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Evaluation of integrals through psi function
Ramesh Kumar Muthumalai

ABSTRACT. Some integrals involving various combinations of elementary func-
tions with psi function are evaluated through elementary methods on properties
of psi function. In addition, evaluation of integrals involving various combinations
of trigonometric and hyperbolic functions with elementary functions are shown.

1. Introduction

The classical table of integrals by Gradshteyn and Ryzhik contains list of integrals
involving psi function (logarithmic derivative of gamma function[2, p. 892]) in the
combinations of powers, algebraic functions of exponentials, trigonometric functions,
etc[2, p. 651-652]. It is usually denoted by

(1.1) ¥(w) = = (log T (x)

Where 9 and I' are psi and gamma functions respectively. It satisfies following func-
tional relations for x # 0, —1,—2,... [2, p. 894-895]

(1.2) Wz +1) :w(x)+%.
(1.3) PY(1 —x) = ¢P(z) + ot .

(1.4) o(52) -0 (3) =250

Using these three properties, Glasser[3] evaluated some integrals involving psi function
in closed form. The properties and integral representations of ¢ and § functions are
collected in Ref[4] and Ref[1] respectively. In Ref[5], integrals involving psi function
are evaluated through following infinite series [2, p. 893]. For real x and y,

o0

(1.5) ;My:k? = w(a + iy) - (e — iy).
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68 RAMESH KUMAR MUTHUMALAI

In the present study, evaluation of following integrals involving psi function are
given either by finite or infinite number of terms using the identities (1.2)-(1.4) and
infinite series given in (1.5).

2 F(@) W(z + az) £ 9(z — az)) da,

8 f(z) dr.
(A) @ cos2ax + cos2z

g f(x)sin2ax
SN dx
@ cos2ax *+ cos2z

The solutions of integrals given in this paper are not found in the classical table
of integrals[2]. Also, they cannot be expressed in closed form using symbolic language
such as Mathematica.

2. Some identities between integrals

Some relationships between integrals in (A) are derived in this section.

DEFINITION 2.1. Let f be a continuous function on («, 3), and let a and z are
any numbers. Then, define

B
(2.1) Alzy0) = [ @) (s + a2) — oGz — az)] da.
and

B
(2.2) B(z,a) = / f(@) [Y(z+ ax) + (2 — ax)] dx.

THEOREM 2.2. Let f be a continuous function on («, 3), and let z and a are any
numbers. If z ¢ Z, then

B ) sin 2mrax
(2.3) / f(w)sin2 dx = S [A(z,a) + A(1 — z,a)] .

cos 2wz — cos 2raxr 2T

g 1 B(z,a) — B(1 -

(2.4) / 1 (@) do— LBEA—BUZz0) oy
o COSs2mz — cos2max 27 sin 27z

A f(z)sinh2raz 1
2. dx = — [A(z,1 A(l = z,ia)].
(25) /a cos 27z — cosh 2maz . 2mi Az ia) + Al = z,da)

A f(x) 1 B(z,ia) — B(1 — z,ia)
2. de = — . . 2z ¢ Z.
(26) /a cos 27z — cosh 2maz . 2m sin 27z 22 ¢

PRrOOF. Replacing z by 1 — z in (2.1), then

B
(2.7) A(l — z,a) = / flz) (1 —z+ax) — (1 — 2z —ax))dz.
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Adding (2.1) and (2.7), gives

B
/ f@) (W(z+ax) — (1 —2z—ax) —¥(z —ax) + Y(1 — 2z + ax)) dz
= A(z,a) + A(l — z,a).

Using the identity (1.3), then

(A(z,a) + A(1 — z,a)).

3=

8
/ f(z) (cot (2 + ax) — cot w(z — ax)) dx =

After simplification, gives (2.3). Similarly, (2.4) can be easily found. Replacing a by
ai in (2.3) and (2.4) and after simplification, gives (2.5) and (2.6). This completes the
theorem. 0

THEOREM 2.3. Let f be a continuous function on («, 8) and, let 2,2z ¢ Z and a
be any number. Then

B f(x)sin 2maxdz 1
2.8 = A R A 1 _ , o QA 2 72
29 o COS2maxr + cos2mz 27r[ (2,0) + A( z,a) (2z,2a)
—2A(1 — 2z,2a)] .
’ f(z) 11
2 da = o~ 2B(2z,2a) — 2B(1 — 22,2
(29) /a cos2maz + cos2rz . 2m sin?wz[ (22,2a) ( z,2a)
7B(Z,a) +B(1 — Z,a)] .
p (z) sinh 2razdx 1
210 = —— [A(z,ia) + A(1 — z,ia) — 2A(22,2i
( ) o cosh2max + cos2mz 27m'[ (2, ia) + A 2,ia) (22, 2ia)
—2A(1 — 22, 2ia)] .
’ f(z) 11
2.11 dr = — 2B(2z,1a) — 2B(1 — 2z,1
(211) /a cosh 2maz + cos 21z - 2x sin27rz[ (22,14a) ( z,1a)

—B(z,ai) + B(1 — z,ai)].

PRrOOF. Replacing a by 2a and z by 2z in (2.3), then

A fx)sindmax 1
= — (A(22,2 A(l —22z,2a)).
/a cosdmz — cosdmwax 27 (A(22,20) + A( #2a))

Since cos 2max = 2 cos? max — 1, gives

P f(z)sin 2max cos 2rax

dx = QL (A(22,2a) + A(1 — 22,2a)).
™

o C€08%22mz — cos? 2max

Splitting the denominator by partial fraction, gives
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/B f(z)sin2maz d — /B f(z)sin2max

, COS2mz — cos2max cos 2Tz + cos 2max
1
= —[A(22,2a) + A(1 — 22,24a)].
m

After simplification gives (2.8). Similarly, (2.9) can be easily found . Replacing a
by ia in (2.8) and (2.9), gives (2.9) and (2.10). This completes the theorem. O

EXAMPLE 2.4. Let f(z) =sinay and a = 1 in (2.5). Then
/°° sin zy sinh 2x p 1
0

= —[A(z,1) + A(1 — z,1)].
cos 2wz — cosh 2mx v 277[ (2,4) + A( 2,1)]

But entry 6.466 from Ref [2, p. 652] states that for z > 0 and y > 0

/00 [(z +ix) — (2 —iz)]sinzyde = ire” Y (1 — e ¥) "1 = A(z,4).
0
So that

/OO sin xy sinh 2x d 1e %Y 4 ¢—*(1-y)
T _—
o cos2mz — cosh2nz 2 1—e ¥

Similarly, using (2.10), gives

/°° sin zy sinh 2z dp — 1 1 =22 4 e~ (1-22)y e _ (=2
0

cosh 2wx + cos 27z T 21 —ev¥ cos2mz

3. Evaluation of integrals involving psi function in closed form

In this section, the integrals involving various combinations of psi function are
evaluated through integral representation of psi function.

THEOREM 3.1. Let f be a continuous function on (a, B), and let z and a are any
numbers. Then

o0 —zt B
(3.1) A(z,ia) = 22’/ %/ f(z) sin axtdtdx.
0 —¢€ el

PrOOF. Entry 3.427.1 from Ref [2, p. 355 | states that for u > 0

© [T e~ b
/O ( _ +€_m_1>dx=w(u)-

For a and z, it can be written as

> e¢~*tsinh axt
Y(z 4+ ax) —P(z —ax) = 2/ ¢ SInar .
0

1—et

Using definition 2.1, gives

B
A(z,a) = / f(z) (W (z+ ax) — Y(z — ax)) dxdt.
B

> e~*t sinh axt
:2/ f(x)/ ¢ SN .
« 0

1—et
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Rearranging above integrals, gives

e

00 —zt B
(3.2) A(z,a) = 2/ = / f(z) sinh aztdtde.
0 - o

Replacing a by ia gives (3.1). This completes the theorem. O

REMARK 3.2. The following results are immediately obtained from (3.1) and (3.2)

t

0 —zt _ —yt B
(3.3) A(z,1a) — A(y,ia) = 2i/ 6171/ f(z)sin axtdtdz.
0 —€ «a

—zt __ e—yt

o0 o B
(3.4) A(z,a) — Ay, a) = 2/0 / f(z) sinh axtdtdz.

1—et

EXAMPLE 3.3. Many integrals can be evaluated through Theorem 3.1. The fol-
lowing are few of them.

(1) Let f(z) = (B +iz) " — (8 —iz)~" in (3.1) on (0,00). Then

(3.5) /000 (B +iz)~" = (8 —iz) "] [(z + iaz) — (2 — iaz)) dz

o0 e—zt o0
— 9 i)"Y — (B —ix) Y] si dxdt.
2/0 /0 (B +ix) (B —ix)~"] sin axtdxdt

1—et
The formula 3.769.1 in Ref[2, p.435] states that for a > 0, Re(8) > 0 and
Re(v) >0
( ) /oo [(5 ) " (ﬁ ) v] p a’U—le_aﬁ
3.6 +ix)”" — (B —tx)” | sinardr = —imr———.
0 I'(v)
Using (3.6) in (3.5), gives
o
(3.7) / [(B+iz)™" — (B —iz)""] [Y(z + iaz) — Y (z — iax)] dz
0
v—1 oo ,—(z+afB)t
= 22 / < 't
F(U) 0 1-— e_t
The formula 3.411.7 from Ref[3, p. 349] states that
o0 gv—lempa 1
(3.8) /0 wdﬂ? = @F(U)C (v, 1/ B) -

Using (3.8) in (3.7), yields

(3.9) /000 [(B+iz)™" — (B —ix)""] [Y(z + iax) — Y(z — iax)] dw
=271a" "¢ (v, 2 + ap).

Let 2z =1/2 in (3.9), gives

/OO [(B+iz)™" — (B —iz) "] tanh azdz = —2ia" "' ((v,1/2 + af).
0
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(2) Let f(x) = ﬁ2+('1yfa:)2 - 52+(’1Y+I)2 in (3.1) on (0,00). Using the integral

3.732.1 in Ref [2, p. 422]

[ee] 1 1 ' » '
/0 [52 +r—2? B+ (W-l—x)?] sinazds = e sin(a).

Then, (3.1) gives

e 1 1 . .
(3.10) /0 [ﬂz Iy o Rl )2] [(z +ix) — (2 —iax)] dx

(zt+ap)t
-2 / 67 sin atvydt.
o 1-

Further, the integral 3.911.6 from Ref[2, p. 484] states that

/Ooo %dw = % [(B +ia) — (B — ai)].

Using above entry in (3.10), gives

e 1 1 : )
(3.11) /0 [[32+(’yw)2 - 52+('y+m)2] [(z +ix) — Y(z — iax)] dx

:%[1p(z+aﬁ+i7)—¢(z+aﬁ—’7i)]~

Let z=1/2 in (3.11). Then

> 1 1
/0 {52 .Jr (v — )2 - B2 1 (,erx)Q} tanh arxdx
— — L [(1/2+aB +iv) — ¥(1/2 + aB — i)

B
(3) Let f(z) = x/(z*+ )" in (3.1). Formula 3.737.2 in Ref[3, p. 423] states
that
o0 : k(9y _ L _ oYI3k k+1
(3.12) / 2£L' sinaz Z 25(2n 2) B*a .
0 (I + B2)n+1 22nnlﬁ2n 1 kl ?’L Y S 1)

Using (3.12) in (3.1), gives

/°° x [Y(z + tax) — P(z — iax)] da
o (m2 T ﬁ2)n+1

(3.13)

2k2 _ 6kk+1k+

(4) Similarly, using the entry 3.776.1 from Ref[3, p. 440], gives

/°° a’(b+x)? +plp+1)
0 (b+ z)pt2

[(z +iax) — Y(z — iax)] dx = 22‘%((2, 2).
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EXAMPLE 3.4. Let f(x) = 1/xin (3.3) on (0, 00) and using the integral fooo ST Jy —
/2. Then
| e i) — 00— i) — oy + o) + iy i)
0
= im [P(y) — ¥ (2)]-

THEOREM 3.5. Let f be a continuous function on («, 8) and let z and a are any
numbers. Then

(3.14)  B(zia) — B(zib) = 2/00

e

—zt B
e /a f(z)(cos bxt — cos axt)dtdz.

1
PrOOF. Using entry 3.427.1 from Ref[2, p. 355] for a > 0 and z > 0

> e~ *!(cosh axt — cosh bxt
e~ #*(cosh azt — cos x)dt.

Y(z+ax) + ¥(z — ax) — Y(z + bx) — Y(z — bx) = 2 e
o _

Using definition (2.1), gives
B
B(z,a) — B(z,b) = / f(z) (W(z + ax) + Y(z — ax) — YP(z + bx) — P(z — b)) dxdt.
B

oo —zt _
o fw) e~ *(cosh axt — cosh bxt) dtda.
a 0 et —1

Rearranging above integrals, gives

e

zt B
T / f(z)(cosh axt — cosh bxt)dxdt.

e~ t —

B(z,a) — B(z,b) = 2/0OO

Replacing a by ia and b and b, after simplification gives (3.14). This completes the
theorem. g

ExAMPLE 3.6. The following are some examples of evaluation of integrals through
Theorem 3.5.

(1) Let f(z) =1/2% in (3.14). Then

(3.15) / ¥zt a0) 49 —aw) — (et bo) — Yz b))
0 x
oo —zt [e'¢) .
_9 / e / cos axt — cos bxt dadt.
o l—e )y 2
Entry 3.784 from Ref[2, p. 441] states that
*° cosaxr — cosbx T
(3.16) /0 wa = 5(() —a).

Using (3.16) in (3.15), gives
[ e 9 =) bt ) = gt
0

2

de =7(b—a)((2,2).
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(2) Let f(z) = 1/(2?(2® + y?)) in (3.14) and use entry 3.784.8 from Ref[2, p

441]. Then
/Oo V(z 4+ azx) + ¥(z — azx) — Y(z + bx) — Y(z — bx)dx
BT+
= T2 e@.2) + 5 e+ ) - ().

(3) Let f(z) = m in (3.14). Then

(3.17) /°° w(z+ax)+w(z—ax)—w(z—i—bx)—w(z—bx)dx
: (22 + y2)"
© e7*t [ (cosaxt — cosbxt)
:2/ 1—e—t/ fr gy dadt
0 0 Y
Entry 3.737.1 from Ref[2, p. 423] states that
*  cosax (2n — k — 2)!(2ay)*
1 d .
(3.18) /0 <x2+y2>nx (2y)2n~ 1n_1lz k:'n— k—1)!
Using (3.18) in (3.17), gives
/°° Y(z 4+ ax) + Y(z — ax) — (2 + bx) — (2 — bx) ™
dx = X
@25 ) 2y 1 1)
— 2n— —2)!2k+1yk

(]

(a"”‘((z + ay, k) — b*¢(z + by, k)).

L _ 1)
= (n 1!

4. Integrals through infinite series

THEOREM 4.1. Let f be a continuous function on («, 8), and let z be any number
and |a] < 1,

o B
(4.1) A(z,a):QZa%*lg(%,z)/ 2?1 f () da
(4.2) B(z,a) = 26(= Qza%g (2k + 1, z)/ 22 f(2)da
k=1

ProOF. Expanding psi function ¢(z+ax) and ¥(z—ax) by Taylor series at x = 0,
gives

(1) tabzk¢(k + 1, 2).

hgE

(4.3) P(z + ax) = ¥(2) +

E
Il

1
(4.4) U(z—ax) = ¥(z) = Y a"a"((k +1,2).
k=1
Subtracting (4.3) from (4.4), gives (4.1). Adding (4.3) and (4.4), gives (4.2). O
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EXAMPLE 4.2. The following are some examples of evaluation of integrals using
(4.1) and (4.2).

(1) Let f(z) =2""*(1—2)*1 on (0,1) in (4.1) and (4.2). Then

& azkfl (T)k

1
/o 2" (1—2)"" (Y(z + ax) — (2 — ax)) do = 2KZ (r+ )k

k=1
/1 "1 —2)s 7t sin27raxd K S a? Y (r)gp_1
0

C(2k, 2).

cos2maz — cos 2z . 7 kz:l (r+8)ok_1 [C(2k, 2) + C(2k, 1 = 2)]

/1 xrfl(l—x)sil dx_ilw
0 ™

cos 2max — cos 27wz sin 27wz

oo

K Z a* =1 () gy {C(Qk +1,2)—C(2k+ 1,1 —2)

+= :
™= (r+8)ap—1 sin 27z

Where K = F(E;?iis)) and (a) is Pochhammer symbol.

(2) Let f(x) = li(z)zP~! on (0,1) in (4.1) and (4.2). Use the solution of the
integral fol li(z)xP~tde = —% log(p+ 1) for p > —1 to get following results.

1 o0 ok—1
. _ a log(p + 2k)
li(z)2P ! (¥(z + ax) — (2 — ax)) dz = —2 E C(2k, z).
1 1 oo 9k—1
li(z)zP~* sin 2axdz 1 a log(p + 2k)
= — 2k 2k, 1 —z)].
/0 cos2mwar — cos2mz 1;::1 p+2k—1 €2k, 2) + ¢ (2k, 1 = 2)]
/1 li(z)a?~tde 1(z) —v(1—2)
o cos2max —cos2mz T sin 27z
L oglp+2k+1) [C2k+1,2) = ¢k + 1,1 - 2)
[t p+ 2k sin 27z

5. Evaluation of integrals though infinite series

In this section, the integrals involving psi and Hurwitz zeta functions are evaluated
through infinite series.

Entry 3.232 from Ref[2, p. 318] states that for Rey > —1,a>0,6>0,¢ >0
/°° (c+azx)™™ — (c+ bx)~*
0

T

dx = ¢ "log(b/a).

Replacing ¢ by ¢ + k£ and taking summation for £ =0,1,2,..., gives

o0

/ Z(C—&—k—i—ax)_“—(c—i—k—i—bx) ‘d = log(b/a) Z
0 k=0

k=0
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Using definition of Hurwitz zeta function[2, p. 1027], yields

(5.1 | €t an) = e ) 5 = o og(b/a).

Entry 3.194.3 from Ref[2, p. 313] states that for |arg | <7, Rev> Re u >0

o] mp—l
/0 dezﬂ_vB(MaU—ﬂ)-

It is equivalent to

o0 CCu—v—l
/0 mdﬁf:ﬁ_vB(lhv_M)'

Then it is easy to find that
oo
/ 47 (v, 1/2 + B)dx = B(u,v — u){(v, B).
0
Also, it can be written as
o dz
(52) C(va"kﬂ)ﬁdx: B(’U,7’U—U)C(U,B)
0

Entry 3.249.1 from Ref[2, p. 321] states that for n € N
/°° dx _ @2n=-3) 7
o (

2 4+a2)" 2. (2n —2)! a2n-1"

It is easy to find that

dt (2n-=3)!
. t —1/2,a).
(53) | oty = B e = 1/2.0
Entry 3.749.1 from Ref[3, p. 428] states that for a > 0, b > 0
* rtanaz T
. dxr = .
(5 4) A 72 + b2 x 62ab +1

Replace b by b+ k and multiply by 2¢ and taking summation on both sides k = 1,2,...
gives the following identity

(5.5) /0 tan ax(Y(b+ ix) — P (b — iz))dx = 2in kzzo Py

Let b=1/2in (5.5). Then

o0

o 1
tan ax tanh xdx = _—
/ >

Similarly, using formula 3.749.2 from Ref[2, p. 428], gives

1

(5.6) /0 cot ax (i (b + ix) — (b —iz))dr = 2”};} 22a(btk) _ 1
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Let b=1/2 in (5.6). Then

oo

S 1
/0 cot ax tanh zdx = QZ caki) _1°

Using (5.5) and (5.6), gives
/ P(b+iz) — (b —ix)

dx = 2im Z csch 2a(b + k).
k=0

5.7
(5:7) sin ax

Let b=1/2in (5.7). Then

> tanh -
/ ﬂdm = cheh a(2k +1).
0 k=0

sin 2ax

6. Conclusion

The integrals involving various combinations of elementary functions with psi
functions are evaluated through elementary methods using properties of psi function
and infinite series. Most of integrals given here are not available in the classical table
of integrals by Gradshteyn and Ryzhik [2]. Also, they cannot be expressed in closed
form using a symbolic language.
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