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Some results on g-regular and g-normal spaces
Zhaowen Li

ABSTRACT. In this paper, map theorem and topological sum theorem on g-regular
(resp. g-normal) spaces are given respectively, and their properties are discussed.
In addition, Urysohn’s Lemma on g-normal spaces is proved.

1. Introduction and preliminaries

It is well-known that g-open subsets in topological spaces are generalized open sets
[3]. Their complements are said to be g-closed sets which were introduced by Levine in
[8]. g-regular and g-normal spaces, which are related to g-closed sets, were introduced
or investigated in [11], [12], [13], [14], etc., In this paper, we give respectively map
theorem and topological sum theorem on g-regular (resp. g-normal) spaces, and show
that g-regular Lindelof spaces are g-normal. In addition, we obtain Urysohn’s Lemma
on g-normal spaces.

In this paper, spaces always mean topological spaces with no separation properties
assumed, and maps are onto. 2% denotes the power set of X. Let (X,7) be a space.
If AC X, cl(A) and int(A) denotes the closure of A in (X,7). f ACY C X, 7y
denotes {UNY : U € 7}, cly(A) and inty (A) will respectively denote the closure of
Ain (Y,71y).

We recall some basic definitions and notations. Let X be a space and let A C X.
A is called g-closed in X [8], if c/(A) C U whenever U is open and A C U; A is called
g-open in X [8], if X — A is g-closed in X. X is called a g-regular space [12], if for
each pair consisting of a point x and a g-closed subset F' not containing z, there exist
disjoint open subsets U and V such that x € U and F C V. X is called a g-normal
space [11], if for each pair consisting of disjoint g-closed subsets A and B, there exist
disjoint open subsets U and V such that A € U and B C V.
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Let f: X — Y be a map. f is called a perfect map, if f is a continuous and
closed map, and f~!(y) is compact for any y € Y. f is called a g-continuous map [2],
if f~1(V) is g-open in X for each open subset V of Y.

2. Related results of g-regular spaces

LEMMA 2.1 ([10]). Iff: X =Y isamap, AC X and BCY. then f~1(B) C A
if and only if BCY — f(X — A).

LEMMA 2.2. Let f: (X,7) — (Y,0) be a g-continuous and closed map. If B is
a g-closed subset of Y, then f~1(B) is a g-closed subset of X.

PROOF. Suppose f~1(B) C U € 7, then B C Y — f(X — U) by Lemma 2.1.
Since f is a closed map, then Y — f(X — U) € 0. B is g-closed in Y implies that
c(B) CY — f(X —U). By Lemma 2.1, f~!(cl(B)) C U. Since f is g-continuous,
then f=1(cl(B)) is g-closed in X. Thus cl(f~*(cl(B))) C U. Hence cl(f~*(B) C U.
Therefore, f~1(B) is g-closed in X. O

THEOREM 2.1. Let f: X — Y be a g-continuous and closed map, and f~1(y) is
compact for any y € Y. If X is g-reqular, then' Y is also g-regular.

PROOF. Suppose y € B and B is g-closed in Y, then f~1(B)) is g-closed in X
by Lemma 2.2. y ¢ B implies that f~1(y) N f~Y(B) = 0. For every z € f~1(y),
x & f~1(B), since X is g-regular, then there exist disjoint open subsets U, and V,
of X such that € U, and f~}(B) C V,. Since {U, : x € f~!(y)} is a open cover
of set f~1(y) and f~1(y) is compact, then {U, : x € f~1(y)} has a finite subcover
{Ug; 11 < n}. Put

U=UU.,, V="V,
i=1 i=1

Then U,V are disjoint open subsets of X, f~!(y) C U and f~1(B) C V. By
Lemma 2.1, ye€Y - f(X-U)and BCY — f(X-V). Let G=Y — f(X —U) and
W =Y — f(X — V), then G, are open in Y. UNV = () implies that (X — U) U
(X-V)=X-UNV =X. Thus W NG = 0. Therefore, (Y,0,Z) is g-regular. O

COROLLARY 2.1. Let f : X — Y be a perfect map. If X is g-regular, then Y is
also g-regular.

THEOREM 2.2. g-regular Lindelof spaces are g-normal spaces.

PROOF. Suppose X is a g-regular Lindelof space. For each pair of disjoint g-
closed subsets A and B of X, x € A implies z ¢ B. Since X is g-regular, then there
exists disjoint open subsets U, and W, of X such that x € U, and B C W,. Now
U W, = 0 implies cl(U,) Wy = 0. So cl(U,)B=0. U ={U, : z € A} is
an open cover of set A. A C |J U,, since A is g-closed in X, then cl(4) C |J U,.

z€A z€A
So U U{X — cl(A)} is an open cover of X. Note that X is a Lindelsf space. Thus

UU{X — cl(A)} has a countable subcover {U, : n € N} U{X — cl(4)}. So X =
(U Un)UX = cl(A)). Hence A C cl(A) € U Uy, where cl(U,)(\B = 0 for any
n=1 n=1

ne€N.
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y € B implies y ¢ A. Since X is g-regular, then there exists disjoint open
subsets V;, and L, of X such that y € V,, and A C L,. Now V, ()L, = 0 implies
cd(Vy)N Ly =0. Socl(V,)NA=0.V ={V, :y € B} is an open cover of set B.

Similarly, there exists a countable subset {V,, : n € N} of V such that B C | V,,

n=1
where cl(V,)(VA =0 for any n € N.
Put

Go=Un— L V), G= ) Gn,
n=1

=1

Wo=V,— U c(U;), W= U W,.
i=1 n=1
Obviously, for each n € N, G,, and W,,, are open in X. So G and W are open in
X.

Claim : for any n,m € N, G, " W,,, = 0.
(1) If m < n, then W,,, C V,,, € U (Vi) € U cl(V;). Since G, U cl(V;) = 0,
i=1 i=1 i=1

then G, W, = 0. (2) If m > n, then G,, C U, C U cl(U;) € U cl(U;). Since
i=1 i=1

W U c(U;) =0, then W,,, G, = 0. Thus, for any n,m € N, G, "\ W,, = 0.
i=1

Therefore, GN\W = () (G,NW,,)=0.

n, m=1

We will prove that A C G and B C W.
For z € A, A C |J U, implies that x € U, for some n € N.
i=1
Since cl(V;)NA = ( for any i € N, then z & cl(V;) forany i € N. Soz ¢ | l(V;).
i=1

Thus x € G, so x € G. Therefore A C G. -
The proof of B C W is similar. O

LEMMA 2.3. Let (X, 7) be a space. Then

(1)IfACY C X, Aisg-closed inY andY is closed in X, then A is g-closed in
X.

(2) IfACY C X, A isg-closed in X, then A is g-closed in'Y .

(8)IfB, Y C X, B is g-closed in X andY is closed in X, then BNY is g-closed
mn X.

Proor. (1) Suppose A C U € 7, then A C UNY € 7y. Since A is g-closed
inY, then c/(A)NY =cly(A) CcUNY. Since A CY and Y is closed in X, then
cl(A) CY. Thus cl(A) CUNY C U. Therefore A is g-closed in X.

(2) Suppose A CU € 7y, then U =V NY for some Ve€7. Now ACV e 7.
Since A is g-closed in X, then cl(A) C V. Thus cly(A) = c(A)NY CVNY =U.
Therefore A is g-closed in Y.

(3) Suppose BNY Cc U € 7,then BC UU (X —Y) € 7. Since B is g-closed
in X, then cl(B) CUU(X —=Y). Thus (BNY) Ccd(B)Nc(Y)=cl(B)NY C
UUuX-Y)NY=UNY CU. Therefore BNY is g-closed in Y. O
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LEMMA 2.4 ([12]). If (X, 7) is g-regqular and Y is closed in X, then'Y is g-regular.

THEOREM 2.3. Let {X, : a € A} be a family of pairwise disjoint spaces. Then
P X. is a g-regular space if and only if every X,, is a g-regular space.
aEN

ProOOF. The proof of Necessity follows from Lemma 2.7.

Sufficiency. Let X = @ X, and let z ¢ F and F be g-closed in X. Since every

aeN
X, is open-and-closed in X, then for any o € A, FFN X, is g-closed in X, by Lemma

2.6. Obviously, there exists 8 € A such that x € Xg. Since X is g-regular, then there
exist disjoint open subsets U and V of Xg such that + € U and F N Xg C V. So
F CcVU(X —Xg). Since Xz is open-and-closed in X, then U and V U (X — Xg) are
disjoint open subsets of X. Therefore X is g-regular. O

3. Related results of g-normal spaces

THEOREM 3.1. X is g-normal if and only if for each g-closed subset F of X and
g-open subset W of X containing F, there exists a sequence {Uy} of open subsets of
X such that F C J Uy, and cl(Uy,) CW for anyn € N.

n=1

PROOF. The proof of Necessity is obvious.

Sufficiency. Suppose A and B are disjoint g-closed subsets of X. Let FF = A and
W = X — B, by hypothesis, there exists sequence {U,} of open subsets of X such that

Ac U U, and cl(U,)NB=0forany n € N.
n=1

And let F = B and W = X — A, by hypothesis, there exists a sequence {V,,} of
open subsets of X such that

Bc UV, and c(V,)NA=0forany n € N.
n=1

Put . -
G,=U,— U dV), G=U Gy,
i=1 n=1
H,=V,—- U dU;), H= | H,.
i=1 n=1
Obviously, for each n € N, G,, and H,, are open in X. So G and H are open in
X.
By a similar way as in the proof of Theorem 2.5, we can prove that G(H = 0,
ACGand BC H. O

Below we give Urysohn’s Lemma on g-normal spaces.

THEOREM 3.2. X is g-normal spaces if and only if for each pair of disjoint g-
closed subsets A and B of X, there exists a continuous mapping f : X — [0,1] such

that f(A) = {0} and f(B) = {1}.

ProOOF. Sufficiency. Suppose for each pair of disjoint g-closed subsets A and B
of X, there exists a continuous mapping f : X — [0,1] such that f(A) = {0} and
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f(B) = {1}. Put U = f~%([0,1/2)), V. = f~1((1/2,1]), then U and V are disjoint
open subsets of X such that A C U and B C V. Hence X is g-normal.

Necessity. Suppose X is g-normal. For each pair of disjoint g-closed subsets A
and B of X, A C X — B, where A is g-closed and X — B in X is g-open in X, by
Corollary 2.12 in [14], there exists an open subset U; /2 of X such that

AC U1/2 C Cl(Ul/Q) c X -B.

Since A C Uy /3, A 'is g-closed in X and Uy is g-open in X, then there exists an
open subset Uy 4 of X such that A C Uy C cl(Uyja) C Uyjg by Corollary 2.12 in
[14]. Since cl(Uy /) C X =B, cl(Uy/2) is g-closed in X and X — B is g-open in X, then
there exists an open subset Us,4 of X such that cl(Uy /o) C Uy C cl(Usyy) C X — B
by Corollary 2.12 in [14]. Thus, there exist two open subsets Uy /o and Us /4 of X such
that

AC U1/4 C CZ(U1/4) - U1/2 C Cl(Ul/Q) C U3/4 - Cl(U3/4) c X —B.

We get a family {Up,jon : 1 < m < 2",n € N} of open subsets of X, denotes
{Unjan : 1 <m < 2", m e N} by {Uy : @« € T'}. {Uy : « € T'} satisfies the following
condition:

(1) AcU,cd(U,)CX - B,
(2) fa<d, then c(Uy) C Uy
We define f: X — [0,1] as follows:

Fa) = inflael:zeU,}, ifxzeU, forsomeacT,
] 1, if ¢ & U, for any o € T.

For each x € A, x € U, for any o € ' by (1), so f(z) =inf{a €T :x € Uy} =
infT'=0. Thus, f(A) = {0}.

For each x € B, x ¢ X — B implies ¢ ¢ U, for any a € T" by (1), so f(z) = 1.
Thus, f(B) = {1}.

We have to show f is continuous.

For x € X and a € I', we have the following Claim:

Claim 1: if f(z) < o, then z € U,.

Suppose f(z) < a, then inf{a € I': 2 € Uy} < a, so there exists a; € {a €
I': z € U,} such that aq < a. By (2), cl(Uy,) C Uy. Notice that € U,,. Hence
z € U,.

Claim 2: if f(z) > «a , then = & cl(U,).

Suppose f(z) > «, then there exists a3 € T" such that o < a7 < f(x). Notice
that o € {@ € T : z € U,} implies o1 > inf{a € T : x € U,} = f(z). Thus,
a1 g{a el :x €Uy} Sox & Uy, By (2), cl(Uy) C Uy, . Hence z & cl(Uy).

Claim 3: if z & cl(U,), then f(z) > a.

Suppose = & cl(U,), we claim that & < 8 for any € {a € T : x € U,}.
Otherwise, there exists § € {a € T : & € U,} such that a > . x & cl(U,) implies
ag{ael :xecU,}. Soa#p Thus a > 8. By (2), cl(Us) C U,. So
x & (3, contridiction. Therefore a < 3 for any 8 € {« € T : x € U,}. Hence
a<infla el xelU,} = f(x).
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For zg € X, if f(xo) € (0,1), suppose V is an open neighborhood of f(z) in [0, 1],
then there exists e > 0 such that (f(zo) — €, f(xo) +€) C V((0,1). Pick o/, a” €T
such that

0< flzo) —e<a < fmg) <a” < fzo) +e< 1.

By Claim 1 and Claim 2, z¢ € U/, zo & cl(U}). Put U = U/ — cl(U}), then U
is an open neighborhood of zg in X.

We will prove that f(U) C (f(zo) — €, f(xo) +¢€). if y € f(U), then y = f(z)
for some x € U. z € U implies that z € U/ and = ¢ cl(U}). Since x € U/, then
o €e{ael :xeU,}. Thus, & > infla € I': 2 € U,} = f(z). Notice that
o < f(xo) + €. Therefore f(z) < f(xo) + €. Since & & cl(U)), then f(z) > o«
by Claim 3. Notice that f(zo) — ¢ < o/. Therefore f(z) > f(xo) —e. Hence,
fU) < (f(xo) — €, flwo) + ).

Therefore, f(U) C V. This implies f is continuous at x.

if f(zp) = 0,0r 1, the proof that f is continuous at x¢ is similar. O

THEOREM 3.3. Let f : X — Y be a g-continuous and closed map. If X is g-
normal, then'Y is g-normal.

PROOF. Suppose A and B are disjoint g-closed subsets of Y, then f~1(A) and
f~1(B) are disjoint g-closed subsets of X by Lemma 2.2. Since X is g-normal, then
exist disjoint open subsets U and V of X such that f~'(A) C U and f~}(B) C V.
By Lemma 2.1, ACY — f(X —U) and BCY — f(X — V). Note that Y — f(X —U)
and Y — f(X — V) are disjoint open subsets of Y. Hence X is g-normal. O

COROLLARY 3.1. Let f : X — Y be a continuous and closed map. If X is g-
normal, then'Y is g-normal.

THEOREM 3.4. Let {X, : a € A} be a family of pairwise disjoint spaces. Then
P X. is a g-normal space if and only if every X, is a g-normal space.
aeN

PROOF. The proof of Necessity follows from that fact that the g-normality is
closed heredity.
Sufficiency. Let X = @ X, and let A and B be disjoint g-closed subsets of X.

aEN
Then for any « € A, AN X, and BN X, are disjoint g-closed subsets of X, by Lemma

2.8. Since X, is g-regular, then there exist disjoint open subsets U, and V, of X,
such that AN X, C U, and BN X, C V,.

Clearly,
A=ANX=ANU Xo)CU= U U,
aEN aeN
B=BNX=BN(U Xo) V= U Ve
aeN aEN

If « # B, then U, N V3 C Xo N X = 0. Thus for any o, 8 € A, Uy, NV = 0.
Hence UNV = [\ (UyNVp) =10.
a, BEA
Since every X, is open in X, then U and V are open in X. Therefore X is

g-normal. O
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