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The quasi-Hadamard product of certain subclasses of p-valent
functions with negative coefficients

Serap Bulut® and Pranay GoswamiP

ABSTRACT. The authors establishes certain results concerning the quasi-Hadamard
product of certain analytic and p-valent functions with negative coefficients in the

open unit disc.

1. Introduction

Throughout the paper, let the functions of the form

(1.1) f(z) = apz? — Zap+kzp+k (ap > 0; aptr = 0),
k=1
(oo}

(1.2) fi(2) = ap2P — Zap+k7izp+k (api > 0; aptr,i =0),
k=1

(1.3) g(z) = bpzP — Z byt TE (bp > 0; bprr = 0),
k=1

and

(1.4) gj(z) = bp’jzp — pr+k’jzp+k (bp’j > 05 bpyk,j = 0),
k=1

where p,i,7 € N={1,2,...}, be analytic and p-valent in the open unit disc

U={zeC:|z| <1}.
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Let S;; (a, B, A) denote the class of functions f of the form (1.1) and satisfying

zf'(2)
2y P
(1.5) e
e +p—A(a+1)

forsome o (0 < a<1),8(0<5<1),A(0<A<p)and for all z€ U.

Also let C;; (a, 3, A) denote the class of functions of the form (1.1) such that %zf’ €
S, (a, B, A).

We note that when a, = a = 8 = 1, the classes S; (1,1,\) = T*(p,\) and
C; (1,1,A) = C(p,A) are studied by Owa [12]. When p = 1 and A = 0, the classes
St (0, 8,0) = Sp (o, B) and Ci (v, 8,0) = Cp (a, B) are studied by Owa [11] and Aouf
[2].

Also, the class S, («, 8, ) consists of functions of the form

f(2) =27+ appp”t*
k=1

and satisfying the condition (1.5) was studied by Owa and Aouf [13].

Using similar arguments as given by Owa [12], Aouf et al. [1] gave the following
analogous results for functions in the classes S (o, 3, A) and Cj; (a, B, A).

A function f defined by (1.1) belongs to the class S (a, 3, A) if and only if

oo

(1.6) DU+ aB) +8(1+a)(p—N}apr] <B(L+a)(p—Na,
k=1

and f defined by (1.1) belongs to the class C; (a, 8, A) if and only if

a0 Y [(EE) a8+ 50+ @) - M| <50 +0) 0= N

k=1
The quasi-Hadamard product of two or more functions has recently been defined
and used by Kumar ([7], [8] and [9]), Aouf et al. [1], Hossen [6], Darwish [3], Sekine
[14] and Goyal and Goswami [5].
Accordingly, the quasi-Hadamard product of two functions f and g is defined by

oo

(1.8) f*9(2) = apbyz’ — Z ap+kbp+kzp+k-
k=1

Similarly, we can define the quasi-Hadamard product of more than two functions.
Let 9, (2) be a fixed function of the form

oo

(1.9) Yy (2) = ap2? — Zcp+kzp+k (ap > 05 cppk = cpy1 > 0; k> 1).
k=1

For p = 1, we have the function ¢; (z) =% (z) defined by Frasin and Aouf [4].
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Using the function defined by (1.9), we now define the following new classes.

DEFINITION 1.1. A function f € MY (¢pir,0) (cprn = cpy1 > 0; k > 1) if and
only if
oo

(1.10) Zcp+kap+k < day,
k=1

where § > 0.

DEFINITION 1.2. A function f € N (¢p+r:0) (Cpir = ¢pr1 > 0; k> 1) if and

only if

(1.11) Z (p) Cptkptk < 0ap,
k=1 p

where § > 0.

Also, we introduce the following class of analytic functions which plays an impor-

tant role in the discussion that follows.

DEFINITION 1.3. A function f € Bf/)p (Cptk,0) (Cpyk = cpp1 > 0; k> 1) if and
only if

oo p—i—k l
(1.12) Z (p) Cptklprk < Oap,

k=1

where § > 0 and [ is any fixed nonnegative real number.

It is easy to check that various subclasses of analytic and multivalent functions
can be represented as pr (cp+k, 0) for suitable choices of p, cpyk, d and [ studied by
various authors. For example:
1) @) By, (kA +aB)+B1+a)(p—N}, B(1+a)(p—A) =S, (e,5,)) (Aouf
et al. [1]);
(i1) BY, ((%) {k(1+aB)+B(1+a)(p— N}, B(1+a)(p—N)=C;(a,80) (Aouf
et al. [1]);
(iii) BL, ({k (1+aB) + B(1+a) (b= N}, B(L+0a) (p— ) = S5y (0, 4,A)  (Aouf
et al. [1]);
(2) (5) BY, ({k+B(L+a(k+1)}, B(1+0a) =S (@ 8) (Owa [11]);
(id) BO (D U+ +alh e D)), 50+0) =G ) Ova i1
(iii) B ({k+6 1+a(k+ 1))}, B(1+a)) =8 (a,8) (Aouf [2]);
(3) (1) B (k +1-— a) = 8T, («) (Silverman [15]);
(44) BO ((k+1) (k +1—-0a),1—a)=Co(a) (Silverman [15]);
(4i1) Bl k1o, 1—a)=8(a) (Kumar [9]).
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(4) (1) By, {1 =B) (k+1) —af}, B(1—-a)) =8;(a;f) (Owa [10]).
(i ) ((’f +D{A =) (k+1)—af}, B(1 —a)) =C5 (o, f) (Darwish [3]).
(i) By, {(1 =) (k+1) —af}, B(1 —a)) =5/ (o, f) (Darwish [3]).

(5) B (ch, J) = Bﬁp (c1+k,0) (Frasin and Aouf [4]).

Evidently, Bip (cptk;0) = ng (cp+k,9) and, for [ = 0, Bg,p (cp+k,0) is identical
to My, (cpir,d). Further, B, (cpir, ) C B (cpir,d) if I > h > 0, the containment
being proper. Whence, for any positive integer [, we have the inclusion relation

Biﬂp (cptk:6) C sz;l (cptr,0) C - C Bip (cp+r;0) C N:Z,, (cptr,0) C M?pp (Cptk:6) -

We note that for every nonnegative real number [, the class bep (cptk,0) is

nonempty as the functions of the form

o0

d .
f(2) =ape? = >0 — T (e D),
k=1 (M> Cp+k
where a, > 0, Apyr = 0 and Y 7o A\ppx < 1, satisfy the inequality (1.12).

In this work, we establish certain results concerning the quasi-Hadamard product
of functions belonging to the classes be,, (Cptks9), M?pp (cp+k,0) and ng (Cptks9).
2. The main theorem

THEOREM 2.1. Let the functions f; defined by (1.2) be in the class ng (Cp+k, )
for every i = 1,2,...,r; and let the functions g; defined by (1.4) be in the class
M?bp (Cptk,0) for every j =1,2,...,s. If cpyr = (p+k> 0, then the quasi-Hadamard
product fy x fo % fr. % gy % go k- % gs(2) belongs to the class Bi:fs ! (Cptks9) .

PROOF. We denote the quasi-Hadamard product fy* fox- - fr g1 xgax---*gs(2)
by the function h(z), for the sake of convenience.
Clearly,

21) k()= [Tawi [T 0wa ¢ 27 = D0 § TT aprni [T bpswa ¢ 2775
i=1 j=1 k=1 | i=1 j=1

To prove the theorem, we need to show that

00 p+ k 2r+s—1 T s T s
(22) > () ik [T awsni [T 0wens o | <3 T []00s
=1 j=1 1=1 Jj=1

k=1 p

Since f; € ng (Cptk,0), we have

(2.3) > <pp) Cptklpth,i < Oap;
k=1
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for every i = 1,2,...,r. Therefore
0
Apiki < Wam
P p+k
for every i = 1,2,...,r. The right side of the above inequality is not greater than
-2
(%) ap,i- Hence
-2
p+k
(24) Ap4k,i < (p) Qp, i,

for every i = 1,2,...,r. Similarly, for g; € M?/,p (cp+k,0), we have

(2.5) > corrbprng < Sby,
k=1
for every j =1,2,...,s. Hence we obtain
-1
p+k
(2.6) bptk,j < <p> bp.j»

for every j =1,2,...,s.
Using (2.4) for i = 1,2,...,r, (2.6) for j =1,2,...,s — 1 and (2.5) for j = s, we

get
oo [ 2r+s—1 T s
p+k
> <> ik & [ [ awrri [] bosn.s
k=1 | p i=1 j=1
o [ 2r+s—1 —2r —(s—1) r s—1
p+k p+k p+k
< Z <> Cp+kbptk,s { ( H Ap,i bp.j
k=1 | p p p i=1 j=1
0o T s—1
= (Setene]) (o T
k=1 i=1 j=1
I S
<90 Hap,i H bp.j ¢
i=1 j=1
and therefore h € Bi’:“s*l (¢p+k,0), completing the proof of the theorem. O

We note that the required estimate can be also obtained by using (2.4) for ¢ =
1,2,...,7—1,(2.6) for j =1,2,...,s, and (2.3) for i = r.

Now we discuss some applications of Theorem 2.1. Taking into account the quasi-
Hadamard product of functions fi, fo,..., f. only, in the proof of Theorem 2.1, and
using (2.4) for i =1,2,...,r — 1 and (2.3) for i = r we are led to
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COROLLARY 2.1. Let the functions f; defined by (1.2) belong to the class /\/’gp (Cp+ks9)
for everyi=1,2,...,r. Then the quasi-Hadamard product fi fo*---x f.(z) belongs
to the class 312;_1 (Cp+k,9).

p

Next, taking into account the quasi-Hadamard product of the functions g1, go, - - -, gs
only, in the proof of Theorem 2.1, and using (2.6) for j = 1,2,...,s— 1, and (2.5) for

7 = s, we have

COROLLARY 2.2. Let the functions g; defined by (1.4) belong to the class M?/}p (Cp+k,9)
for every j =1,2,...,s. Then the quasi-Hadamard product gy * go * - - - * gs(z) belongs
to the class be;l (Cp+k,0).

Remark. (i) Takingcpyr =k(1+aB)+B8(1+a)(p—A)andd=8(1+a)(p—N),
0<a<1,0<B8<1,0<A<p), in the above theorem, we obtain the main result
given by Aouf et al. [1].

(i) Taking p = 1 in the above theorem, we obtain the main result given by Frasin
and Aouf [4].

(iii) Takingp = land 14 = k+8 (1 +a(k+1)andd = (1+a),(0<a<1,0< < 1),
in the above theorem, we obtain the main result given by Aouf [2].

(iv) Takingp=1land ;4 =k+1—aand 6 =1 —«, (0 < o < 1), in the above
theorem, we obtain the main result given by Kumar [9].

(v) Takingp = landci4y = (1 — B) (k+1)—aBandd=B(1—a), (0<a<1,0< B < 3),
in the above theorem, we obtain the main result given by Darwish [3].
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