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Some dual definite integrals for
Bessel functions of the first kind

Howard S. Cohl,* Sean J. Nairf and Rebekah M. Palmer *

ABSTRACT. Based on known definite integrals of Bessel functions of the first kind,
we obtain exact solutions to unknown definite integrals using the method of inte-
gral transforms from Hankel’s transform.

1. Introduction

In Cohl (2012) [1], orthogonality and Hankel’s transform are used to generate
solutions to new definite integrals based on known integrals. In this paper, we use
the method of integral transforms to create new integrals from a variety of known
integrals containing Bessel functions of the first kind J,. In this method, we use the
closure relation for Bessel functions of the first kind to generate a guess for a function
to use in Hankel’s transform. This guess may be incorrect if it does not satisfy the
first condition for Hankel’s transform, in which case a new definite integral is not
generated. If the guess satisfies the condition, restrictions on v must then be adjusted
to satisfy the other condition of Hankel’s transform. For the functions used in this
paper, superscripts and subscripts refer to lists of parameters. Any exceptions to this
will be clear from context.

As far as we are aware, the 40 definite integrals over Bessel functions of the first
kind that we present in this manuscript, do not currently appear in the literature.
An extension of the survey presented in this manuscript can be used to mechanically
compute new definite integrals from pre-existing definite integrals over Bessel functions
of the first kind.
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16 HOWARD S. COHL , SEAN J. NAIR AND REBEKAH M. PALMER

1.1. Application of Hankel’s transform. We use the following result where
for x € (0,00) we define

F(r+0):= lim F(x);

r—r+

see Watson (1944) [7, p. 456].

THEOREM 1.1. Let F': (0,00) — C be such that
(1.1) / Vz |F(z)|dz < oo,
0
and let v > —%. Then
1 o o
(1.2) §(F(r +0)+ F(r—0)) = / udy, (ur) / xF(x)J, (ux) dz du
0 0

provided that the positive number r lies inside an interval in which F(x) has finite
variation.

The effort described in this paper was motivated by the large collection of Bessel
function of the first kind integrals which exist in the book “Table of Integrals, Series,
and Products” [4]. Not counting Theorem 2.1 (which stands alone), the method of
integral transforms was applied to the Bessel function definite integrals appearing in
Sections 6.51 and 6.52 of [4]. This method can be applied to many definite integrals
appearing in Sections 6.5-6.7 of [4].

For the definite integrals presented in this manuscript, we have directly verified
that (1.1) is satisfied. This is easily accomplished by analyzing the behavior of the
integrands in a small neighborhood of the endpoints {0,00}. For this paper, this
technique produced 30 theorems including 40 definite integrals which are given below.
The method of integral transforms does not always succeed in producing new definite
integrals because the conditions on the Hankel transform (1.1) is not satisfied. Some
cases of this are shown in Section 7.

2. Polynomial, rational, algebraic, and power functions

THEOREM 2.1. Let b,c >0, v > —%, t € C~ (—00,0]. Then
(2.1) /OOO(A(Q, b)) tar " J,(at)da = 277 T (v + 1) (8)" 7, (bt)J, (ct),
where A : [0,00)3 — [0,00) (Heron’s formula [5]), defined by
A(a,b,¢) = /s(s —a)(s = b)(s — ),

s=(a+b+c)/2, is the area of a triangle with sides of length a, b, and c.

Proof. We apply Theorem 1.1 to the function F%°: (0,00) — C defined by
Fre(ty:=2""yr T (v +3) (%) 7, (bt) J, (ct),
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where I' : C ~\ =Ny — C is Euler’s gamma function defined in [3, (5.2.1)], and
Jy : C N (—00,0] — C, (order) v € C, is the Bessel function of the first kind defined
n [3, (10.2.2)]. The desired result is obtained from Sonine’s formula [6]

: Y
/O T T W)t dt = oo

where Rea > 0, b,c > 0, Rev > —1. O

THEOREM 2.2. Letv > 1, 1 >0, a,8>0, 2 € C~ (—00,0]. Then

(2.2) / b, 1(bz)db = o’z (az),
0

(2.3) /OO alfﬂJ#(az) da = 517"27{]#_1(52).
B

Proof. By applying Theorem 1.1 to the functions F¢ : (0,00) — C and Gﬁ :
(0,00) — C defined by F%(z) := o’z J,(ax), Gﬁ(z) = ey, 1 (Bx), we
obtain the desired results from the known integral [4, (6.512.3)]

a”vprTl if B <,

/OO Jy(ax)J,—1(Bz)dx = 268)~"  ifp=aq,
0 0 if 8> a,

where Rev > 0. O

THEOREM 2.3. Let v > —1, 2 € C~ (—00,0]. Then

(2.4) Jy(cz)de = K, ().

0 1 1+¢2
Proof. We are given the integral [4, (6.521.2)]

oo bl/
/0 $Ky(a$)Jy(bx)d$ = m,

where Rea > 0, b > 0, Rerv > —1. By applying Theorem 1.1 to the function F? :
(0,00) = C defined by FZ(x) := a”K,(az), we obtain the following integral
00 bu+1
/; mJy(bx)dbza Kl,(ax),
where Rea > 0, v > —%, x € C~\(—00,0]. With the substitutions z = ax and ¢ = b/a,
we obtain the desired result. |

Note that when the method of integral transforms is applied to Fy(z) := aK;(ax)
given the integral [4, (6.521.7)]

/0OO 2K (ax)Jy(bx) = b

a(a? +v2)’
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where a,b > 0, we obtain the integral generated from [4, (6.521.2)] when v = 1.
THEOREM 2.4. Let z € C~\ (—00,0]. Then

(2.5) /0 b ﬁJO(m) dc = %Kl(z).

Proof. We are given the integral [4, (6.521.12)]
R 2a
o x Kl(al‘)JO(b.'I}) = m,

where a > b > 0. By applying Theorem 1.1 to the function F, : (0,00) — C defined
by Fy(z) := 5= Ki(ax), we obtain the following integral

 bJy(bx) x
———sdb=—K
/0 (a2 4 b2)? 2a 1(az),
where a > 0, x € C~\ (—00,0]. With the substitutions z = az and ¢ = b/a, we obtain
the desired result. g

THEOREM 2.5. Let z € C\ (—00,0]. Then

<2 z
2. —_— = - K .
(26) | arap e = Sxale)
Proof. We are given the integral [4, (6.521.12)]
> 2b
2
/0 2°Ko(ax)Ji (bx)de = (NI

where a,b > 0. By applying Theorem 1.1 to the function Fj : (0,00) — C defined by
Fo(z) := $Ko(ax), we obtain the following integral

> b2J,(bx) x
——2db= -K,
A (ag +b2)2 D) O(G‘x)a
where a > 0, x € C~\ (—00,0]. With the substitutions z = az and ¢ = b/a, we obtain
the desired result. O

THEOREM 2.6. Lety >0, v > —1, Rea > [Imf|, z € C \ (—00,0]. Then

(2.7) / bJ, (bz) l” ZQZV_ lQ)dszo(ozz)J,,(’yz),
ll/

(2.8) /0 CJV(cz)de— Ko(az)J,(82),

where 11 and lo are defined as

(2.9) Iy ::%[\/(b—&—c)Q—FaQ—\/(b—c)2—|—a2},

(2.10) Iy == % [\/(b +e)2+a24+/(b—c)?+ aﬂ .



SOME DUAL DEFINITE INTEGRALS FOR BESSEL FUNCTIONS OF THE FIRST KIND 19

Proof. By applying Theorem 1.1 to the function F¢¢ : (0,00) — C and G2 :
(0,00) — C defined by F%¢(x) := Ky(ax)J,(cz), G%*(z) := Ko(az)J, (bz), we obtain
the desired result from the known integral [4, (6.522.12)]

L

(15 —17)’

where ¢ > 0, Rev > —1, Rea > |Imb|. O

/Ooo rKo(azx)J, (bx)J, (cx)dr =

THEOREM 2.7. Let Reb > Rea, z € C N (—00,0]. Then

o cJo(cz)
2.11 de = Ip(az)Ko(b2).
(211) /0 (a* + b* + * — 20202 + 2022 1 262c2)1 /2 o(az)Ko(bz)

Let Reb > Rec, z € C~\ (—00,0]. Then

(2.12) /0 h “lgo(“l? da = Ip(cz) Ko (bz).

where 1y and ly are defined in (2.9) and (2.10).

Proof. By applying Theorem 1.1 to the function F? : (0,00) — C and G% : (0,00) —
C defined by F’(z) := Io(azx)Ko(bx), Gb(z) := Io(cx)Ko(bx), we obtain the desired
results from the known integrals (see [4, (6.522.4)])

o0
/ zly(ax) Ko(bx)Jo(cx)dz = (a* + b* + ¢* — 2020 + 2a%c? + 2b%c)~1/2,
0
where Reb > Rea, ¢ > 0, and

/OOO xlo(cx) Ko (bx)Jo(ax)dr = !

-

where Reb > Rec, a > 0, respectively. O
THEOREM 2.8. Let~y >0, v > —%, Rea > [Im 3|, z € C\ (—00,0]. Then

=y (an) 7

o 2 (0f) V7
2.14 —————J(c2)dc = ————K, g ,
( ) /0 (12 — 12)2v+1 (cz)dc 930 F(z/+%) (az)J,(82)
where 1y and ly are defined in (2.9) and (2.10).
Proof. By applying Theorem 1.1 to the functions F% : (0,00) — C, G%® : (0,00) —
C, defined by

ey BTV
F” (l’) T 23VF(V—|—%)KD( )Jl’( )7

GO (z) == WKV(am)Ju(be%
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we obtain the desired results from the known integral [4, (6.522.15)]
2% (abe)” T'(v + 3)
VGRS

where Rea > [Imb|, ¢ > 0. O

/Ooo 2", (br) K, (az)J, (cx)dx =

THEOREM 2.9. Let v > 0, Ref > |Imal, Rea > 0, Rep > |Regq|, Req > 0,
z € C\ (—00,0]. Then

(2.15) /O N [(GZQi 16(;“2 (jj)j £ 24;2;)3 da = SKo(B2)Jo(72),
(2.16) /0 b [(aj‘f(;j)ji; f 24;;2}3 e = ——Ji(a2)Ko(B2).
(2.17) /O S 02) 20° (Z?l;); ) gy = 216, (p2)Jo(72),
(2.18) /O h Jg(cz)Wdc = 2@ Ko(p2).

where Iy and ly are defined in (2.9) and (2.10).

Proof. By applying Theorem 1.1 to the functions F¢ : (0,00) — C, G% : (0,00) — C,
H¢ : (0,00) — C, I : (0,00) — C defined by Ff(x) := xKo(bx)Jo(cz), G%(x) :=
s=Ji(ax)Ko(bx), HS(v) := vKo(ax)Jo(cx), If(z) := 55 J1(bx)Ko(ax), we obtain the
desired results from the known integrals (see [4, (6.525.1)])

2a(a® + % — ¢?)
[(a2 + b2 + )2 — 4a2¢2)*/?

/000 22Ty (ax) Ko(ba) Jo(cx)dx =

where ¢ > 0, Reb > |Real, Rea > 0,

o0 2,312 2
/ 22J1 (bx) Ko (az)Jo(cx)dx = 2b@ +b" — )
0

13—
where ¢ > 0, Rea > [Imb|, Reb > 0. O
THEOREM 2.10. Let Rea >0, v > —3, 2 € C~\ (—00,0]. Then
< J,(bz
(219) o \/lﬁ:%db = IV/Q(GZ)K,,/Q(G/Z).

Proof. By applying Theorem 1.1 to the function F? : (0,00) — C defined by
Fj(x) := 1, 2(ax) K, j2(azx),
we obtain the desired result from the known integral [4, (6.522.9)]

/ zl,/5(ax) K, jo(ax)J, (br)de = b~ (b* + 4a®)7V/2,
0

where b > 0, Rea > 0, Rev > —1. O
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THEOREM 2.11. Leta >0, v > —1, 2 € C \ (—00,0]. Then
T, (b2) ™
2.20 ————db=——J,,3(a2)Y, a(az).
( ) o m 2 /2( ) /2( )

Proof. By applying Theorem 1.1 to the function F? : (0,00) — C defined by
" T
Fl/ (JJ) = —§JV/2(CL$)YV/2(CLQZ‘),

we obtain the desired result from the known integral [4, (6.522.10)]

0 if 0 < b < 2a,

/0 220 )Vo ol o) o () = { —2r 1571 (b2 — 4a2)" V2 if 2a < b,

where Rev > —1. O
THEOREM 2.12. Let Rea >0, v > —%, Rep > %, z € C N\ (—00,0]. Then

< Ju(b2)

2.21 _—
G20 ), erae

"
[0+ (0% + 40%) /2] db = 20T, 2(02) Ky 2 (a2).

Proof. By applying Theorem 1.1 to the function F** : (0,00) — C defined by
FI"(x) i=2"a" I,y j2(ax) K (g 2 (az),

we obtain the desired result from the known integral [4, (6.522.12)]
o0 Iz
/ Ly 2(ax) Koqp 2 (ax)d, (br)de = 2 Ha Py (b2 44a?)7V/2 [b + (b® +4a®)'/?|
0
where Rea > 0,5 >0, Rev > —1, Re (v — ) > —2. a

THEOREM 2.13. Let |[Rea| < Reb, x € C \ (—00,0]. Then

00 2 2 _ 2
(2.22) / clolcr)(b” + ¢ —a )3 ~de = - Ty(ax) K, (ba).
0 [(a2 + b2 + ¢2)? — 4a2b?] / 2b

Proof. By applying Theorem 1.1 to the function F? : (0,00) — C defined by
F!(x) := & Iy(ax) Ky (bx), we obtain the desired result from the known integral

(4, (6.525.2)]

/ 2?Io(az) Ki (bz)Jo(cx)dr = 2b(b* + ¢ — a?) [(a® + b + *)? — 4a®V?] ~8/2 )
0

where Reb > |Real, ¢ > 0. O
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3. Bessel and Struve functions
THEOREM 3.1. Letv >0, z € C\ (—00,0]. Then

(3.1) /OOO Ju(cz)Ja (2V/c) de = %Jy (i) :

Proof. We are given the integral [4, (6.514.1)]
S (e _
/0 J, (x) J,(bz)dz = b1y, (2\/%) ,

where Rev > 0, a,b > 0. By applying Theorem 1.1 to the function F : (0,00) — C
defined by F(z) := 271 J, (az™!), we obtain the following integral

/Oo Jy (b) Joy, (2\/%) db=z"1J, (g) :

0
where v > 0, a > 0, x € C \ (—00,0]. By making the substitutions = az, ¢ = ba,
we obtain the desired result. O

<v<3 2eC~(~0,0]. Then

THEOREM 3.2. Let — 5

1
2

(3.2) /000 ey (cz) [ei(”“)’r/gKgl, (26”/4\/5> +e DT 2 0, (267”/4\@)] de

1 1
==K, |-].
Proof. We are given the integral [4, (6.514.3)]

/O 3 (2) Koba)dw = b1 0721, (267/ 4V ab) b7 e T2 Gy, (2674 ab)

where a > 0, Reb > 0, |[Rev| < 2. By applying Theorem 1.1 to the function F? :

(0,00) — C defined by Fb(z) := bx~3K, (bx~1), we obtain the following integral

/OOO aJ,(ax) [ei(”H)”/QKQ,, (26”/4\/@) +e DT 2 e, (26_”/4\/%)} da = EKV (b> ,

3 T

where Reb > 0, f% <v< %, z € C~ (—00,0]. With the substitutions z = bz, ¢ = ba,
we obtain the desired result. O

THEOREM 3.3. Let [v] < %, 2 € C~ (—o0,0]. Then

(3.3) /OOO J(c2) {KQV (2¢/c) — gYQ,, (Qﬁ)} de=—"y, <1> .

2z z
Proof. We are given the integral [4, (6.514.4)]

[ (5) ot = 2 s (o) - G (o).

™
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where a,b > 0, |[Rev| < 5. By applying Theorem 1.1 to the function F2 : (0,00) — C

defined by
Fo) = —3-%, (2)

x
we obtain the following integral

/Oo Jo(b) [Kay (2V/ab) - e (2vab)]|ab= -y, (2),

2z x

where a > 0, [v| < 3, € C~\ (—00,0]. With the substitutions z = az, ¢ = ab, we
obtain the desired result. U

THEOREM 3.4. Letv > —%, p> —1, 2 € C\ (—00,0]. Then

(3.4) /000 Jou(cz)J, <12> cde=21J, (%),

e 1
(3.5) / Jyu(cz)d, (40) de=2z""Jp, (V7).
0
Proof. We are given the integral [4, (6.516.1)]

/OOO Jow (av/z) Jy (ba)dz = b~ ', (42)

where Rev > f%, a,b > 0. By applying Theorem 1.1 to the functions F? : (0,00) — C
and G% : (0,00) — C defined by F2(z) := 2bJ, (ba?), G4(x) := 27 Jy, (ay/Z), we
obtain the following integrals

/000 aJay(ax)J, (Z;) da = 28J, (53@2) ,

/OOOJ (bx)J,, (Z‘b)db_x Lo (0n/3),

where o, > 0, v > 4, 0> — , z € C\ (—00,0]. With the substitutions z? = bz?,
c=a/Vb,and \/z = a\/z, c = b/a respectively, we obtain the desired results. a

THEOREM 3.5. Letv > —1, p> -1, 2€ C~\ (—00,0]. Then
oo
(36) / Jl//2 CZ V/2 ( ) _1J ) 5
0
e c
(37) / CJH( )Jﬂ/z ( )dC—QJ /2( )
0

Proof. We are given the integral [4, (6.526.1)]

e 1 b?
/0 zJ, jo(ax?)J, (br)dx = Z—aJy/g (4@)
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where a,b > 0, Rev > —1. By applying Theorem 1.1 to the function F? : (0,00) — C
defined by F?(x) := 2~'.J, (by/7), we obtain the following integrals

/0o Jy2(az)d, o (52) da=z""J, (BVx),

/ bJ,(bx)J, M/2<b )db—QaJ J2(az?),

where a,5 > 0, 1/ > —1,u =2 —5, 2 € C\(—00,0]. With the substitutions /z = Bf
c=a/B? and 2% = ozxz x = z\/a we obtain the desired results.

THEOREM 3.6. Let v > , r € C~ (—00,0]. Then
i 2
(3.8) / azjgy(ax)Ju+1/2(a2)da = ZJV—1/2 <x4> )
0

Proof. By applying Theorem 1.1 to the function F, : (0,00) — C defined by
Fy(z) == $Ju_1/2 (%), we obtain the desired result from the known integral [4,
(6.527.1)]

o 1
/ JQV(an)J,,_l/Q(m2)dx =50 Jl,_H/Q(az),
0

where a > 0, Reu>—%. O
THEOREM 3.7. Letv > —%, x € C\ (—00,0]. Then
o x z?
(3.9) / a®Joy(az)J,_12(a®)da = ZJIMLI/Z <4> .
0

Proof. By applying Theorem 1.1 to the function F, : (0,00) — C defined by
Fy(x) = $Ju41)2 (%f), we obtain the desired result from the known integral
[4, (6.527.1)]

o 1
/ JQV(an)Jl,H/Q(xQ)da? =50 Jl,,l/g(az),
0

where a > 0, Rev > —2. O
THEOREM 3.8. Let v > —1, 2 € C~ (—00,0]. Then
0 2
(3.10) / cJy(cz)H, /o < ) de = —2Y,, 5(2%).
0

Proof. We are given the integral [4, (6.526.4)]

(%S) 1 b2
/O zY, jo(ax?)J, (bz)dx = —%HV/2 (4@) 7
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where a > 0, Reb > 0, Rev > —1 and H, : C — C, for v € Ny, is the Struve function
defined in [3, (11.2.1)]. By applying Theorem 1.1 to the function F¢ : (0,00) — C
defined by F¢(z) := —2aY,, j2(ax?), we obtain the following integral

o] 2
/ bJ, (bx)H, /o <b> db = —2aY,,/2(ax2),
0 4a

where a > 0, v > —%, r € C\ (—o0,0]. With the substitutions 2? = az?, ¢ = b/\/a,
we obtain the desired result. O

4. Exponential, logarithmic and inverse trigonometric functions

THEOREM 4.1. Let v > —%, z € C\ (—00,0]. Then

(4.1) /O h Jy(cz)e Y e de = 2J,(2v2) K, (2V/7).

Proof. We are given the integral [4, (6.526.4)]

- 1
/ rJ,(2vax)K,(2v/ax)J, (bx)dx = §b—26—2a/b7

0

where Rea > 0, b > 0, Rev > —1. By applying Theorem 1.1 to the function
F? : (0,00) — C defined by F%(x) := 2J,(2v/ax)K,(2\/azx), we obtain the follow-
ing integral

/ b=, (bx)e2/0db = 2J,(2v/ax) K, (2/azx),
0

where Rea > 0, v > f%, z € C~ (—00,0]. With the substitutions z = azx, ¢ = b/a,

we obtain the desired result. O

THEOREM 4.2. Let a >0, z € C\ (—00,0]. Then
a b2
(4.2) / Ji(bz) In (1 - 2> db = —mz" 'Yy (az).
0 a

Proof. We apply Theorem 1.1 to the function F, : (0,00) — C defined by F,(x) :=
—mz~1Yy(az), where Y, : C \ (—00,0] — C, (order) v € C, is the Bessel function of
the second kind defined in [3, (10.2.3)]. We obtain the desired result from the known
integral [4, (6.512.6)]

/ Ji1(bx)Yo(az)dz = ———In (1 — a2> ;
0

™

where 0 < b < a. O

THEOREM 4.3. Let z € C~\ (—00,0]. Then

(4.3) /000 Ji(cz) In(1 4 ¢?)de = 2271 Ky (2).
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Proof. We are given the integral [4, (6.512.9)]

/0 Ko(ax)Jy (br)dr = % In (1 + ;) ,

where a,b > 0 and K, : C \ (—00,0] — C, (order) v € C, is the modified Bessel
function of the second kind defined in [3, (10.25.3)]. We apply Theorem 1.1 to the
function F, : (0,00) — C defined by F,(z) := 227! Ky(az), and obtain the following
integral

o'} 2
/ J1(bx) In (1 + 22) db = 227 ' Ky (ax),
0

where a > 0, x € C \ (—00,0]. With the substitutions z = az and ¢ = b/a, we obtain
the desired result. O

THEOREM 4.4. Let a >0, z € C~ (—00,0]. Then

(4.4) /0 ! (i) (b2)db = T [73(az) — Jo(2a2)].

Proof. By applying Theorem 1.1 to the function Fj : (0,00) — C defined by
™
Fo(z) = %Jg(ax),

we obtain the desired result from the known integral [4, (6.513.9)]
b if 0 < 2a <b,

JZ(ax)Jy (bx)dx =
/0 o (ax)Jy (br)dx zsin*1 <b> if 0 < b < 2a.
b 2a

5. Hypergeometric and Legendre functions

THEOREM 5.1. Let n € Ng, u >0, v > %, t € C~ (—00,0]. Then

* v,—n b? _ nla?’ "T(v — n)Jy4n(at)
.1 —m—1(bt) o ’ — | 0" db = ,
(5 ) /O J 2 1( )2 1( v—n CY2> tF(Z/)

(® 2)/00 Jutn(at) 2Fy ( N BQ) da___ (i — ) Jyna (1)
. i _ .
B

p—mn'a2) qrn-l tT ()

Proof. By applying Theorem 1.1 to the functions G%® : (0,00) — C and H/*8 :
(0,00) = C defined by
nla’""T'(v — n)Jy4n(at)

G (1) = o ,

n!BHH D (0 —n) Jy—n—1(Bt)

HiA () o= o 7
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we obtain the desired results from the known integral [4, (6.512.2)]

. ﬁ(())F(_Zﬁ> if0 < <a,
/O Jun(at) Jy—n-1(Bt)dt = ¢ (—1)"(2a) "1 if = a,
0 if 8>«
where Rev > 0 and o F; : C? x (C\ —Np) x (C\ [1,00)) — C is the hypergeometric
function defined in [3, (15.2.1)]. O

THEOREM 5.2. Let v > f%, v>—-2Repu—1,z2€ C~ (—00,0]. Then

< _ 4 _ 4
(5.3) /0 Pl (,/1 + CQ> Qo (,/1 + 02> T, (cz)de

e—,m'rir v—2pu+1
= ZF(ug-Z;fl) )I#(Z)K#(Z)

Proof. We are given the integral [4, (6.513.3)]

/OOO I,(ax)K,(ax)J, (bx)dx

ehmip (t2udl 2 2
= bF(u(—Z;j—l))P—_lﬂ/2+v/2 ( L+ 4;;) :T/2+u/2 ( 1+ 4;) )
2
where Rea > 0, b > 0, Rev > —1, Rev +2u > —1 and P¥ : C \(—o0,1] — C, for
v+u ¢ —N with degree v and order p, and Q* : C \(—o0, 1] — C, for v+pu ¢ —N with
degree v and order pu, are the associated Legendre functions of the first [3, (14.3.6)]

and second [3, (14.3.7)] kind respectively. By applying Theorem 1.1 to the function
F#ie:(0,00) — C defined by
— i v—2u+1
()
.’EF (1/+22u+1) 123

ot (a) = (a2)K ,(az),

we obtain the following integral

- 4a? _ 4a?
/0 P—1u/2+u/2 ( I+ b2> Q_llt/2+y/2 ( 1+ b2> J, (bx)db

B e—MTri T (11—22/1.-‘1-1) ;

JZF ( V+22p,+1 ) 1

where Rea > 0, v > —%, v > —Re2u —1, z € C~ (—00,0]. By making the
substitutions z = ax, ¢ = b/a, we obtain the desired result. O

(ax)K,(ax),

THEOREM 5.3. Letv > FRepu—1,v > -1, 2 € C~ (—o0,0]. Then

-1
2
o _ 4
(5.4)/0 Jy(cz) lQlf/%V/z ( 1+ 62>

ef2p,ﬂ'ir ( 1+V2—2M)

de= I’ (41+u2+2u) [K“(Z)]z‘
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Proof. We are given the integral [4, (6.513.5)]

) 2
0o e2hmiT (1+U+2H) 4a2
K 27, (bx)de = ——————2 2 |Q_*H 14 -2

/o (K (ax)]”J, (bx)dx br(pﬂgzu) —1/24v/2 + b2 J

where Rea > 0, b > 0, Re (¥ + u) > —3. By applying Theorem 1.1 to the function
F#e:(0,00) — C defined by

e—2;m'i1" ( 1+V2—2,u)

F)(z) = e (1-&-112—&-2“)

v

[Ku(ax)]z,

we obtain the following integral

2 .
o) 4q2 e~ 2umiT (1+V*2#)
, —K 1 — 2 K 2
/0 Jy (bx) [Q—1/2+y/2< + b2 )] db mr(1+y2+zu) [Kpu(az)]”,

where Rea > 0, v > FRep — 1, v > —7, x € C N (—00,0]. With the substitutions
z = ax, ¢ = b/a, we obtain the desired result. O

6. Jacobi polynomials and Chebyshev polynomials of the first kind

THEOREM 6.1. Letn € Ng, v > -n—1, o, >0, z€ C~ (—00,0]. Then

(61) / P(U 0 ( B ) JV+2n+1(a’Z)a_u da = Z_lﬁ_VJV(ﬁz)v

o 2b?
(6.2) / P (1 - 2) J,(b2)b" T db = 27" T on 1 (a2).
0 (0%

Proof. By applying Theorem 1.1 to the functions F? : (0,00) — C and G%" :
(0,00) — C defined by F’(z) := 717" J,(bx), GZ"(z) := 2 a" " J 1 0n11(az), we
obtain the desired results from the known integral [4, (6.512.4)]

o0 a0 (1-2a722) it 0<b<a,
/ Jotont1(az)d, (bx)dx =

0 0 if0<a<hb,
where Rev > —n — 1 and P(a’ﬂ) C — C is the Jacobi polynomial defined in [3,
(18.3.1)]. O

THEOREM 6.2. Leta >0, v > —1, 2 € C~ (—00,0]. Then

27, (bz)

0o Vi@ -2

Proof. By applying Theorem 1.1 to the function F™® : (0,00) — C defined by

n,a Q0
F(x) = §J(u+n)/2(ax)J(v—n)/Q(ax)»

b T
(63) Tn <2a) db = §J(,,+n)/2(aZ)J(l,_n)/g(az).
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we obtain the desired result from the known integral [4, (6.522.11)]

o 2717 (4a? — V?)TV2 T, (L) i 0 < b < 2a,
/ S (yqny 2(ax) J o, —py j2(ax)J, (bx)dr = 0
0

if 2a < b,
where Rev > —1 and T}, : C — C, for n € Ny, is the Chebyshev polynomial of the
first kind found in [3, (18.3.1)]. O

7. Examples where the Hankel transforms fails

In the following examples, the potential use of the method given by Theorem
1.1 fails because the condition (1.1) can not be satisfied. This has been verified by
analyzing the well-understood behavior of the integrands in a small neighborhood of
the endpoints {0, co}.
(1) The definite integral [4, (6.512.1)] with G** () := a(v, u)T (v+1)b""z~1J, (bz),
HE(2) 1= (v, )T (v + 1)a" o1, (az),
where a(v, ) :=T (“_’2’+1) /T (“+g+1).

(2) The definite integral [4, (6.514.1)] with G%(z) := bx—3J, (bz~1).
(3) The definite integral [4, (6.514.2)] with F’(z) := bz =3Y,, (bz~1).

(4) The definite integrals [4, (6.516.2)], [4, (6.516.3)], [4, (6.516.4)], and [4,
(6.516.7)] with respectively F’(zx) := —2bY (bx ), Fb(z) := 4bn 1K, (ba?),

Fg(a) = 27 'Ya, (av/x), and F(z) == SCC(M K2V(af)
(5) The definite integral [4, (6.522.2)] with F}»%(x) := %6_2‘””5(% WK, (ax))?,
where B(v,p) :=T(5 — p)/T(1+ § 4 p).
(6) The definite integrals [4, (6.522.6)] and [4, (6.522.8)] with F,(z) := —FJo(ax)Yy(azx),
and GH%(x) := %e‘zl””ﬂ(u, ) K, —1/2(ax) K, 41 /2(ax), respectively.
(7) The definite integral [4, (6.522.16)] with F>¢(z) := \/mz"y(v)1,(cz)K, (bx),
where y(v) := (8bc) /T (v + 1) .

(8) The definite integrals [4, (6.526.2)] and [4, (6.526.3)] with Fb(z) := 2071Y,,(by/7),
Gb(z) = cos(4) K, (b \f)/( ), respectlvely
)
)

(9) The definite integral [4, (6.526.6)] with F7(z) := dan 'K, 2(az?).
(10) The definite integral [4, (6.527.3)] with F,(z) := —2Y, 11,2 (22/4) /4.
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