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On certain generalized polynomial system associated with
Humbert polynomials

Ritu Agarwal® and Hari Singh Parihar®

ABSTRACT. The object of this paper is to present a unification and generaliza-
tion of a class of Humbert polynomials which generalizes the well known class
of Gegenbauer, Legendre, Pincherle, Horadam, Kinney, Horadam-Pethe, Gould,
Milovanovic-Dordevic, Pathan-Khan and many not so well known polynomials.
We shall give some basic relations involving the generalized Humbert polynomi-
als and then take up several generating functions, hypergeometric representations
and expansions in series of some relatively more familiar polynomials of Legendre,
Gegenbauer, Hermite and Laguerre. The results obtained are of general character
and include the investigations carried out by several authors including Dilcher,
Horadam, Sinha, Shreshtha, Milovanovic-Dordevic and Pathan-Khan.

1. Introduction

A systematic study of an interesting generalization of Humbert, Gegenbauer and
several other polynomial systems is presented and defined by Gould [3]

o0
(1.1) (¢ —mat +yt™)P = ZPn(mm,y,p, o)™
n=0
where m is a positive integer and other parameters are unrestricted in general. For
the special case of (1.1), including Gegenbauer, Legendre, Techebycheff, Princherle,
Kinney and Humbert polynomials, see Gould [3].
Milovanovic and Dordevic [10] considered the polynomials {p;, ,,}22, defined by
the generating function

(1.2) G (@, t) = (1 =2zt + ™)=Y "p) 1"
n=0
where m € N and X\ > —%.
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The explicit form of the polynomial be‘m(ac) is

E k n (m— 1)k(2x)n—mk
(13) p” m( Z k' (n — mk)!

Sinha [14] considered another set of polynomials denoted by S¥(z) and which is
defined by the following generating function:

(1.4) (1 — 2zt +t*(22 — 1)] Z

which is precisely a generalization of S, (x) defined and studied by Shreshtha [13].
Recently, Pathan and Khan [11, p.54, Eq. (1.5)], have defined and studied the
following polynomial system

oo

(1.5) e —awt +bt™ (20 — )™ =Y PV oy ea(®) Z@

n=0

Here we introduce and study a new polynomial system which provides a gen-
eralization (and unification) of various polynomials mentioned above. This set of
polynomials is defined by the following generating function:

—w

[c — az’t + bt™ (px” + qx + $)*]

o0
= > Pe(m,a,b,c,p,p, g, pv) ()" = Z P, (2)t"
n=0

(1.6)

where m, u, v € N(the set of natural numbers), p € NU{0} and other parameters
are unrestricted in general.

In this paper, we shall give some basic relations involving the generalized Humbert
polynomials ®@,,(x) and then take up several operational results, series representation,
hypergeometric representations and expansions of ®,,(z) in series of other polynomi-
als which are best stated in terms of the generalized polynomials. The relationship
with other polynomial systems are also developed. Definition (1.6) of ®,,(x) is general
enough to account for many of polynomials involved in generalized potential prob-
lems [6], [7], [8]. The particular cases of the generalized Humbert polynomials ®,,(x)
are also discussed.

2. Relations with other polynomial systems

On comparing the new polynomial system (1.6) with the other polynomial systems
, we find the following relationships hold:
Liouville(1722)

(2.1) PY%(2,q,~1,p%1,0,0,1,1,0)(z) = f.(p,q)
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Legendre(1784)

(2.2) PY2(2,2,1,1,1,0,0,1,1,0)(z) = P,(x)
Tchebycheff(1859)

(2.3) P2,2,1,1,1,0,0,1,1,0)(z) = U, ()
Gegenbauer(1874)

(2.4) P2(2,2,1,1,1,0,0,1,1,0)(z) = C(x)
Pincherle(1890)

(2.5) PY2(3,2,1,1,1,0,0,1,1,0)(z) = P,(z)
Humbert(1921)

(2.6) P(m,x,1,1,1,0,0,1,1,0)(z) =113, (x)
Kinney(1963)

(2.7) PY™(m,2,1,1,1,0,0,1,1,0)(x) = P,(m, z)
Gould(1965)

(2.8) P ?(m,a,-y,¢c1,0,0,1,1,0)(x) = P,(m,x,y,p,c)
Horadam and Pethe(1981)

(2.9) P¥(3,2,1,1,1,0,0,1,1,0)(z) = P¥4()
Horadam(1985)

(2.10) P(1,2,1,1,1,0,0,1,1,0)(z) = P, (x)
Milovanovic and Dordevic(1987)

(2.11) P¥(m,2,1,1,1,0,0,1,1,0)(x) = P2, (z)
Sinha(1989)

(2.12) P2(2,2,1,1,1,2,0,—1,1,1)(z) = S*(z)
Pathan and Khan(1997)

(2.13) P?(m,a,b,c, p,2,0,1,1,1)(z) = PY(m,a,b,c,p)(x)

3. Finite series representations for ¢, ()

In this section, we obtain the following two finite series representations for ®,,(z),
viz. (i)
(3 1) ® ( ) B [zm:] (—b)k(w)n,(m,l)k(am“)"‘mk(pxl’ +qz + S)pkc—w—n—i-(m—l)k
' A% _k kl(n — mk)!

=0

and
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[(n (m 2)r)]

c—w—nt+(m=2)r (2w + 2]43) 2k (m—2)
@n(z) _ n m T
(3.2) ,;) z% kirl(n — 2k — (m — 2)r)!

(—h) (aw“)n_(m_w {%c(m” tar ) }
" 2

a’x2m

Proof. of (3.1):
By using binomial expansion in (1.6), we have

h s (@) (et b (e 4 gr )\
(33) Z(I) Dt = Z n! c

n=0

Also, we know that

(3.4) t+o) =Y k'("!t%"k.

— k! n—k)!

By using (3.4) in (3.3), we get

—w—

S o = 335 ot o
=0k=

which on applying series mampulatlon [12, p.57, Eq.(2)]

(3.5) > Y B(k,n)=>Y B(k,n+k)

n=0 k=0 n=0 k=0

gives

> n+k n v n+m
(3.6) Z Z Z T+( b)*(az™)" (pz” + qx + s)PFEn TR,

n=0 n=0 k=0

Again, using series manipulation
(3.7) SN A(kn) =Y A(k,n — mk)
n=0 k=0 n=0 k=0

n (3.6), we have

[W] C—w—’fH‘(m_l)k(LU)nf(m*l)k

El(n — mk)!

(3.8) > Eal@)t" =3,
n=0

n=0 k=0
—b)k(afL“u)n_mk(pr +qx+s)”kt".

On comparing the coefficients of ¢, on both sides of (3.8), we get the finite series
representation of (3.1) for @, (z).
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Proof of (3.2): From (1.6), we have

—w

oo 2 2
n —w azht axht bt
E D, (2)t" =c¢ l(l— 90 > - ( %0 > —|—T(px +qx + s)°

n=0

(3.9)

—w

— L\ 2 m
v (1 - axut) ) ll () e gzt sy

azkt)2
2c (1 -5

Using Binomial expansion in (3.9), we have

SR (R e G
k! 2c 2¢
n=0 =0
1 4bct™ (px¥ + qx + s)P 4§
T a2t2x21
- _w Z Z 2&] + Qk) Clx’ut nt2k
kin! 2¢
(310) k=0n=0 .
. 4bet™ 2 (pa” + qx + )P
: a2x2e

— k(2w + 2k), (—k), [ axt 2k
- ZZZ Klnlr! (2c>

k=0n=0r=0

dbe(pa” + qz + 5)”\" {2k (m—2)r)
alx2m

Replacing n by n — 2k — (m — 2)r in (3.10), we get

(n— (m )r)
[ : ] —w—n+(m— 2)7"( )k

A S D S e

n=0 n=0

(3.11) ax“)n (m=2)r

(2w + 2k) 52k — (m—2)r (— k) <

2

<4bc(px +qz + 5)P ) n
2,2 t
asx=t

On comparing the coefficients of t" on both sides of (3.11), we get (3.2).
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4. Hypergeometric representations for ®,(z)

(4.1)
b (0) = (o
n!
—_n —n+l —n+m—1.
P m ' m m ’ mmbcmfl(pxu +(](E + S)p
memel —w—n+1l —w—n+2 —w—n+m—1. (m - 1)(m—1)(ax,u)m
m—1 > m-=1 7277 m—1 ’

for m > 2.

PROOF. Since we know that [12, p.58, Eq.(2)]

(_1)k(a)n

(4.2) (a)n,k = —a- Tl)k)

0<k<n.

Using (4.2) in (3.1), we have

[7%] ml pyn—m v pk . —w—n+(m—1
(4.3) ‘I’”@‘Z(_l)( Mk (=b)* (w)n (az™)"~"* (pa” + qz 4 5)Pkcmw T m=Dk

- k=0 (1 = w = n)m-1)rk!(n —mk)!

Now, using the well-known results

(—1)mkn!

(4.4) (n—mk)! = E——

0 <mk < n,

45) ) = m mkH( n+sl>k

(m—1)

(4.6)  (L—v—n)n_1p = (m—1)m=DF H (_V_n+p> k=0,1,2, ...
k

in (4.3), we find that

r=1

(4.7) i | (‘“m‘ifl”)k(m—lﬂm*l)kk!m

mk(b)k —w—n+(m— 1)k(w)n Hm (—n-:—nr—l)k

(aa™) =" (pa + gz + 5)7*

After a little simplification in the right hand side of (4.7), we get (4.1).
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5. Generating functions for ®,(z)

i O (z)t" i ¢ (azt )™
( ) n=0 (W)n n=0 n'
5.1 .
W —bt™ (px¥ + qx + s)P
~1Fm m
wtn wtn+l - w+n+m—1; cm
(i)
i@n(x)t”(e)n B i ¢ (azht)™(e)n
B !
( ) n=0 (w)n n=0 -
5.2 etn e+n+tl etn+m—1.
P w+n7 m m PR m ’ —btm(px” +q$+8)p
‘m+1L'm
* wtn wtn+l wtnt+m—1. cm™
m m [ m )
(iii)
S SIS e
o = e lklr22h (w + Dke(Cw +n+ 2k) (2,
(5.3)
4bct™ =2 (px” + qx + 5)P
alx2m
and
(iv)
n k —W—Nn— axr n+2k
PREIAECIES ) )y SULE o
- 2k
— (2w)n, o nlklr!2 2w + 1+ 2k) (m—2)r
(5.4)

(s (e +n+2k)m_2) (4bctm_2(px” +qx + 5)* ) "
. n+2

1 2.2
(w+3)k ax2p
where e is an arbitrary number, may be a complex number.

PRrROOF. of (5.1):

—w—n+(m—1)k

o Dy ()" / Jn—(m—1)kC
(5.5) Z (W) ZZ )nk!(n — mk)!

.(a:z:“)"fmk (pz” + qz + s)Pkt"
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By using series manipulation [15, p.101, Eq.(6)], we have

i D, (z)t" _ Z (w)nﬂcc’“’"*k
(5.6) = @ oo Whnemekin!

(az")" (pz¥ + qx + s)pkt”erk
Using the identity
MNmtn = N)m(A+m)n
and the well-known Gauss’s multiplication theorem in (5.6), we find that

oo

D D) B s AL
— (W 0 e Ok'n' mkH Ly (),
(5.7) -
(ax")" (pz¥ + qx + s)pkt”erk
By summing the k" series, we easily arrive at the right hand side of (5.1). O

The proof of (5.2) is similar to the proof of (5.1). (5.3) and (5.4) can be made on
similar lines of (5.1) using (3.2).

6. Expansion of ¢, (z) in series of polynomials

Expansion of ®,(x) in series of Legendre, Geganbauer, Hermite and Laguerre
polynomials relevant to our present investigation are given by
(i)

(n— (m 2)r)
[ |

@n(m) _ Z Z n+(m 1)(r—k) €

—w—n+(m—1)(k—r)

k"?" 3/2)(n mk+(m—1)r)

(6.1) .(—k)r{b(px gz +8)P YT (20 + 20(m — 2) — 2mk + 1)

azt
'Pn+(m72)r7mk (2> ;

where P, (z) is Legendre Polynomial.
(i)

[(n (m 2)7)]

R S M

k=0 —0 )(n+17mk+(mfl)r)

(=k) {b(pz” +qx+5)p} THw+n—2r—m(k—r)}

» azt
'Cn72r7m(k7r) (2) y

where C¥% (z) stands for Gegenbauer polynomial.

—w—n+(m—1)(k—r)

(6.2)
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[e=ta=pn] —w—n+(m—1)(k—r)

_ 71 (m—1)(k—7)C
ule) = Z Tz: k'r' (n—2r—m(k—1))!

» _r axt
() 0" + a2+ Y Ho sy ().

where H,,(z) stands for Hermite polynomial.
(iv)

[(n (m 2 >] [n k+r —w—n+(m—1)k
( n—(m—1)kC

() = Z Z K(n—r — mh)!(1 + ),

m
(14 @) 2™ {b(pa” + gz + )P} L <a§) ’

where L%O‘) (z) stands for Laguerre polynomial.

PROOF. of (6.1)
From (3.1), we have

i = ii Jn—(m—1ypc” @D
(6.5) — v kl(n — mk)!
(az )= a4 o+ 5)e"
Using a known result [15, p.101, Eq.(6)] in (6.5), we get
n+kc —w—n—k
Z P Z Z Elnl (az”)"

(6.6) n=0 k=0
(pz” + qx + s)”kt"'”"k.

Again on using the result [12, p.181, Eq.(4)] in (6.6), we get

o s oo [3]
Sar=3 3

(67) n=0 n=0 k=0 r=0

w3

(=0)* (W)ngre "k
71 (3/2)n—r

s
.(px’/ + qx + s)Pk(2n — 4r + 1)Pn72r (a“;> grtmk
Using the results [12, p.57, Eq.(8) and p.56, Eq.(1)] in (6.7), we have
e k€ —w—n—r—*k
@n n T
YIUREIIN 3p 39 prel it CIEE e nen

(68) n=0 n=0 k=0 r=0

m
(pz¥ + qz + S)P(’f—r)(Qn +1)P, <a‘;> = (m=2)r+mk_
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Now replacing n by n + (m — 2)r — mk, we get

o )
2 o) =)
n=0

=0

[n+(m 2)7

Z Z )n (m—1)(k—r)

- ’I“ 'T' 3/2)n+(m 1)r—mk

(pz” —|—qx+s)”(k (1 — 2mk + 2n + 2(m — 2)r)

—w—"n m— —Tr axr n
e +(m—1)(k )anmQ)ka( 5 )t

On using (4.4) in (6.9), we get

[n+(m 2)r ] A

[e.¢]
b, (z ©)n—(m—1)(k=r)
Rrer X % Na

_T "I"' 3/2)n+(nz 1)r—mk

(6.10) .(—k)r{b(px + gz + )P YD (1 = 2mk + 20 + 2(m — 2)r)
—w—n+(m— —r axt n.
c +(m—1)(k )pn+(m_2)r_mk ( 5 ) t
On comparing the coefficients of ¢, we obtain (6.1). O

In a similar manner, results (6.2) to (6.4) can be proved by using [12, p.283,
Eq.(36), p.194, Eq.(4) and p.207, Eq.(2)] respectively.

7. Particular Cases

(1) Fora=m=p=2b=c=p=p=v=1,¢q=0,r=—1, (3.1) gives

[g] k n—2k k
—1)*(w)p—r (22 2z —1

where S¥(x) stands for Sinha’s polynomial defined by (1.4).
(2) Making same substitutions in (3.2), we get

(5] & r
” W)k (2w + 2k)p—a2k(=k)r ,, (22 -1
S1(e) =3 3 OO (220 )
k=0 r=0
(3] k
B (W (2w + 2k)n—2k , 2z — 1
7;0 El(n — 2k)! v <1 x? >
2]

_ I'(2w)l(w + k)I'(2w + n) n—2
=2 < T(2w + 2K)L (@)L (2w)Kl(n — 28)1 e-p*

k=
Now, using the well-known Legendre’s duplication formula, we finally get

w3

(2w)p,
22k (w + 1)k!(n — 2k)!

(7.2) S(x) =
k=0

a2k (x — 1)2k
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The results (7.1)and (7.2) are due to Sinha [14, p.439, Egs. (3) and (4)].
(3) Settinga=m,b=c=pu=1, p=01n (3.1) and (3.2), we get

] 1) () omtyp (m) =
El(n — mk)!

3

(7.3) hi (@) =

=
I
o

and
[(mtm=2n))

2w + 2k)n 2k—(m—2)r mx\n-—mr
7.4 B = —k, (T
(74) nm () Z Tz: k'r' (n—2k—(m—2)r)! (=F) ( 2 )
where hy, () stands for Humbert polynomials.
(4) Substltutlng m =3, w=3 in (7.3)and (7.4), we get

[%} n—3k
(=1)*(3)n—2x(32)
(75) Pl = 2 = 3w
and
Z k 1 1+2k n 2k—r 3z e
2 htad
(7:6) ,;) ; s en, (¥

where P, (z) is Pincherle polynomials [6].
(5) For a = m = 2, w = %, (7.3)and (7.4) give finite series representation of
Legendre polynomials [12, p.164, Eq.(1)].
(6) Putting m =2 in (7.3), we get
(3]
(=" (W) (22)" "
7.7 Cy(z) =
(7.7) w (@) kZ:O kl(n — 2k)!
(7) Putting m =2 in (7.4), we get

(4]

w3

k
2w + 2k)n 2k n—2r
Z k"r' (n — 2k)! (=) ()

=

(@) (2w + 2k) ok 1\"
T (1_ )

—

SEN]]

— o

—~
-3
oo
~
|
— K‘M

vz |

— o

Dt HOGwtn) o

2 k
kz r 2w+2k ) (w)T(2w)k! (n — 2Kk)! x —1)

Now, using the well-known Legendre’s duplication formula [12, p.23, Eq.
(19)], we finally get

3]
(7.9) C¥(x) = Z (20)n !xnf% (z® — l)k
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(7.10)

(7.11)

(7.14)

(14)

(7.15)
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where C%(z) is the well-known Gegenbauer polynomial.
In (3.1), setting a = ¢ = 1, p = 0, m = 2 and replacing b and = by \z? and
1+ z + 22 respectively, we get

3]
w (w)n—k n— k
A(2) = Z m(l + 2+ 23" (=A2?)
k=0
Note that f)“(z) is related to C*(z) by the relation (see, e.g. [11, p.57])

1+z+%>
Aw n/2 nw
z) = A""C

Making the same substitutions in (3.2) as mentioned above, we get after a
little simplification

(5] (20)n (M)n ( A\ k
1o 7
( )2">

A,w —
S @) 22k (w + 1)pk!(n — 2k)! 142+ 22

k=0

Ifweseta=m=p=2,b=c=p=v=1landq¢=0,r=—1in (4.1), we
arrive at a known result [14, p.442, Eq. (12)].
By settinga=m,b=c=1,p=0and p=11in (4.1), we get

(wW)n (mz)"
—_n —n+l —n4+m—1.
m’> m 77 m ) 1
o Fo I
md'm—1 —w—n+l —w-—nt2 —w—n+m—1. (mf 1)(m*1)xm
m—1 m—1 " m—1 )

which is hypergeometric representation of Humbert polynomials.
For m = 2, (7.12) gives hypergeometric representation of Gegenbauer poly-
nomial

(W)n (22)"

-n —n+1

27 2

. .1
,—w—n—i—l,ﬁ

Settinga =c=pu=1,m =2, p=0 in (4.1) and replacing b and x by \z>
and 1 + z + 22 respectively, we get
(W) (14 2+ 22"

n!
—-n —n+1 4\z? }

fae(z) =

o |28 el
21|:27 2 y W n+7(1+2+2’2)2

Fora=2b=c=1p=0and g =1, (5.1) gives the generating function
for Py, (z) defined by (1.2):

> Pf;m(x)t” > (2zt)™ w+n; —tm
Z ) — Z nl -lFm wt+n wtn+l w+n+m—1. ~—__—

(w n m m L m ’

n=0 n=0
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(15) In (5.2), settinga=m=p=2,b=c=p=p=v=1,¢=0,r = —1, we
get the generating function for S¥(x):

(7.16)

OoS,“jxt"en > (2zt)"(e),
3 ((i)n() :Z( L!()

n=0 n=0
e+n e+n+1
R Yt b $2(22 — 1)
3472 wtn w+n+1 T
2 2 !

For e = w, (7.16) reduces to a known result of Sinha [14, p.439, Eq.(2)].
(16) Fora =m,b=c=pu =1, p =0, (5.2) gives the generating function for
Humbert polynomials:

(7.17)

ZOO R ()7 ( ZOO (mat)™
n=0 ( n=0 !
e+n e+n+1 e+n+m—1.
w+n, ey m o m
m ern w+n+1 w+n+m71,
m 0T m )

(17) For m = 3 and w = 1/2, (7. 17) gives generating function for Pincherle
polynomials Pn( )

(7.18)

iPn( i Swt) ()
n=0 (1/2 n=0
7_|_n etn ed4nt+l etn+2.
4 F3 2+3 3-|-n3 2+n.3 bt
3 7 37 3

Ifweset u=v=1p=2,¢=0r=—11in (3.1), (3.2), (4.1), (5.1) to (5.4) (6.1)
0 (6.4), we get the results established by Pathan and Khan [11].

(1]

2]
(3]

(4]
(5]

[6]

[7

(8]
(9]
(10]

(11]
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