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On Some Properties and Inequalities for the Nielsen’s
f-Function

Kwara Nantomah

ABSTRACT. In this study, we obtain some convexity, monotonicity and additivity
properties as well as some inequalities involving the Nielsen’s S-function which
was introduced in 1906.

1. Introduction and Preliminaries

The Nielsen’s S-function, S(x) which was introduced in [9] is defined as

1 tasfl
(1.2) = (k_j);, x>0

k=0
and by change of variables, the representation (1.1) can be written as
jes} efzct
1.3 = —dt 0.
(1.3 B = [ o= o>

The function () is also defined as [9]

(1.4) ﬁ(:ﬂ);{@” (x;Ll) 1/’(32:)}

where ¢(z) = L Inl(z) = 1;/((;) is the digamma function and I'(z) is the Euler’s

Gamma function. See also [1], [3], [5] and [7].
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It is known that function S(x) satisfies the following properties [1],[9].
(1.5) Bla+1) =1 - B),
T
(1.6) B(z)+p(l—2z)= R

In particular, (1) =In2, g8 (%) =3, (%) =2-Fand (2)=1—-1n2.
)

PRrOPOSITION 1.1. The function S(z
tion, B(z,y) in the following ways.

(1.7) Blz) = di {lnB <92: ;)}

(1.8) B(z)+ (1 —2z) = B(z,1 —x).

L(@)I'(y)
I'(z+y)

T r)r %
19 p(5) =T
(L.

2
9) and using (1.4), we obtain

is related to the classical Euler’s beta func-

PROOF. By the Euler’s beta function B(z,y) = , we obtain

=g

Then by taking the logarithmic derivative o
d{lnB(x 1)}13'(3’5)1 r(s) T(5)

1 T z+1
—2{w(2)—w( 2 )}
= —p(z)
yielding the result (1.7). The result (1.8) follows easily from the relation (1.6).

REMARK 1.2. The function §8(x) is referred to as the incomplete beta function in
[1] and [7]. However, this should not be confused with the incomplete beta function
which is usually defined as

a
B(a;x,y):/ "1 -t tdt, >0,y>0
0

or the regularized incomplete beta function which is defined as
B(a;2,y)

B(z,y)
Also, the function should not be confused with Dirichlet’s beta function which is
defined as [4]

I(z,y) = x>0,y >0.

0 1 oS} tﬂc—l
dt, > 0.
kz—o 2k + 1 F(z) /0 et +et *
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We shall use the notations N = {1,2,3,..., } and Ny = NU{0} in the rest of the paper.

By differentiating m times of (1.1), (1.2) and (1.3), we obtain

1 lnt)mtx—l
1.1 (m) () = ()™t~
(1.10) B0m) () /0 S, w0
— (—D*
1.11 ERERYINE o U Gl A
(1.11) ( )mz(k+x)m+17 x>0
k=0
oo ym ,—axt
(1.12) :(_1)m/ ife%dt, 2> 0
0

for m € Ny. It is clear that () (z) = B(x). In particular, we have

o0 _1\k
(1.13) BUM(1) = (—=1)"m! > (k;i—ll))erl = (=1)™mIp(m+1), meN,
k=0

(1.14) = (=1)"m! <1 - 2;) ((m+1), meN

where () is the Dirichlet’s eta function and {(z) is the Riemann zeta function defined
as

R G Ol
n(x)_z(kJrl) x>0 and ((x ka,
Then by differentiating m times of (1.4) and (1.5), we obtain respectively

(1.15) g+ 1) = L g )

s {0 (55) -+ (D)

For rational arguments x = 27 the function ¢("™ () takes the form

and

(1.16) B (z) =

m p _ m—+1 m+1 - 1
1.17 Pl >(> = (=1)™* mlq - m>1
(117) q - kZ:O (gk +p)m+t
which implies
(1.18)

o) (3Y _ o (L) _ (qyma, pymtt [N N
: (4) v (4)<1>*m!4*{,§_; TSR T ,;(4k+1>m+1}-

Let = 5 in (1.16). Then we obtain

aw (g (o () - (1)
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which by (1.18) can be written as

m 1 m m+1 - 1 N 1
(1.20) B >(2>(1)”ﬂﬂ2 " {E:(4k+4nm+1E:(4k+q>m+1}'

k=0 k=0

Now let m =1 in (1.20). Then we obtain

Y e 1 — 1 B
w0 (3) =S S -

k=0 k=0
where G = 0.915965594177... is the Catalan’s constant.

REMARK 1.3. The Catalan’s constant has several interesting representations [2],
and amongst them are:

k=0
72 > 1
1.22 =——42 —_—
(1.22) G=—o+ kzzo @
w2 > 1
1.23 G=—-2 —_—
( ) 8 Z (4k + 3)2

0
Thus, (1.21) is a consequence (1.22) and (1.23) .
Equivalently, by letting m = 1 in (1.19) we obtain

)4 ()< ()}

since ¢’ (1) = 7% +8G and ¢’ (3) = 72 — 8G. See [1] and [6].
By using (1.13), (1.14), (1.15) and (1.21), we derive the following special values.
1 w2
1) = —=((2) = — =
P = 3¢ = -,
2
"(2) = -1+ =
g =14 T,
3 m
! — [R—

More special values may be derived by using similar procedures. As shown in [1] and
[5], the Nielsen’s S-function is very useful in evaluating certain integrals.
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2. Main Results
To start with, we recall the following well-known definitions.

DEFINITION 2.1. A function f : (0,00) — R is said to be completely monotonic if
f has derivatives of all order and

(=DFf® () >0 for ze(0,00), keN.
DEFINITION 2.2. A function f: I — R is said to be logarithmically convex if

log f(ux +vy) < ulog f(x) +vlog f(y)

or equivalently

fluz +wvy) < (f(2)"(f(y)"

for each z,y € I and u,v > 0 such that u +v = 1.

LEMMA 2.3. For z > 0, the following statements hold .

(1) B(z) is decreasing.

(2) B (x) is positive and decreasing if m is even.
(3) B(m)(ac is negative and increasing if m is odd.
(4) |B(m)(x)| is decreasing for all m € N.

PROOF. These follow easily from (1.3) and (1.12).

REMARK 2.4. Furthermore, it follows from (1.12) that

(1) = (17 [

for x > 0 and k € Ny. Thus, the function 8(x) is completely monotonic. More
generally, 3™ (z) is completely monotonic if m is even and —3(™ (x) is completely
monotonic if m is odd. To see this, observe that for z > 0 and k, m € Ny, we obtain

k glm+k) o [T Re
-1 m =(-nH™ —dt 2 ()0
()88 @) = (e [T I ()
respectively for even(odd) m
REMARK 2.5. Since f(z) = —p'(z) is convex, then by the classical Hermite-
Hadamard inequality:
s a + b fla) + f(b)
2 )

for a convex function f : [a, b] — R, we obtain the inequality

N

where a,b > 0. Alternatively, since §’(z) is continuous and concave (i.e. 8" (z) < 0)
n (0,00), then by Theorem 1 of [8], we obtain the result (2.1).
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THEOREM 2.6. Let m,n € Ng, a > 1, 2 +

% = 1 such that ™ + 3 € Ny. Then,
the inequality

ES 1
a b

(22) B (24 5)| < |8 @) | )

a

holds for z,y > 0.

PRrOOF. By the relation (1.12) and the Hélder’s inequality, we obtain
o0 m+ﬁ — £+£ t
gy (24 Y| [TEEIR T,
a b 0 1+et

o0 t%e_% t%e_y?t
:/ y -t
0 (I+et)E (Tte )t
1 1
oo tme—xt a oo tne—yt b
< —dt dt
\(/0 l+e? ) </0 L4et )

= |8 @)|" |87 @)

o=

which completes the proof.

REMARK 2.7. Note that the absolute signs in (2.2) are not required if m and n
are even.

REMARK 2.8. If m = n is even in Theorem 2.6, then the inequality (2.2) becomes

(2.3) Bm) (f 4 %) < (B(m)(x)) 3 (5(m) (y)) 3

a

which implies that the function 3™ (x) is logarithmically convex for even m. More-
over, if m = 0 in (2.3), then we obtain

(2.4) B(Z+7) <Ba)* (Bw)

implies that 3(z) is logarithmically convex.

REMARK 2.9. Let a = b =2, ¢ = y and m = n + 2 in Theorem 2.6. Then we
obain the Turan-type inequality

(25) B0 @) < |54 @)| [

Furthermore, if n =0 in (2.5) then we get

(2:6) (B'(x))* < B"()B(x).
THEOREM 2.10. Let m € Ny be even. Then the function
(2.7) Q(x) = e B ()

is convex for > 0 and any real number a.
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PROOF. Let m be even and a be any real number. Then for x > 0,
QI(.T) — aeazﬂ(m)(x) + eamﬂ(m-ﬁ-l)(x)7
Q@) = @26 (a) + 2ae8H) () + e B o)
= e 2507 0) + 208 2) + 6 w)].
The quadratic function f(a) = a?8™)(x) + 2aB™*V (z) + Bm+2)(z) has a discrimi-
nant A =4 [(ﬁ(m“)(x))z — Bm) () pm+2) (x)} < 0 as a result of (2.5). Then, since

B (x) > 0, it follows that f(a) > 0. Thus, Q”(z) > 0 and this completes the
proof.

THEOREM 2.11. Let m € Ny be even. Then the function
(2.8) P(x) = [ ()]
is convex for z > 0 and o > 0.

PrROOF. Let m be even, x > 0 and o > 0. Then

InP(z) = aln S (x)  implies Z((f)) :a%fif)'

That is,
) gt (z)
P (LE) = OéP(l‘)W
and then
vy — proyd (@Y [ @) (@) — (80 ()
m = ){<P<x>> o B () ”

=20
as a result of (2.5).
THEOREM 2.12. Let m € Ny be even. Then the function
B (k)
(B0 ()"

is increasing if k¥ > 1 and decreasing if 0 < k& < 1.

(2.9) U(z) =

PROOF. For x > 0 and m even, define a function S by
5o (a)
S(z) = ————=.
@)= o)
Then direct differentiation yields
BUH) ()8 () — (B (a))”
2
[0 ()]

S'(z) =
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and by (2.5), we conclude that S’(z) > 0. Hence S(z) is increasing. Next, let u(z) =
InU(z). Then we obtain
(m+1) (& (m+1)
oy =k [ET ) )
Boks) B0 (a)
Since S(z) is increasing, it follows that w/(x) > 0if k> 1 and v/(z) < 0if 0 <k < 1.
This completes the proof.

COROLLARY 2.13. Let m € Ny be even and 0 < = < y. Then the inequality
k
(2.10) B )\ _ B (ky)
' B (z)) = B (kx)

is satisfied if £k > 1. It reverses if 0 < k& < 1.

PrOOF. This follows from the monotonicity property of U(z) as defined in (2.9).

THEOREM 2.14. Let m € Ny be even and a > 0. Then for x > 0, the function

8™ (a)
Qzr)= ———
is increasing and logarithmically concave, and the inequality
B (a)
2.11 1< ———
(21 Bz + a)

is satisfied.
PROOF. Define u for m € Ny even, a > 0 and = > 0 by
w(z) = nQ(z) = In ™ (a) — In B (2 + a).

Then
Bt (z + a)
B0 (2 + a)
which implies that p(z) in increasing. Consequently, Tr)=e 1s increasing. Next,
hich implies that /() in increasing. Consequently, (x) = ¢#(*) is increasing. N
we have

Wo(z) = >0

B2 (z + a) 8™ (x + a) — (B (2 + a))?
(B0 ( + a)?

which implies that Q(x) is logarithmically concave. Furthermore,

(InQ(z))" = — <0

lim Q(z)=1 and lim Q(z) = .
0+ T—00

Then since Q(z) is increasing, we obtain the result (2.11).

THEOREM 2.15. Let m € Ny. Then the following inequalities hold for =,y > 0.

(2.12) ﬁ(m) (r+y) < ﬂ(m)(x) + ﬁ(m) (y)
if m is even, and

if m is odd.
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PROOF. Let m be even and H(z) = ™ (z +y) — ™) (x) — 8™ (y). Then for a
fixed y, we obtain

H'(z) = 8" (@ +y) — 0" (x)

oo ym (,—(z+y)t _ ,—at
:bwmw/ (e =)
0 1+et

es} tme—rt B
:—/0 1_’_6*75(6 yt_l)dt

= 0.

Hence, H(z) is increasing. Moreover,

. T (m) _ plm) _ p(m)
zlingo H(z)= zlgrolc [5 (x+y)— B (z) -8B (y)}
o0 tm
_(_1\m 73 —(z4y)t _ —at _ —yt
= o g [ [ (e e )

Ootm —yt
o

o l+e
<0.

Therefore, H(z) < 0 which gives the result (2.12). Similarly, for m odd, we obtain
H'(z) < 0 and lim,_, H(x) > 0 which implies that H(z) > 0 and this gives the
result (2.13).

REMARK 2.16. Theorem 2.15 is another way of saying that the function (™) (x)
is subadditive if m is even, and superadditive if m is odd.

THEOREM 2.17. Let m € Ny. Then for m odd, the function 3("™)(z) is star-shaped
on (0,00). That is,

(2.14) B (az) < af™ (z)
for all z € (0,00) and a € (0, 1].

PROOF. Let m be odd and T(z) = 8 (az) — aB™ (x). Then for z € (0,00)
and « € (0,1], we have

T'(2) = a |8 (az) - B (x)]
> 0.

Thus, T(z) is increasing. Recall that (") (z) is decreasing for even n. Then since
0 < azx < z, we have 3"+ (ax) > ™+ (z). Furthermore,

i N (m) _ aBm
Jim T(e) = Jim [0 (az) - a0(c)
o tm —axt oo m —xt
— lim / eidtfa/ — a
z—oo | Jo 14et o 1l+et
=0.
Therefore, T'(x) < 0 which completes the proof.
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THEOREM 2.18. Let m € Ny. Then the inequality

2
(2.15) (87 ()] < 80 ()80 (1)
holds for x > 1 and y > 1.

PROOF. We have xy > = and xy > y since x > 1 and y > 1. If m is even, then
we obtain

0 < B (ay) < B (2)
and
0 < 8" (zy) < B (y)
since 3™ (x) is decreasing for even m (see Lemma 2.3). That implies
2
(6 @)] < B ()8 ().
Also, if m is odd, then we have
0> B (wy) > B (x)
and
0> 5" (zy) > B (y)
since (™) (z) is increasing for odd m, and that also implies
2
(B0 ()] < 8 ()8 (y)
which completes the proof.
A generalization of Theorem 2.18 is given as follows.

THEOREM 2.19. Let n € N and m € Ny such that m is even. Then the inequality

(2.16) pm (f[ 3:) < (f[ /B(M)(wi)> n

holds for x; > 1,1 =1,2,3...,n.

PROOF. Sincex; > 1fori=1,2,3...,n, wehave [ z; >z, forj=1,2,3...,n.
Then for m even, we obtain

0< B (H xi) < B (1),

i=1

0<pm (H $z> < B (x,),

i=1

sx
Il 3
_ E

xi> < B (z,).
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Upon taking products of these inequalities, we obtain

(i) <l

which completes the proof.
THEOREM 2.20. Let m,n € Ny and s > 1. Then, the 1nequahty

2.17) (o] [ w])” < e
holds for z,y > 0.

e

Proor. Note that u® + v° < (u+ v)%, for u,v > 0 and s > 1. Then by the
Minkowski’s inequality, we obtain

1
1 0o tm ,—axt oo 4n ,—yt s
(m ‘ ‘ n) D / t"™e gt / t"e gt
(‘/B p o l+et + o l4e?

(!
< / tse s 1 n tse s 1 gt
0 (L+e ") (I+et)s

1 1
< ym e —xt s o0 4n —yt s
< / at) + / C " a
0 1 + e_t 0 1 =+ e_t

1
- [ + ] |
which yields the desired result.
REMARK 2.21. Notice that ‘ﬁ(m) ‘ = (=1)"B™)(z) for m € Ny and = > 0.
Then by the recurrence relation (1.15), we obtaln
(2.18) |8 @ +1)| = 5~ [8(@)
which implies
|
(m) m
(2.19) |8 (@)| < .

THEOREM 2.22. Let m € Ny and 0 < a < b. Then, there exists a A € (a,b) such
that

(m) () _ glm) _ pm D!
(2.20) |80 (1) = 8 (@) < (b= @)
PROOF. By the classical mean value theorem, there exist a A € (a,b) such that

() () (™) (q m B (b) =B (a) m
B@= @) _ glnt1) (5., Thus, % = [B"+D(\)| and by (2.19), we

obtain the result (2.20).
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3. Conclusion

In this study, we obtained some convexity, monotonicity and additivity properties as
well as some inequalities involving the Nielsen’s S-function. The established results
may be useful in evaluating or estimating certain integrals. Furthermore, the findings
could provide useful information for further study of the function.
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