N2,Ne | N2,N3,Ne | N2,Ne, N7 | N4, N5, N7
n1,N3,Ne | N2,M4,Ne | N02,MN6,708 | N4, Ne, Ti7
N1, Ny, N5 | N2,Nyg, N7 | N3, N4, N7 | Ny, N7, N8
ni1,MN4, N7 | N2, N5,MN6 | 103,174,108 | N5, N6, T8

TABLE 1. Sets of free indices leading to no solution

ni,N2,Ny | N1,N5,N6 | T02,N4,M5 | N3, N6, 17
ni, N2, N5 | N1,Ne, N7 | N2,M4,N8 | 103, N6, 18
ni, N2, N7 | N1, Ng,Ng | N2, N5,17 | N4, N5, g
ny,n2,ng | N1, N7, Ng | N2, N7,Ng | N4, N5, Ng
n1,N3,Nyg | N2,N3,M4 | 03,M4,M5 | N4, N6, T8
ni, N3, Ny | N2,N3,M5 | N3,M4,Ne | N5, N6, N7
ni, N4, Ne | N2,N3,MN7 | N3,MN5,MNe | N5, N7, 18
ni, Ng,Ng | N2,N3,Mg | N3,MN5,N7 | N, N7, N8
ni,n3,ns | ni,N3,Nng | N1,MNs5,Ng | N3, N5, Nng

TABLE 2. Sets of free indices leading to a solution

Step 6: Analytic continuation to positive values of D, vy, v, v3, and vy.

The solution contains poles coming from the gamma factors. This last step is neces-
sary to eliminate as many them as possible. The gamma functions for which analytic
continuation is necessary are determined by the values of D, vy, v, v3, and v4. Assum-
ing that 1y = 15 = v3 = v4 = 1, one can see that at least three gamma factors will
require continuation.

The formula for analytic continuation of a ratio of gamma factors, given as equation
2.33 in [1], is

n n
(6.16) P _ (o HL1 — B,

- D(8:) AT - )
The gamma function has poles at 0 and at negative integers, so estimating v; = vy =
v3 = vg = 1, one can see that at least the gamma factors I'(1 — 1), T'(1 — v»), and
I'(1 — vy) will require continuation. Further estimating that D = 4, one can see that
all gamma factors in the numerator will require continuation. These six factors must
be balanced by the six gamma factors of the denominator. The result is

7

P (p?)PvesaT (2 — )T (2 —10) T (£ — i) T (=2 + v14)
F(Z/l)F(VQ)F(V4)F (% — 1/1234) F (—%

(6.17) I;4(¥,D;p) =



96 KRISTINA VANDUSEN, IVAN GONZALEZ AND VICTOR H. MOLL

7. THE METHOD OF ANASTASIOU
In this method, one begins with the scaled version of the integral
dPq dP gy 1
ir® ire (a1)" (g2 — p)?]72(g3)[(q1 — g2)?]"
with the extra factors depending on the dimension D. The dependence on p is dropped
from the notation.

(71) I(Vl,VQ,V37V4) :/

Step 1: Use the Schwinger parametrization

(7.2) % = I‘(ly) /]R+ 2 Lexp(—zA)dx

given in (3.1) and then change the order of integration. This yields

(73) I V17V27V3al/4)

dDQl dD‘I2 2 2 2 2
Dx exp [ (r1g7 + 22(q2 — p)° + 13¢5 + x4(q1 — q2) )} )

Z71'2 Z7T2

where

o= ! [ sttt o o
L (v1)T(v2)T (v3)T (va) PRy a0 w3 1y

is a shorthand notation for the quantity which will appear on both sides of the equa-
tion in Step 4 below.

Step 2: Use the identity (2.8) to evaluate the gaussian of (7.3). Here F and U are
the Symanzik polynomials determined in Section 4:

(7.4) I(v1,v9,v3,14) = /@:c(;]l?)D exp (5) .

The next part of the process is to evaluate the integral I(vy,v2,v3,v4) in (7.3) in
two different forms and match corresponding results.

Step 3a: Expand the exponential of (7.4) and the resulting monomials. This is the
first method of evaluation of (7.3). One obtains the relation

(=PI (1 + nasers) (p?) P12
n1!n2!n3!n4!n5!n6!n7!n8!

(7.5) I(vi,ve,vs,v4) = /CDx

ny-

N12456 ,.112347 ,.N1358 ,. 723678
X D .
6n123456787—7x1 D) Z3 Ty

Step 3b: Expand the exponentials of (7.3) in powers of the propagators and rewrite
in terms of the original integral. This is the second method of evaluation.

(7.6)  I(vi,ve,v3,v4) :/591' Z

M-y

R e e
———=———=I(=my, —ma, —m3, —Mmy).
mllmg!m3!m4!
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Step 4: Equate the integrands of the two expressions for I(vq, 19, v3,v4) obtained in
Steps 3a and 3b. This gives

D 2\D—
(77) Z (_1) F(l + n45678)(p ) V12 5 b x;husaxgmauxglsssxzbzsms

ni!ns!ng!ng!ns!ng!nsIng! 712345678,
ni---nsg

may M2, M3 M4
_ Z B R
ml!m2!m3!m4!

mq---My

I(=my, —ma, —m3, —my).
This implies relations on the parameters m; and n,. For example, matching the power
of x; gives

(78) mi1 = N12456-

This condition is now imposed by putting an extra Kronecker delta on the sum of the
left-hand side and write

(7.9)
—1)P 2)D—v1234
Z (=1)PT(1 + nase7s) (p7) 5 o5 pasen s pnzsens
Ino!nelnign:=na«n-ng! n12345678,— 5 ~ 1112456,MM1
ni--ng N1:M2:M3: M4 M5 NEM7-Ng:

ma T3, T4
_ Z Lo "Ly "y

= — 'I(—ml,—mg,—mg,—m4).
mi!molmslmy!
4

mi-m

Continuing this procedure with xo, x3, 4 gives

(7.10)
D 2\D—
> (=DPT (1 + nasers) (p7) "> 5 5 5 5
5 -D 1245671 ©“N12347,1M2 Y 11358,7M3 ¥ 123678,14
nilnslnglng!nsing!nging! 712345678, 3 ’ ' ’ ’
. 17121 M31M4 105 116 117218

I(—my, —ma, —ms, —my)

mllmglm3!m4!

and this can be written as

(7.11)  I(—my, —mg, —m3, —my) =
> (=1L + nasers) (p?) 712
nl!ng!ng!n4!n5!n6!n7!n8!

0 Dd

12345678, 5 1012456,771

X mqlma!lmsglmy!
ny-—-ng
)

0 0

T12347,M2 % 1N1358,13 ¥ 123678,1M4 *

Step 5: Replace m; by —v; for i = 1 to 4 in order to obtain a new expression equivalent
to I(Vl, Vo, Vs, Z/4>.

(7.12)
(—1)DF(1 - Vl)F<1 — VQ)F(l — I/3>F(1 — 1/4)F(1 + n4567g)(p2)”123

I(vy,va,vs,v8) =

ni'!nalns!ng!ng!ng!ln,ng!
ni--ng

X 5”12345678»* L 6’”124567—1’1 5"1234%-”2 5”13537—7/3 5”236787—1/4 .
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This expression is valid for v; a negative integer.
Step 6: Solve the system of constraints to reduce the number of indices of the sum.

The constraints given by the Kronecker deltas are

n1+n2+n3+n4+n5+n6—|—n7+n8:—%D

ny+n2+ng+ns+neg=—1

(7.13) ny+ng +n3+ng+ny=—ry
ny+ng+ns+ng=—vs

ng + n3g + ng + Ny +ng = —uy.

8
There are 5 equations with 8 indices, so there may be as many as (5> = 56 solutions.

It turns out that 20 choices of a set of three free indices do not lead to a solution.
The remaining 36 sets all lead to the same solution when hypergeometric identities
are used. The solution is:

7P (—1)P (p?)P=12347(1 — v)D(1 — v2)[(1 — vy)
F(l + D — V1234)F (1 — % + V4> r (1 + % - V14)
F (1 — % —+ 1/1234) F (1 + % — 1/134) P(l — D —+ 1/14)
F(I—D+V134)F(1—%—FVg)F(l—%—i—Vl)

(7.14) 1=

There are 36 sets of free indices which lead to the solution, so there is a 36-fold de-
generacy in the solutions for the flying saucer diagram using the Anastasiou method.
The sets of free indices leading to the solution are listed in Table 2

Step 7: Analytic continuation to positive values of D, vy, v, v3, and vy.

This step is required in order to minimize the number of poles in the solution. The
gamma factors to be analytically continued is determined by the values of D, vy, s, v3,
and v4. In the special case 1 = v = v3 = vy = 1, one can see that at least three
gamma factors require continuation. This is true in general.

The formula for analytic continuation of a ratio of gamma factors, given as equation
2.33 in [1], is

(7.15) n£ ﬁﬂwn - 1:5:

i=1

The gamma function has poles at 0 and at negative integers, so estimating vy, = vy =
v3 = v4 = 1, one can see that at least the gamma factors I'(1 — 1), I'(1 — ), and
(1 — vy) will require continuation. Further estimating that D = 4, one can see that
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all gamma factors in the numerator will require continuation. These six factors must
be balanced by the six gamma factors of the denominator. The result is

(7.16) I;4(¥,D;p) =

7.rD(p2)D*l/12341"‘ (% — Vl) I (% — 1/2) T (% — 1/4) I (*% + 1/14)
D)L (v2)D(va)l (%9 — vi23a) T (=5 + v134) T
X P(—D + V1234)P(D — 1/134)

8. THE METHOD OF SUZUKI

This method begins with the integral

N 1
(8.1) meamzz/fmf@

(a7)" (g2 = p)*2 (43)" [(q1 — q2)?]"+
The discussion is adapted from [15, 16].

Step 1: Write the gaussian integral corresponding to the diagram, which takes the
form

N
(8.2) /queXp (Z x7A7> :

i=1

Here, A; is the propagator associated to the i*? internal line of the diagram.

For the flying saucer diagram, the gaussian integral is
(8.3) G= /dethqg exp [—x1¢7 — 32(q2 — p)* — w303 — xa(qr — q2)%)] -

Step 2a. The first method of evaluating I,(7, D;p) starts with the computation of
G using

(8.4) /dD - dPqp ex —ix»A» :ﬂ-%ex _F
. q1 qr €xp r 141 U% p U )

where F and U are the Symanzik polynomials determined in Section 4. This first
method to evaluate G gives

P F
(8.5) G= o exp <_U> .

Step 2b. Complete the method in Step 2a by expanding the exponential in (8.5) and
the resulting multinomials in powers of x1, x2, x3, and x4. This yields

6 c= 3y TEVRE)ET0- G i)
’ n1!n2!n3!n4!n5!n6!n7!n8!

My, ,N8

12456 112347 1.11358 ,.7123678
X Zq ) T3 Ly 5"1234567877%'
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Step 3. The second method of evaluating Iys(7, D;p) starts by expanding the expo-
nential of (8.3) in powers of the propagators.

The result is

(8.7) G= [ d°qd® Z wmmlxmz xg )
’ N 9 ml!m21m3!m4! ! 2 3 4
™My, My

x (a1)™ [(a2 = p)*]™ (@)™ [(a1 — 42)*] ™" .
Exchanging the order of the sum and the integral shows that the integral is (8.1) with
the powers of the propagators changed. The integral G can be rewritten as

—1)m1234
(8.8) G= Y Wz}"lx?%g‘%?‘[(—mb7m2,7m3, —Mma).
My, ,Mg

Step 4: Let m; = —v; for i = 1 to 4 and equate coefficients in the two expressions for
G. Solve for I = I(v1,v9,v3,14) to get

—1)PrP (p?)123T(1 — 1 )T(1 — 1)1 — v5)T(1 —
89 1= 3 CUPTPOAUEI0 - N0 - ) ) )
ni'na!ng!ng!ng!ng!ny!ng!

ni, - ,ng

x I (1 - 5 - TL123> 6”12456;71’1 67112347,*1’26711358,*V36"23678,*1/457112345678,—%'

This is the presolution.
Step 5: Solve the system of constraints to reduce the number of indices of the sum.

The constraints given by the Kronecker deltas are

n1+n2+n3+n4+n5+n6+n7+n8:fg

Ny +ng +ng +ns+neg = —11

(8.10) ny+nz+ng+ngt+nr=—r
ny +mn3 +ns +ng = —r3

no + N3 + ng + Ny +ng = —vy.

8
There are 5 equations with 8 indices, so there may be as many as (5) = 56 solutions.

It turns out that 20 choices of a set of three free indices do not lead to a solution.
The remaining 36 sets all lead to the same solution when hypergeometric identities
are used. The solution is:

7P (—1)P (p?)P=1234 (1 — v )T(1 — v2)[(1 — vy)
F(l + D — 1/1234)F (1 — % + 1/4) r (]. + % — 1/14)
T (1 — % + 1/1234) r (1 + % — I/134) F(l —D + I/14)
F(l—D+U134>F(1—%—i—VQ)F(l—%—FVl)

(8.11) I=
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There are 36 sets of free indices which lead to the solution, so there is a 36-fold de-
generacy in the solutions for the flying saucer diagram using the Anastasiou method.
The sets of free indices leading to the solution are listed in Tables 1 and 2

Step 7: Analytic continuation to positive values of D, vy, v, v3, and vy.

This step is required in order to minimize the number of poles in the solution. The
gamma factors to be analytically continued is determined by the values of D, vy, s, v3,
and v4. Assuming that 11 = vy = v3 = 14 = 1, one can see that at least three gamma
factors require continuation.

The formula for analytic continuation of a ratio of gamma factors, given as equation
2.33 in [1], is

L (07 S —ay 1 - ﬁl
(8.12) II FE&; 1 (Bimai) H T —a)

i=1

—

The gamma function has poles at 0 and at negative integers, so estimating vy, = vy =
v3 = vy = 1, one can see that at least the gamma factors T'(1 — v4), T'(1 — 1), and
I'(1 — vy) will require continuation. Further estimating that D = 4, one can see that
all gamma factors in the numerator will require continuation. These six factors must
be balanced by the six gamma factors of the denominator. The result is

5Dy = TP (S — ) D (5 ) U (5 — ) D (=5 +114)
(813) Ifs( ,D,p) - F(V1>F(V2)F<l/4)r (% — V1234) T (_% T 1/134) F(D _ V14)
+

x I'(=D

9. THE METHOD OF BRACKETS
dPq dP gy 1
in ins (a7)" (a2 —p)?]"2(63) (a1 — q2)?]
Step 1: Use the Schwinger parametrization

(9.1) % = ﬁ /dm -x¥ " Lexp(—zA)

Start with I = /

to parametrize the integral.

After parametrization, the integral is

1 v 1 _v 1 _ v 1 v 1
2) I = dxidxodrsd. R I P I
(9.2) F(Vl)F(V2>F(V3)F(V4)/ rrdrodrsdrsxc] ™ xy?  wy T xy

y / dPq1dP g

T D exp (—»Tlfﬁ — x2(q2 — p)2 - x3q§ - $4(Q1 - 612)2)
(im=)?
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Step 2: Integrate over the loop momenta using

dPq, ---dPqy, N (-1)%" F
1T 2 i=1

The result is

(9.4)

1 1 F
I = drodxad vi—1_vo—1_wv3—1_v4—1_ =~ T
r(unr(uz)r(ug)rm)/ O A A

where F' and U are the Symanzik polynomials determined in Section 4.

Step 3a: Factor F' and U so as to reduce the number of indices that will be needed in
the expansion of the exponential (if possible). The best method is to look for repeated
multinomials. The reader can find more details in [6].

The first step in factoring F is to notice that all terms have a common factor of zop?.
The remaining factor x1x3 + r3x4 4+ 124 is found as a summand in U, so the first step
in factoring U is to write it as a sum of x1x3 + x3x4 + x124 and what is left. Then
these terms are factored, noting that x; + x4 may appear in both.

F = (212023 + 210224 + Tox324) P

(9.5) = wop® [w3(x1 + 24) + 2124] -
. U =2x120 4+ 2123 + 2124 + ToZy + 23214
= [x3(x1 + 24) + T124) + 22(21 + 24).

Step 3b: Expand the exponential and resulting multinomials in steps by using the
binomial formula, so that repeated multinomials, which appear in subsequent expan-
sions, are factored last.

First, replace F' and U by their factored versions, then expand the exponential.

1
) I = drdrodrad vi—1,_ve—1_v3—1_v4—1
(9 6) F(V1)P(U2)F(y3)]_"(y4) / T1AT24T30AT4T To M Ty X

—1)™ 2\n1 N n
> %5’321 [23(21 + 24) + 212]"
1-

_D_
X [[xg(l‘l + $4) + $1$4] + 1‘2(.’131 + 1‘4)} 27"
Begin expansion of the multinomials. In each step, select terms to expand which

contain other multinomials of the product as a summand. In the first step, since
[x3(x1 + x4) + xz124] appears in the product by itself and as a summand of
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[x3(x1 + 24) + z124] + 22(21 + 24), the latter is expanded first.

1 v1i—1 vo—1 wva—1 wvsi—1
97 I = d d d d 1 2 V3 ”
( ) F(Vl)F(VQ)F(Vg)F(V4)/ T1AT2AT3AT4T Ty' x5 Ty
—1)™ 2 ni 1+ .
X Z ( ) E,}L’) ')n 'n(' n23)1'g‘13 [1'3(x1 _|_1;4) + $1I4] 12 (1,1 4 x4)n3
1-M2:13:
ni,n2,n3
X Oy~ 2

Next, expand x3(x1 + x4) + 124, noticing that the multinomial z; 4+ x4 appears in
the product and will be expanded later.
1
98) I= /dx drodrsdrga kel tyla !
R O S A N M

(_1)n1(p2)nlr(1+n23)r(1+n45) ns ,.,ni13 ,.,n4 .., N5 ns
X Z nilnalnglng!ng! Py et (v 4 )

—

X 0

nizz,— 2 67112 —n45,0°
Finally, the remaining multinomial x; + x4 is expanded and the x-integrals separated.

(99) = Z (—1)711 (pQ)nl]_—‘(]_ —+ ’Ing)F(]. + 77,45)F(1 + TL67) / dil?l 1.717/564'”1—1
Ny nllnglng!n4!n5!n6!n7! F(Vl)

de nis+ _1/ d(Eg Nyt _1/ d(E4 1
X €T 13TV2 T 4TV3 x"57+l’4
/F(V2) 2 L(vg)"? IO

X 5n123,—% 77/12—"45706"34_”6770

Step 4: Write the integrals in terms of brackets using (o) = [dz - z®~!, and write
any Kronecker deltas in terms of brackets using the identity

(=D%(a = 5)

. " TP =)

where w is an arbitrary value chosen so that some of the gamma factors in the numer-
ator cancel.

Replacing each integral and Kronecker delta by an expression in terms of brackets
gives

T (=1)™ (p*)™ T (1 + 193)T (1 + n45) (1 + ngr)

W nylnanglngns!ng!ng T (v )T (v2) T (v3)T(v4)

(9.11) I=

<n5 + ng + I/1>

X <Tl1 + n3 + l/2><’rl4 + I/3><’/l5 “+n7 + I/4>

y (=1)"22 (ny +no +ng + 2) (=1)™5 (ng 4+ ng — ng — ns) (—1)™7 (nz 4+ ny — ng — ny)

I'(1 4 n93)I'(—nas3) I'(1 4 n45)T'(—n4s) (1 + ng7)I'(—ne7)

Step 5a: Find the values of nf,n3, - ,n% and | det A|, where the starred indices are
the values that make the system of brackets vanish and A is the matrix of coefficients
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of the brackets.

The brackets vanish when

ns + ng = —1
n1+n3:7u2
Ng = —l3
(9.12) sy =
D
n1+n2+n3:—§
ni+ng—ng—ns5 =0
ng +mng —ng —ny =0,
so the matrix A of coefficients of the brackets is
0 00 O 1 1 0
1 01 0 0 0 0
0 0 0 1 0 0 0
(9.13) A=1/0 0 0 O 1 0 1
1 11 0 0 0 0
1 10 -1 -1 O 0
0 01 1 0o -1 -1
and |det A| = 1.

There are 7 equations and 7 indices, so there will be no free index, which allows only
one solution. The values are

nT:D—Vl—VQ—Vg—V4

nSZ_E—f—Vg
ny=—-D+uvi+vs+uy
nZ:—Vg

(9.14) H
n%z;—yl—m
n3:75+1/4
. D

Step 5b: Evaluate the brackets using the formula

f(mi---mj)

(915) Y Greedrf(ma-emp) A Ay =

()™

where the A; represent each of the k brackets, and ¢; = '
mj.
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The result is

(P)" T (=n})T(=n3)D(=ng)(=n) L (=ng)D (—ng)l (—nf)
D (01 ) T (v2) T (v) D () D (— 3 — n3)D(—nj — n3)D(—n — n3)
Substituting the values of the starred indices gives the final solution.
()P0 (B =) D (B =02) D (B =) (-8 + 1)

F(Vl)F(I/Q)F(V4)P (% — 1/1234) T (—% + V134) F(D — V14)
X F(*D + 1/1234)F(D — 1/134).

(9.16) I=

(9.17) I=

Step 6: Analytic continuation to positive values of D, vy, v, v3, and vy.

Assuming that v; = 1o = v3 = 4 = 1, it is not obvious that any of the gamma factors
will require analytic continuation.

10. CONCLUSIONS

Ricotta, in [12], gave several methods for evaluating Feynman diagrams using negative
dimensional integration. The first method, in Section 5, is referred to here as the Ri-
cotta method without parametrization. It uses the multinomial formula (5.2) to write
the integrand as a polynomial, and derives an identity to evaluate the terms. This
method gives 9 solutions, each of which is a double sum. Because of the constraints
on the indices, it is not obvious that any of the series may be written in closed form;
however, under certain conditions on the parameters, they may be written as a prod-
uct of hypergeometric functions and simplified.

The second method, in Section 6, is referred to here as the Ricotta method with
parametrization, and uses the Schwinger parametrization. The Schwinger parametriza-
tion introduces a new parameter for each of the internal segments of the diagram.
Introducing new parameters allows the integral over the loop momentum ¢ to become
a gaussian, which is easily evaluated, leaving integrals over each of the Schwinger pa-
rameters. For this method, there are 56 choices for a set of free indices. 20 of these
lead to no solution and 36 choices lead to triple hypergeometric series which may be
determined by using the Gauss summation formula. Each of these 36 choices lead
to the same solution, and analytic continuation of at least three gamma factors is
required to obtain the final result.

C. Anastasiou, E. Glover, and C. Oleari, in [1, 2], evaluated the integrals two ways and
equated the results, beginning with the integral associated to the Feynman diagram
and using the Schwinger parametrization. This method, in Section 7, is referred to
here as the Anastasiou method. This method gives the same solutions as the Ricotta
method with parametrization.

Instead of beginning with the integral associated to the Feynman diagram, Suzuki
and Schmidt began with an associated gaussian. This is the same gaussian obtained
by Schwinger parametrization of the integral for the diagram. They changed the
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algorithm somewhat in that they did not evaluate the integrals over the Schwinger
parameters, but instead found two ways to evaluate the integral, equating the results
to find the solution. This method, in Section 8, is referred to here as the Suzuki
method, and finds the same solutions as in the previous two methods.

Suzuki and Schmidt gave many examples using negative dimensional integration.
Among them, they found that negative dimensional integration not only gives the
solutions that were able to be calculated using other methods, but that new solutions
were simultaneously obtained. These new solutions are analytic continuations of the
other solutions, which are convergent in other regions (which depend on external mo-
mentum and mass).

I. Gonzalez and 1. Schmidt, in [6, 7, 8], further developed negative dimensional inte-
gration with the method of brackets algorithm. The method of brackets adds the step
of the factorization of F' and U when possible, which greatly reduces the number of
free indices in the solution for more complicated diagrams (here, 36 solutions were re-
duced to one). The formulas used for the Schwinger parametrization and the analysis
of brackets further simplify the calculations involved to determine the final solution,
because the Schwinger parametrization leaves factors of I'(v;), which is analytic for
positive v;, in the result rather than factors of I'(1 — ;), which require continuation,
and the expression for d, g allows one to choose gamma factors that cancel with ex-
isting gamma factors, further simplifying the result.

The method of brackets is an improvement upon the earlier methods of negative di-
mensional integration. In this example of the flying saucer diagram, the method of
brackets gives the same solution as the other methods, and does so without requiring
the extra step of analytic continuation. With the factorization of F' and U before the
expansion into powers of the x parameters, the number of free indices can be greatly
reduced. This yields solutions which are sums over fewer indices, which are more likely
to be a special type of hypergeometric series, such as an Appell function, for which
convergence properties are known. The reader will find more examples in [17].

In this work the one diagram was evaluated considering the two loops simultane-
ously. The only purpose of the work discussed here was to compare the methods
existing in the literature. On the other hand, this diagram belongs to a family that
can be evaluated loop by loop in a recursive manner. This produces the solution in a
direct and simple manner. The reader can verify this using the strategies described in
[14].
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