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The integrals in Gradshteyn and Ryzhik.
Part 21: Hyperbolic functions

Khristo N. Boyadzhiev® and Victor H. MollP

ABSTRACT. The table of Gradshteyn and Ryzhik contains a variety of definite
integrals of elementary functions. In this paper proofs for some of the entries
where the integrand contains hyperbolic functions are provided.

1. Introduction

The table of integrals [1] contains some entries giving definite integrals where the
integrand contains the classical standard hyperbolic functions, defined by

(1.1) sinhz = % and coshz = %

Some of these entries are verified in the present paper.

2. Some elementary examples

In the evaluation of 3.511.1 in [1]:

*©  dx ™
2.1 —_— = — f > 0,
(2.1) /0 coshaz  2a’ ¢

the parameter a can be scaled out of the equation. Indeed, the change of variables
t = ax yields

> dt ™
2.2 =—.
(22) /0 cosht 2

This can be reduced to a rational integrand by the change of variables s = e! to obtain

/°° dt /°° ds
= 2 _
o cosht 1 s2+1

2 (tan™'(c0) —tan™'1) = g
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110 KHRISTO N. BOYADZHIEV AND VICTOR H. MOLL

Actually, the change of variables s = e! produces the value of the indefinite inte-
gral:

dt ds
2.3 =2 | ——
(2.3) / cosht / s2+1
that leads to

(2.4) / )

cosht
This appears as 2.423.9.

ExXAMPLE 2.1. The second elementary example presented here appears as entry
3.527.15

(2.5) /OOO tanh(z/2)dv_, o

coshz
The integral is written as

(2.6) /°° tanh(z/2) dzx _ 2/°° e* —1 e*dx
0 0

coshz et +1 e2 41’

and the change of variables t = e™* gives

* tanh(z/2)dx ! 1—t
(2.7) /0 W_Q/O el

The result now comes from an elementary partial fraction decomposition.

3. An example that is evaluated in terms of the Hurwitz zeta function

Special cases of the evaluation

1) | it = e €0 )~ )]

cosh(xz™)  m22r—1

n+1
m

appear in [1]. Here p = and

(3.2) 0 =Y g

is the Hurwitz zeta function. To prove (3.1) simply write

o [e e
o cosh(z™) g l4+e 2

and expand the integrand as a geometric series to produce

0

=0
(1) /°° _ym
— the”" dt.
(25 +1)P Jo

<

o0

|
po

0

[
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The change of variables u = t™ shows that

/ et dt = —/ wP e " du
0 m Jo
1
= —T(®).
It follows that
20 (p) = (—1)
4 I = .
(3.4) m ;(Zj—&-l)l’

Now split the sum according to the parity of j:
S+ ;(4j+1)p 2 @y
= 27 (Cp, §) — <, D)) -
Thus,
% and r A (p) o= (—1)
63 | i = e ) - )] = 2 S

cosh(z™)  m?22r-1

as claimed.

ExamMpLE 3.1. In the case n = m = 1, the parameter p = 2 and 3.521.2 is
obtained:

* xd
(3.6) / T o
o coshz
where G is Catalan’s constant defined by
— (=1
3.7 G:= —_
0 2 @Iy
=0
The change of variables u = et yields 4.231.12:
1
Inudu
3.8 T
(38) /0 14 u?
EXAMPLE 3.2. The case n =0, m = 2 yields p = 1/2 and 3.511.8:
< dx = (=1)k
3.9 B N
(3.9) /0 cosh(z?) szzo 2k+1

follows from T'(1/2) = 4/m. This integral has been replaced in the last edition of [1]
by the elementary entry

(3.10) /OOO _dr

cosh?(x)
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EXAMPLE 3.3. The case n = —1/2, m = 1 yields p = 1/2 and the evalaution of
3.523.12:

) /oo dx 2[503 (=1)k
. — =27y —,
o Va coshz = V2k+1
EXAMPLE 3.4. The case n =1/2, m =1 yields p = 3/2 and 3.523.11:

o Jidr & (-1
(3.12) /0 Coshx—ﬁgw,

follows from I'(3/2) = /7/2.

The evaluation of
o0

© a™dx 2T (p) 1
3.13 =
(3:.13) /0 sinh(z™) m jgo (25 + 1)’
with p = (n 4 1)/m is done exactly as above. The identity
- 1 2 -1 1
= (27 +1)P 2w =P
yields
° a™dx L(p)2r -1
.1 = .
(3.15) /0 sinh(z™) m 2p—1 <)

ExXAMPLE 3.5. The special case m =1 gives p =n + 1 and

" dx ontl 1
1 =TI 1)———— 1).
(3.16) | S =T D e+ 1

This appears as 3.523.1 in [1]. In particular n = 1 gives 3.521.1:

oo 2
(3.17) / vde ™
0

sinh 4
This comes in the apparently more general form

[e%s} 2
(3.18) / vde T
0

sinhax  4a?

But this reduces to the case a = 1 by the change of variables t = ax.

EXAMPLE 3.6. The special case n = 2k — 1 gives 3.523.2:

o p2k=1lygy 22k _1q
1 = Boy|w?*
(3.19) /0 sinh x 2k | Bag|m
using
22k—1 B
(3.20) C(2k) = [ Borl o

(2K)!
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The values By = —1/30, Bg = 1/42 and Bg = 1/30 give 3.523.6:

®© Bdx 7t
3.21 -
(3:21) /0 sinhz 8’
and 3.523.8:
*© 2ddx 7w
3.22 =
(3:22) /0 sinhz 4’
and 3.523.10:
* Tdx 17 78
2 = .
(3:23) /0 sinh 16

4. A direct series expansion

Entry 3.523.3 states that

©zb~ldx  2T'(b) = (—=1)F
(41) /0 coshar  (2a)b /;J (2k +1)0°

The change of variables t = ax shows that the entry is equivalent to the special case
a=1:

2 t-ldt  T(b) = (—1)F
(4.2) /0 cosht — 2b-1 kz:% (2k +1)b°

The proof of (4.2) is obtained by modifying the integrand and expanding in series

oo

Xt lemtdt k[T bm1 — 2kt

k=0 0

The result follows via the change of variables u = (2k + 1)t.

EXAMPLE 4.1. In the special case b = 2n + 1, with n € N, the evaluation takes
the form

< 2 dy = (—1)F
= | B
(4.4) /0 cosh 2(2n)! ]CZ::O (2k + 1)2n+1°

The series is represented in terms of the Euler numbers FEs,, via the classical expression

(_1)k 7.‘_2n—&-1 ‘E2n|

(4.5) ’;) (2k + 1)2n+1 - (2n)! 22042

to obtain 3.523.4

22" dy m\ 2n+1

cosh x

The Euler number can be computed from the exponential generating function

oo

1 E
4. = g,
(4.7) cosht Z n! t
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The first few values are Ey = 1, E5 = —1, E4 = 5 and Eg = 61. This gives the entries
3.523.5

* 22dr 73
4.8 =,
(48) /0 cosh x 8
3.523.7

© gtde  5n°
4.9 = —
(4.9) /0 coshz  32°
and 3.523.9

© 28der 6177
4.10 = .
(4.10) /0 cosh x 128

5. An example involving Catalan constnat

Entry 3.527.14 states that

(5.1) / ey M Te)
0 cosh” x

where G is Catalan’s constant defined in (3.7). The evaluation is obtained by writing
the integral as

(5.2) /°° 5 sinhz 4 2/” 22(e* —e ) e d
. x x = x
0 cosh? z 0 (14 e27)2

and expanding in a geometric series to produce

(5.3) / 222 gy = 2 Z(—l)kk/ 22(e® — e ®)e 2k g,
0 k=1 0

cosh? z

Integrate term by term to obtain

>, sinhz > 1 1
(5.4) /O z? de = —4 ;(71)’% [(% SR cTeEl K

cosh? z

Simple manipulations of the last two series produce the result.

6. Quotients of hyperbolic functions

Section 3.5 of [1] contains several evaluations where the integrand contains quo-
tients of hyperbolic functions. This section describes a selection of them.
EXAMPLE 6.1. Formula 3.511.2 states that
/ °° sinh ax ™ Ta
0

= —tan —

1 Simh ax
(6.1) sinhbz T 2p M

To evaluate this entry start with the change of variables t = e~% to obtain

*° sinh ax Lpa=b=1 _g-a=b-l
6.2 dr = dt
(62) /0 sinhbz " /0 1—¢20
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and continue with u = ¢2* to produce

/°° sinh ax 1 (e t/2 _gye1/2
: der = —
o sinhbz 2b /o 1—u

(6.3) du

with ¢ = a/2b. The evaluation of this last form employs formula 3.231.5 in [1]

1op—1 _ pv—1
(6.4) / I e = () — i),

1—x

where 9(a) = % InT(a) is the logarithmic derivative of the gamma function. This
formula was established in [3]. It follows that

* sinh ax 1

. —_— d = -_— l _— f— l .
(6.5) /0 s 10 = g (et 2) vzt y))
The final form of the evaluation comes from the identity 8.365.9
(6.6) U(3 +¢) =v(5 —c) + mtane.

EXAMPLE 6.2. Differentiating (6.1) 2m-times with respect to a yields 3.524.2
<, . sinhax T dm ( wa)

. ST e = T2 (tan T2

(6.7) /0 T bz T 2bdazm M)

with special cases 3.524.9

* ,ysinhax ™ ma 4 ma
e — dx:—351n—sec —
0 sinh bx 4b

3.524.10

o
4sinhaz (71' 7ra)5 . Ta ( . 27m>

dr =8 — sec — ) -sin — - (2 =
/0 T simhe T\ gy) gy BT gy )

and 3.524.11

°° gsinhazx (7T 7ra)7 . Ta ( 0 Ta 47Ta)
dr =16 ( = — - — - 145—-30 — 42 — .
/0 ¥ sinhbz 2] My ooy TECs gy

An odd number of differentiations of (6.1) yields 3.524.8

° 2m
2m1 cOShaz :EL(t o)
(03 /o v sinhbz 0" 2bda2mtt \" gy )

with special cases 3.524.16
/°° cosha:vd <7r 7ra>2
T T = | — sec —
0 sinh bx 2b 2b/
°° g coshax <7r 7ra)4 ( , 27ra)
o g =2 (—sec =) (14 2sin? =
/0 ¥ Ssinhbr 2 "% 2% et
3.524.18

[e’e) sh 6
/0 z° (;?r?h Zj dx =38 (1 sec ﬂ) (15 — 15 cos? % + 2 cos? %) ,

3.524.17
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and 3.524.19
° . coshaz ( ) ( 67ra>
dr =16 ( = sec — 15 — 42 — +12 — —4co
/0 x sinh br 6 2bsec % 315 — 420 cos? 2b + 6 cos® 2b cos %
EXAMPLE 6.3. Entry 3.511.4 states that
> coshax T Ta
6.9 ———— dr = —sec—-.
(6.9) _/0 coshibr T 26™ 2
The proof follows the procedure employed in Example 6.1. The change of variables
u = e 2% gives
> cosh ax 1 [luc /2 g yet/2
6.10 dr = — du.
(6.10) /0 coshbz 20 0 14w “

Now employ 3.231.2

1 p-1 —p
(6.11) / e W
0 1+2 sinmp

with p = ¢+ 1/2. This integral was evaluated in [2].

EXAMPLE 6.4. Differentiating (6.9) an even number of times with respect to the
parameter a gives 3.524.6 :

o0 cosh ax T d*m Ta
6.12 m 2Py = — ——— — .
(6.12) /0 T Coshor T 2bda?m (sec 2b )

The special cases 3.524.20
3

/°° 2coshaacd T (2sec Ta “oc 7ra)
T T = — —

0 cosh bz 8b3 2b 2b
3.524.21

°° ,coshax <7r a) ( g a)
d — — 24 — 20 —
/0 ¥ coshbr T \2 %% 2 cos’ 2b i %)
and 3.524.22

* ecoshar s m ma ma 4Ta g Ta
/0 T cosh ba dx = (Qbsec Qb) (720 840 cos? 2b—|—184(zos % cos Qb)’

are obtained by performing the differentiation.

ExAMPLE 6.5. Differentiating (6.9) an odd number of times with respect to the
parameter a gives 3.524.4

g1 sinhax T d*m TG
(6.13) /0 e cosh bz do = 2b da?m+1 (sec ?b) '
The special cases 3.524.12
°  sinhax 2 TG o TG
/0 ¥ oshbz T a2 sin 2 2

3.524.13

/OO z> sinh az dr = (1 sec —)4 sin ™ (6 — cos? E)
o cosh bz 2 2b 2b 20/



HYPERBOLIC FUNCTIONS 117
3.524.14
/00 2® sinh az dr = (1 sec E)G sin — (120 60 cos® — + co 7ra>
o coshbr ~ \2b 2b 2b 2b 2b
and 3.524.15

oo inh 8
/ L7 omnar (1 sec 7) sin 5 (5040 4200 cos? =2 1 546 cos* = — cos® La)
0

cosh bx 2b 2b 2b 2b 2b

are obtained as before.

EXAMPLE 6.6. Integrate (6.9) with respect to the parameter a produces

* sinh az dz
(6.14) /0 — =Intan (41) + )

coshbr =z

This appears as entry 3.524.23 in [1]. The evaluation employs the elementary primi-
tive (that appears as entry 2.01.14)

(6.15) /secudu:lntan (E+z> .
2 4
EXAMPLE 6.7. Entry 3.527.6 states that
> =1 sinh az | s

6.16

( ) /0 cosh? ax kZ:O 2k + 1
that can be scaled to the case a =1 by t = ax

o0 gu—1 sinht =

6.17 _

( ) /0 cosh? t kZ:o 2k + 1

To evaluate this last form write the integrand as

< tr~1ginht e dt

6.18 ——dt = 2/ th el —e e ———
(6.18) /0 cosh?t 0 ( ) (14 e2t)2

and expand it in a power series and integrate it to obtain

> th=lginht k(K + 1) (=) g
6.19 ——dt = 1+ —_—
(6.19) /0 cosh? t Z 2/<1 +1 kz::l (2k + 1)~

This is the right-hand side of (6.17).

The special case p = 2 and the series

— (¥ o«
6.20 —
620 DA
yield the evaluation of entry 3.527.7
> rsinhz T
6.21 ———dr = —.
( ) /o cosh? x 2
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The special case p = 2m+ 2 and the series for the Euler numbers in (4.5) produce
the evaluation of entry 3.527.8

/°° 22+l ginh o 7r)27”+1
0

(6.22) dz = (2m +1) (5

FEol.
cosh? z [Ezm|

7. An evaluation by residues

Entry 3.522.3

& T T — —1)k-1
(71) /0 ( d 2 (-1)

b2 + x2) coshax b = 2ab+ 2k — )7

is now evaluated by the method of residues. The change of variables t = bz shows
that it suffices to evaluate this integral for b = 1; that is,

o dx s (—1)k-1
2 de L~ (DM
(7.2 /0 (14 22) coshazx W; 2a+ (2k — D)7

The integrand f(x) is an even function, therefore the evaluation requested is equivalent
to

[eS) & -1 k—1
(7.3) /_OC (@) do = ﬂ’; M

The interal is computed by closing the real axis with a semi-circle centered at the origin
located in the upper half-plane. An elementary estimate shows that the integral over
the circular boundary vanishes as the radius goes to infinity. Therefore,

(7.4) /:X) f(x)dx = 27riZRes(f;pj)

where p; is a pole of f in the upper-half plane. The integrand has poles at z = ¢ and

z = W for k € N. The poles are simple, unless (2k + 1) = 2a for some k. Aside
from this special case, the residues are computed as
1 1
Res(f;i =
es(/39) 2icosh(ia)  2icosa
(2k — 1)mi (—1)F144q
R i — | = .
es <f7 2a 4a? — w2(2k — 1)?

The residue theorem and a partial fraction decomposition give the stated value of the
integral.

ExXAMPLE 7.1. The special case a = m and b = 1 gives

o0 dx L (—1)kt
. " o\
(7.5) /0 (1+ 22) coshmz ; 2k+1
and
— ()¢ =
(7.6) 2 2k+1 4

k=0
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provides entry 3.522.6:

(7.7)

/°° dx
o (14 22) coshmz

119

—2- I
2

EXAMPLE 7.2. The special case a = /2 and b =1 gives

i dx > (—1)’“_1
(7.8) A DE
o (14 22) cosh &¢ kz::l k
The evaluation
et 1 k—1
(7.9) Z =1In2
k=1
yields
& dx
7.10 =1n2.
(7.10) /0 (14 22) cosh &F .

This is entry 3.522.8.

EXAMPLE 7.3. The choice a = /4 and b = 1 gives

1

o dx
7.11
(7.11) /0 (1 + x?) cosh(mz/4)
Entry 3.522.10 states that
h dx
7.12
(7.12) /o (14 22) cosh(max/4)

metric series

1
:ﬁ(

This is now verified by evaluating the series in (7.11).

o0 )=
-1y G
k=1

T —2In(vV2 + 1)) .
Start by integrating the geo-

2

o0
7.13 O
(7.13) >R =
to produce
> yh=1 1,2
x° dx
.14 = .
(7.14) Z 4k /0 1+ a4

k=1

The factorization 2* + 1 = (22 — v/2z + 1)(2? + v/22 + 1) gives the integral by the

method of partial fractions.

8. An evaluation via differential equations

This section describes a method to evaluate the entries in Section 3.525 by em-

ploying differential equations.



120 KHRISTO N. BOYADZHIEV AND VICTOR H. MOLL

ExaMPLE 8.1. Entry 3.525.1 states that

°° ginh d 1
(8.1) /0 erih;fc 1_’_71;2 = —gcosa+ isina In[2(1 + cos a)].
To verify this evaluation define
* sinhax dx
8.2 = —_—
(8:2) yla) /0 sinh7x 14 2?2
Then
” *° sinh ax 1 a
. = = —t —
(8:3) y'(a) +yla) /0 sinh mx . 2 a 2

according to 3.511.2. The equation (8.3) is solved by the method of variation of
parameters. The general solution is of the form

(8.4) y(a) = (u1(a) + A) cosa + (uz(a) + B) sina

where the (unknown) functions uq, us are determined by solving the system

u) cosa+uh sina = 0
—uj sina+uj cosa = 1tang
1 2 = 35 5
The solution to this system is
1 1
(8.5) ui(a) = §(sina —a) and us(a) = 5(111(1 + cosa) — cosa).
The constants A and B in (8.4) are obtained from the values y(0) = 0 and
o 1 dz In2
8.6 2) = =—
(86) y(r/2) /0 2 cosh(mx/2) 1 + 22 2

according to 3.522.8. This establishes (8.1).
Differentiation of (8.1) gives 3.525.3

/°° coshar zdx 1 cos a
0

(8.7) In[2(1 + cos a)].

Y Ziasing — 1
sinh7z 1+ 22 2(asma )+

The same procedure gives the remaining integrals in Section 3.525, namely 3.525.2

(8.8) /°° sinh ax dx T ina 4 5% 1—sina
. = —sina n——m —
o sinh(rz/2) 14+22 2 2 1+sina
and its derivative 3.525.4
> coshar xdx ™ sina. 1l+sina
8.9 =— -1- In—
(8:9) /0 sinh(rx/2) 1+ 22 2 cosa 2 "1—smna’

as well as 3.525.6

/°° coshar dx T a+m

(8.10) = 2cos(a/2) — 5 cosa — sina In tan

coshmz 1+ 22
and its derivative 3.525.5

® sinhax xdx
/0 coshmx 1+ 22

(8.11) atm

= —2sin(a/2) + gsina — cosa Intan
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9. Squares in denominators

Section 3.527 contains a collection of integrals where the integrand is a com-
bination of powers of the integration variable and a rational function of hyperbolic
functions. The majority of them contain the square of sinh or cosh in the denomina-
tor. These integrals are evaluated in this section.

ExaMPLE 9.1. Entry 3.527.1 states that

/°° et e AT (p) ((p— 1)
o sinh?(azx) (2a)r .

The change of variables ¢ = ax shows that it is sufficient to consider the case a = 1.
This is

(0.2) / T (1),

(9.1)

sinh? ¢

The integral to be evaluated is

/°° th 1t dt _4/‘” thtdt _4/"0 thle 2t di
o sinh?¢ o (et —et)? o (L—e2t)27

Expand the integrand into series to obtain

o =1t = o0
(93) / 5. = 4 Z n/ t”71€72nt dt
o sinh“¢ — Jo

The change of variables v = 2nt yields

o0

ol 1 1 [
— p—1_—v
(9.4) /0 FEr 4 E T X 2“/0 v eV du.

n=1
The series gives the Riemann zeta function term ((u — 1) and the integral is T'(u).
The special case p = 3 gives
* 22dx 1
9.5 ——— = =I'(3){(2).
(93 | = gree)
The values I'(3) = 2 and ¢(2) = 72/6 gives the evaluation of entry 3.527.12
* 22dx 2
9.6 —_— = —.
(96) /,Oo sinh? 2 3
The identity

(0.7 Clom) = S B

that provides the values of the Riemann zeta function at even integers in terms of the
Bernoulli numbers Ba,, gives 3.527.2 (in the scaled form a = 1)

o 22m dx
9.8 = 72| Bayn|.
(98) /0 sinh? x " Baml
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ExXAMPLE 9.2. Entry 3.527.3 states that

o gt dy _ _
(9.9) | == - )
for u # 2 and
o0
d
(9.10) / T — 2
o cosh”x

for the corresponding value for p = 2. This integral also appears as 3.527.4. The
evaluation proceeds as in the previous example to produce

o ety > (=1)*
(9.11) /0 d = 22717 () Z (kul_)l :

2
cosh” Pt

The last series can be expressed in terms of the Riemann zeta function by splitting
the cases k even and odd to produce the identity

S DR
(9.12) S = @)

k=1

for > 1. The case p = 2 is obtained from the elementary value

o0

(9.13) Z% = —In2.

k=1
As in the previous example, the identity (9.7) gives

00 me dzr (22m _ 2)
9.14 = Bop|.
( ) A COSh2 T 922m r2m | 2 |

This appears as 3.527.5.
The same procedure provides the evaluation
* hxzd
(9.15) [ o e - (- 2,
0 sinh”
which appears as entry 3.527.16. The special case u = 2m + 2 appears as entry
3.527.9

(9.16) /OOO x2m+1% dx = %(Zm—i— DI¢(2m + 1),
and p = 2m + 1 provides entry 3.527.10 in the form

(9.17) /0 ~ gam ;‘;j;i do = (221 _ 1)72™| By, |
employing (9.7). Entry 3.527.13

(9.18) /000 z? scli)j;xx dz = %2

is the special case p = 3.
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10. Two integrals giving beta function values

This final section presents the evaluation of the two integrals that constitute Sec-
tion 3.512.

ExAMPLE 10.1. Entry 3.512.1 states that
> cosh 2 vt
(10.1) / cosh2fz ) B(V—i—B,V—B).
0 a a

2
cosh”” ax a

The change of variables ¢ = az and replacing 8/a by ¢ provides an equivalent form of
the entry:

> cosh 2ct
10.2 — " dt=4""'B — ).
(10.2) | o (v+ev—0)

The beta function appearing in the answer is defined by its integral representation

(10.3) B(z,y) = /01 t" 1 — )yt dt.

To evaluate the left-hand side of (10.2), write the integrand in exponential form and
let w = e~ to obtain

00 eQ(c—y)t + e—2(c+y)t 1 wv e 4 v—c
(10.4) / “2t\2v = / 2v
0 (1 +e ) 0 (]. + U})
The result now comes from the integral representation
1, -1 y—1
w + w?
10.5 B = ——d
(10,5 (@) = [ o du.

that appears as entry 8.380.5 of [1]. An elementary proof of it from (10.3) starts with
the change of variables s = ¢/(1 — t) to produce

[e’e} Sasfl s
(10.6) B(x,y):/o ms)iy

given as entry 8.380.3 and then transform the integral to [0, 1] by splitting into [0, 1]
and [1, 00) and moving the second integral to [0, 1] by s = 1/s.

The special case 8 = 0 gives

e dx
10.7 —— =4»7'p
(10.7 | i (1.1
and letting t = ax gives
o dx 4r—1
10.8 = B
(10.8) | et = Bl

Differentiate with respect to the parameter a to produce

/oo z sinh ax dx 221—2
o (

(10.9) = B(u, p).

cosh ax)2rtl pa?
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The duplication formula of the gamma function
22u—1

NG

(10.10) I'(2u) = L) (g + 3)

transforms (10.9) into

coshaz)?+1 " dpa? T(p+ 1)

(10.11) /O°° (ac sinh azx dx v T(w)

This appears as entry 3.527.11.

ExaMPLE 10.2. The last entry in Section 3.512 is 3.512.2

*° sinh” 1 w+l v—op
10.12 de==-B|—— .
(10.12) /0 cosh”z " T 2 ( 2 72

Two proofs of this evaluation are given here. The first one is elementary and the
second one enters the realm of hypergeometric functions.

The first proof begins with the change of variables w = cosh x to obtain

°° sinh# o p=l
(10.13) / ST e :/ (w?—1) 2 wdw
o cosh”x 1
followed by the change of variables ¢t = w2 to produce
1t v vep g 1 uw+1l v—p
10.14 — t 2 1—-1¢) 2 dt = =-B | —— .
(10.14) s [ T et

The second proof begins by writing the integrand as exponentials to obtain

> sinh* !
T T =l [ 22N (L )V dt
| e / (1= 0 (1 +1)

after the change of variable t = ¢~2, The integral representation 9.111 states that
1
/ 71 — 1) (1 — t2) "% dt = B(b, ¢ — b)o Fi(a, b c; 2).
0
It follows that

°° sinh* x v— U v— U w+v
—_—dz=2""r1'B—L1 F; —1 ;—1 ).
/0 cosh” z ** ( 2’ +M) 2 (V’ g T

Now use 9.131.1 2 Fy(a,b;¢;2) = (1 — 2) "% Fy (a,¢ — b;¢; 2/(2 — 1)) to transform the
integral to the value of a hypergeometric function with z = 1/2. The quadratic trans-
formation 9.133 o F} (2a, 2b;a + b+ %; z) =L (a, b;a+ b+ %; 4z(1 — z)) transform
it to the value of a hypergeometric function with z = 1. The result now follows from
the evaluation

I'(e)T(c—a—10)

2bilabicl) = 5 ST e =)




HYPERBOLIC FUNCTIONS 125

11. The last two entries of Section 3.525

This section presents a new technique that will produce evaluations of entries
3.525.7 and 3.525.8. This completes the verification of all entries in this section that
started in Section 8.

The first step is the computation of a Laplace transform.

LEMMA 11.1. The identity

> —stdt 2 in(\
(11.1) / ¢ -2y (grsiaten)
o coshAt+cosAp  sinAp ot s+ An
holds.
PRrROOF. The factorization
At
(11.2) cosh A\t + cos A\p = % (14 e M 4 e MHAP 4 = A—iAp)
gives the decomposition
e—st 26—()\+s)t
cosh At +cosAp (14 e 2=P)(1 4 e~ Alt+ip))
et 1 1
T sinAp \ 1+ e MiHip) 1 4 e At—ip)
2eSt = n_ —Atn .;

= 5 » ngo(—l) e sin A\pn.

The result now follows by integration. 0

ExXAMPLE 11.1. The special case A = 1 and p = m — ¢ in the lemma gives entry
3.543.2:

oo

(113) /OOO estdt 2 Zsin(qn)'

cosht —cosq sing s+n

n=1

ExAMPLE 11.2. Entry 3.511.5 is established next. Its value is employed in the
next example. This entry states

/°° sinh ax cosh bz d T sin 7%
———dz = — | ———&——

0 sinh cz 2¢ \ cos ™2 + cos =2

The proof starts by expressing the integrand in exponential form to obtain

/Oo sinh az cosh bz do — 1 /OC e (e — e~ (ebT 4 0T
T2 1
0 0

d
sinh cx 2 *

_ 6—201
and use the change of variables t = e~2°" to produce

/Oo sinh ax cosh bx p 1 [l¢A-B-1/2 4 ¢—A+B-1/2 _ 4A-B-1/2 _ (A+B-1/2
0

- dt
sinh cz T ke 0 1t
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with A = g- and B = %. Using the formula

1—2x

1 a—1
1—2z
[ s
0
given as entry 3.265 (established in [3]), it follows that
/ °° sinh ax cosh bx
—dx
0

sinh cx

EWGHA-B) —u (AL B) 40 (i +A4B) v (3-A-B)).

The result now follows from the identity
¥(3+2) — (3 —z) =7tanmz.
ExampPLE 11.3. Entry 3.525.7 is

(11.4) /oo sinh(az) s i M.
0

sinh(br) s2+22 = —  bs+nm

The evaluation employs the Laplace transform
> s
11.5 st tdt = ——
(11.5) /0 e % cosw o

and entry 3.511.5 given in the previous example:

°° sinh(az) s /Oo - /°° sinh(ax)
—————dx = s — tdx » dt
/0 sinh(bx) 2 + a2 o o ¢ o sinh(bx) cosarar

/Oo e 5t T —sin i3 dt
0 2b cosh %t + cos &*

7 . ma [ e~ Stdt
— sin — _——
2b b Jo cosh %t + cos 5t

The proof concludes by choosing A = /b and @ = p in Lemma 11.1 and using
sin (n(b — a)m/b) = (—=1)" "' sin (nwa/b).

ExampLE 11.4. Differentiation entry 3.525.7 with respect to the parameter a
gives

* cosh(az) =« T = (=" '7rn  7an
11.6 dr = — - —_—
(11.6) /0 sinh(bz) $2 + 2 T bs ; bs +an 0 b
. . . . ™ S . . .
To simplify this expression use bs 1 =1- bs ¥ and split the series using the
s+ mn s+ mn
Fourier expansion
- 1
(11.7) E (-1)"t cos% =5
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This final result is entry 3.525.7

s} b—
/°° coshar xdx T cos ™ 5 A
0

11.8 _—— = —
( ) sinhbz s2 + 22  2bs +7Tn:1 bs +nm

The series in (11.6) and (11.7) are both Abel-convergent. The reader is invited to
verify that the series (11.8) is convergent and reduces to (8.7) when b = m and s = 1.

REMARK 11.1. Section 4.11 of [1] contain many analogous formulas as those con-
sidered here. For instance, entry 3.525.1

°° ginh d 1
(11.9) /0 % H—ixe = —% cosa + 3 sina In[2(1 + cos a)]
is related to entry 4.113.3
°° si d 1
(11.10) /0 % 1_:;2 = —%cosha—&— §sinha In[2(1 + cosha)].

The right-hand side of the last entry appears in [1] in the equivalent form
(11.11) —gcosha—i—sinha1n[2cosha/2].

A systematic study of this correspondance and the evaluation of the integrals appear-
ing in Section 4.11 will be presented in a future publication.
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