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Evaluation of some definite integrals through arctangent
function and infinite products

Ramesh Kumar Muthumalai

ABSTRACT. Some integrals involving elementary functions and special functions
such as exponential integral, psi function, etc., are evaluated through arctangent
function, infinite series and infinite products.

1. Introduction

Some integrals involving various combinations of elementary functions in Ref[6]
are evaluated through following infinite series of arctangent functions that found in
chapter 2 of Ramanujan notebooks, part-I. Let a and x be real[1, p. 39-40]. Then

o0

(1.1) > (—l)ktan’lk — = tan~! (sinhz csca),
T+a

k=—oc0

(1.2) Z tan~! % = tan™! (tanhz cota),
T+a

k=—oc0
1 _1)k -1_T —1( hﬁ):z_ —1( —m/2>_
(1.3) I;O( )™ tan 1 tan™" ( tan 1 1 tan™" (e

In Ref[5], integrals involving elementary functions and psi function are evaluated
through following infinite series for psi function[3, p. 893] and infinite products for
gamma function [3, p. 886]. For real z,y and = # 0, —1,-2,...

> 2yi B , :
(1.4) kgom = (z +iy) — P(z —iy).

0o Y2 B I'(z)2 | T(x) 2
(1.5) kl;[o (1 Tt k)2> T T(z+iy)T(z —iy) ’F(w — )

Where v and I' are psi and gamma functions respectively.
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EVALUATION OF SOME DEFINITE INTEGRALS 79

The chapter 37 of Ramanujan notebooks, part-V contains many entries related
to infinite series. The entrieb from 27 to 30 contain following infinite series for the

integral ¢(z) = [ 92 dt[2, 457-461]. For every real z,

1)k o oz
(1.6) k:O( 1)"(2k + 1) log (1 + Ok T 1)2)
- [G o(e 7%)] — 2z tan” (67%).
2. sin(4n + 2)x
(1.7) ngo M = ¢(tanx) — zlog(tan x). 0<z<m/2

Where G is Catalan constant. The classical table of integrals by Gradshteyn and
Ryzhik[3]contains solutions of many integrals that involving various combinations of
elementary and special functions in closed form. Some of the integrals are given in
terms of infinite series of elementary functions or special functions. For instance[3, p.
369], a >0

(1.8) /100d ——QiEz (2k 4+ 1)a] .

xsmhaw
* dx - k41 s
k=0

Where Fi is the exponential integral function. In present study, integrals that in-
volving various combinations of elementary functions and special functions (such as
exponential integrals, psi function etc.,) are evaluated through above mentioned series
of arctangent function, infinite products and infinite series as studied in Ref[5, 6], ei-
ther in closed form or infinite series. The integrals given in this paper are not available
in the classical tables of integrals[3]. Also, they cannot be evaluated through symbolic
language such as Mathematica.

2. Evaluation of integrals through arctangent function

2.1. Combinations of powers, exponential and rational functions. In this
subsection, the following type of integral is expressed in finite number of terms of sine
and cosine integral function using integrals involving arctangent function.

e—perm

/0 (b2 4+ 1222) ... (b2 4 (2m + 1)222)
Entry 3.946.1 from Ref[3, p. 494] states that for p > 0

(o]
d
(2.1) / e7PT gip?mt! ym—x
0 T

n m ) 1
- 22 ( m )tan_1 {(2m—2k+1)‘ﬂ )

dx.




80 RAMESH KUMAR MUTHUMALAI

Multiply e=¥® on both sides of (2.1) and integrating on [0, 00) with respect to p, then

(2.2) / / vl gin?mtl ymdyd—x

—-m & 2 1
= 22m (—=1)* < m]:— ) / e ¥ tan™! [(2m -2k + l)y] dy.
=0 0 p

Entry 3.895.4 from Ref[3, p. 481] for Re b > 0 can be written as follows

(2m + 1)lg?m+t
(b2 4+ 1222) (b2 + 3222) ... (B> + (2m + 1)222?)’
Also, integral 4.55.3 from Ref[3, p. 601] states that for Re b > 0

(2.4) /000 tan~! (f) e b = % (ci(ab) sin(ab) — si(ab) cos(ab)) .

a

(2.3) / e~ sin®™ ! pydy =
0

Using (2.3) and (2.4) in (2.2), yields

/°° e PELm ge— (ED i (—1)* y
o P12 (B +2m+1)%%) T 22mh S k(2m+ 1 k)

, pb : pb o pb pb
“Nom—2k+1)"™\om—2k+1) *\om—2k+1)““\am—2k+1/|"

Similarly, consider the following integral 3.946.2 from Ref[3, p. 494] for p > 0
> d 1 (2 —1)mtt
(2.5) /0 e~ P% sin?™ yac?x =~ 2om ( ::) logp + % X

z_: (—1)* (in) log [pQ + (2m — 2k)2y2] .

k=0

Multiply by e~¥® on both sides of (2.5) and integrating with respect to y on [0, 00),
then

dx 1 (2m (—1)m+1
(2.6) / / b sin? ymdy— =~ Samp < m> logp + 227m><

E(-M(T) /OOO e ¥ log [p® + (2m — 2k)%y?] dy.

k=0
Entry 3.895.1 from Ref[3, p. 481] states that for Re b > 0

2mlg?mT2

2. Vb sin?™ yady = :
27) /0 ¢ NI YT T 2 1 2222 (02 + 4222) . (b2 + (2m)2a?)
Also, entry 4.338.1 from Ref[3, p. 568] states that for Re b > 0 and Re a > 0

(2.8) / e " log (a® + %) =
0

[log a — ci(ab) cos(ab) — si(ab) sin(ab)] .

(S
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Using (2.7) and (2.8) in (2.6), gives

[e’] e Pz 2m—+1
2 92,2 2 1 5y T =
o (b*+2%z ) (b (2m)22?)

_ logp (—1)m+k 1 1 & (=1 y
- El( 2m k)! (m!)2 - 22m-1 k' 2m k)!

. pb o pb 4 si pb . pb
“Nom—2k) “C\om—2k) " \om—2k )™ \am —2k )|

2.2. Combinations of arctangent and cosine functions. In this subsection,
integrals involving arctangent and cosine functions are evaluated through infinite se-
ries.

Consider the following entry 4.581 from Ref[3, p. 603] for Re p > 0

(2.9) / tan~! <a:) cos :z:d—x = ngi(fp).
0 p

Then, for |p| <=

o x x dx

2.1 tan ™! — tan ™! —

(2.10) /0 (an [ an kﬂ__p)cosacx
= —g (Ei(—p — kr) — Ei(p — kr)) .

Taking summation on both sides for £ = 1,2,3, ..., then

e 1z .z dx
E tan — tan CcosST—
o = km+p km—p x

Z (Bi(—p — km) — Ei(p — kn)) .

Using the identity given in (1.2), gives

o d
(2.11) / tan~! (tanh 2 cot p) cos =
0 x

2

Ei(— +Z (Ei(—p — km) — Ei(p — k‘ﬂ'))]

Differentiating with respect to p, gives

(2.12) /°° cos T dx
’ o cothasin®p+tanhzcos?p
T > e~ P~ km eP— km
oS |
2| p p+ kr p—kmw

k=1
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Similarly, using the identity (1.1), it can be easily found that

° d
(2.13) / tan~! (sinh 2 csc p) cos &
0 xZ

Ei(—p)+ Y _(~1)" (Bi(—p — kr) — Ei(p — /.m))] .
k=1

0
2
Differentiating with respect to p, yields
/°° sinhzcosz dx
0

2.14 —_— —
( ) sin’p +sinh®z =

e~ P e e—p—kﬂ' ep—k:‘n'
— ) (—DF - .
D p+kr  p—krw
k=1
Multiply by (—1)* on both sides of (2.9), and replacing p by 2k + 1 and taking
summation for k = 1,2,3... and using identity (1.3), gives

T
= —sec
B) p

(o) oo
1 (tanh ™) cos 2% = — TS (C1)FBi(—2k —
(2.15) /0 tan (tanh 1 )cosx =5 kZO( 1)*Ei(—2k —1).

3. Evaluation of integrals through infinite products

The integrals involving special functions and elementary functions are evaluated
through infinite series (1.4) and infinite products (1.5) and (1.6).

3.1. Combinations of logarithmic of gamma function, powers and trigono-
metric functions. Consider the integral 6.232.1 from Ref[3, p. 633] for a > 0 and
b>0

e 1 b2
. i (— inbrdr = ——1 1+—= .
(3.1) /0 Ei(—ax) sin bxdx 5 0g< + a2>
Replacing a by a + k and taking summation for k£ = 0,1,2,..., gives
o Zoo ) ) 1 I'(a)
(32) A s E'L(_(a + k)ﬁr) S1n bed:I/' = —g log ‘I‘(a—zb)‘ .

Then, by Fourier sine transform[3, p. 1113]

(3:3) /OOC Sir;bx log ’ F(Z (—a)m:)

do = —g iEi(—(a +k)b).
k=0

Differentiating (3.3) with respect to b and using integral representation of exponential
integral 8.211.1 from Ref[3, p. 875], gives

(34) /000 cos bz log ’F(FW)

a —ix)

o, —(atk)b
T x— €
dr=—-% ———.
v 2 kz—o a+k
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Again differentiating (3.4) with respect to b, gives

I'(a)
I(a —ix)

T e—ab

do = — .
T T e

(3.5) / x sin bz log
0

Differentiating (3.5) 2n times with respect to b , then

I'(a) T d¥n [ e
L O [ 8 .
I'(a —iz) z=(=1) 2 db*» L —eb

(3.6) / 22" gin b log
0

Differentiating (3.5) 2n — 1 times with respect to b, then

I'(a)
I'(a —ix)

(3.7) / 2" cos bx log
0

T d2n71 efab
dz = (=1)"5 ooy [1_61)]

3.2. Combinations of powers, trigonometric and hyperbolic functions.
Consider the formula 3.946.2 from Ref[3, p. 494] for p > 0

> —pT 31.,2M d'r 1 2m
(3.8) /O e P sin? ax$22m<m>logp
(_1)m+1 — k 2m 2 9 9
+w2(—1) . ) log [P + (2m — 2k)%a”] .

k=0

This can be easily found that
> —pT (o3 2m i2m dx
(3.9 e P* (sin®" ax — sin®" bx) —
0 X

(—1)m+1 e 2m 1+ (2m — 2k)2a2 /p?
o 2 (1)k< k > log L +@m— 2k)2b2/p2] '

k=0

Multiply by p on both sides and after simplification, gives

e : d(e”")
1 .2m _ in2m
(3.10) /0 (sin®™ ax — sin”™ bx) .
m—1
)™ 14 (2m — 2k)%a?/p?
22m Z ( > IOg l:l (2 2k>2b2/ 2] :
k=0 + ( m— ) /p

Multiply by (—1)¢, replace p by p(2i+1) and taking summation for i = 0,1,2,...,gives

k=0

1+ (2m — 2k)2a®/p?(2i + 1)?
i(2i + 1)1 .
% Z i+ 1)log [1 T (2m — 2k)202/p2(2i + 1)2
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Using the infinite product identity (1.6), yields

o dx
(3.12) / (sin®™ az — sin®™ bz) tanh px sec hpr—
0 x
m—1
(_1)m+1 2m 1 -2 (m—k —7 2 (m—
= o 2 CUF () |5 {e ) — (e )
k=0

a a b .
+(m — k)— tan™! (e‘“E(m_k)) —(m—k)=tan~! e‘”p(m—k))] .
( )p ( )p (
Consider the entry 3.948.3 following integral from Ref[3, p. 495] for Re p > 0

o0 d 1 +a?/p? b
/ e P¥ (cos ax — cos bx) f_r log (w> +btan~! — — atan~' .
0 p

2 2 1+ b2/p? p
Multiply by (—1)%, replacing p by p(2i+1) and taking summation for i = 0,1,2, .. .,gives
oo 2 1 [e') .
/ I (cosax — cosbx) f 3 Z p(2i +1)log T (2 +1)2
o coshpx x — T (2z+1)2
+ Z(_l)i <btan1 L atan” )
— p(2i + 1)

Using the identities (1.6) and (1.3), gives

*cosar —cosbrdxr 1 b —an 7r
[ A L (gfe ) — ol ) + 0~ )

cosh px T T

3.3. Combinations of powers and logarithmic functions. Consider the
following integral from Ref [4] for ¢ > 0 and b > 0

e d T(z—1
(3.13) /0 16_ g (cosax — cosbx) f = log M .
Replace a by o — 8 and b by a + (3, then
e de 1 I(z —ia+1iB)
- - — =_log|=0—|.
/0 e (cos(a — B)x — cos(a + f)x) — =35log ‘ T(z —ia—ip) '
e . odr 1 [(z —ia+1ip)

3.14 S 3 — =—log| =—/————| -
(3.14) /0 T o= mnaxblnﬁxx 5 Og’I‘(z—ia—i/J’)‘

Then by Fourier sine transform,
['(z —ia +ix)

(3.15) /000 log Tz —ia—in)

Let y = 2z — ia. Then for Im(y)> 0,

(3.16) /OOO log ‘W

me *8 sinaf

sin Sxdx = =P 5

T e U8 _ o—ub

sin fzdx = % 1P
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Differentiating (3.15) 2m times with respect to § , then

o I(y + iz ) 7 d* [1e 9P — eV
1 mog | =2 —~ = =
(3.17) /0 v 'y — l:c) 2dp2m | 1—e P

Differentiating (3.15) 2m + 1 times with respect to 3, then

in fz = (-1)™

(3.18) / 2?1 Jog M cos fx =
0 Iy —ix)
(L T P 1 eV - e
2dp2mtt | 1—eF

Differentiating (3.16) with respect to y, yields

19 [ Wi - v = -5 (750,

Differentiating (3.19) n times with respect to y, then

o n —yp —ypB
/o [C(y+iz,n+1)—((y —ixz,n+ 1)]sinfz = —g% (l—efﬁy>.

Using Fourier sine transform[3, p. 1113], yields

/Oox” ¢ bln@xbln,@xdm—2.[C(y+zﬁ,n+1) Cly—if,n+1)].
0 1—e" n!

3.4. Combinations of powers, logarithmic gamma and Bessel functions.
Entry 6.776 from Ref[3, p. 740] states that for Re a > 0 and b > 0

(3.20) / zlog(1 + a?/x?) Jo(bx)dx = b% - %aKl(ab)
0

Where Jy and K; are Bessel function of first kind and modified Bessel function of

second kind respectively. Replacing a by 1/(a + k) and taking summation for k =
0,1,2,..., then

(3.21) / leog< /:) >J0(bx)d b%—b(aik)m <aik>

Replacing a by «a ,then

(3.22) / leog( 1fk) )Jo(bx)dx; b(a2—|—k:)K1 <a-buc)

Subtracting (3.21) from (3.22) and using the identity (1.6), gives

o0 1’\ _
(3.23) / zlog | —/— =
0

BEs (K1 b/(a+k)) Kl(b/(a—i—k;)))
a+k) (a+k) '
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But entry 8.446 from Ref[3, p. 909] shows that

R RN 70 AR : 1
(3.24) Ki(z) = ;+;m [log2¢(]+1)2(j+1)}

Using (3.24) in (3.23), gives

o0 T(a—i/x) 1< (b/2) 23“
/0 lo8 | R =i ) Jo(bz)dw = Ez::o I(n+7)!
- log(b/2) , 1
[;) a+k 2J+2< a+k _w(3+1)_2(j+1))
= log(b/2) , 1
kZ:O +k2a+2( a+k _¢<]+1)_2(j+1))

After simplification, yields

__1 3 w (9 a 1095 «
=5 X iy @ RO G 20)

Jo(bx)dz

+ (€25 + 2,0) — €(2] +2,0)) <log(b/2) —P+1)— 2(]14_1))} )

4. Integrals involving exponential, sine and cosine integral functions

DEFINITION 4.1. Let ®(z) > 0 and n be a natural number. Define ¢,,(x) as follows
(4.1) / d)” i dt n=23,...

where ¢;(z) = tan~! z.

The function ¢,, satisfies the following properties

(1) For all z, ¢p,(—2) = —n(x).
(2) If |2| <1, then

i p2k+1
qsn
i 2k @k+ 1)
(3) Forn=0,1,2,...
,/T2n+1
(4.2) Pant1(1) = 22"‘*‘27(271)'|E2"‘

where Fs,, is Euler number of order 2n.



EVALUATION OF SOME DEFINITE INTEGRALS 87

4.1. Combinations of exponential integral function and trigonometric
functions. Entry 3.946.1 from Ref[3, p. 494] states that for p > 0

(4.3) / e~ PT gin?m ! yxd—x
0 x
—1)" & 2m + 1
= ( 2) Z(—l)k< mt )tan_1 {(Zm—Zk—&—l)y} .
22m = k D
Divide (4.3) by p and integrating on [1, 00) with respect to p. Then
o0 (e o) —px d
(4.4) / / € gin2m+l yx—xdp
0o J1 p T
7 -1 _ Yy
(—1)m n ( l)k (2m i 1) /oo tan [(Qm 2k + I)Z} p
22m pars k 1 P

Using the integral representation of exponential integral Ei(—z) = ffoo et—tdt Ref[3, p.
875], gives

/ BEi(—x)sin®™T! yazd—x
0
(

x
—1mtt & L(2m 41\ [ tan=1 [(2m — 2k + 1)yu]
S () [ e,
k=0
Then using (4.1) for n = 2, yields
oo
(4.5) / Ei(—z)sin®*™*! ya:d—x
0 x
—1)mtt & 2m +1
= % Z(—l)’“( f )</>2 ((2m =2k +1)y).
k=0
Let m =0 in (4.5). Then,
i ) dx
(4.6) / Ei(—x) sinyz— = —oa2(y).
0

Integrating (4.6) with respect to y and using the definition of sine integral Si(z) =
Jy #2udg (3, p. 878] and using (4.2) ¢3(1) = 7%/32. Then

u

* FEi(—x 73
(4.7 /0 ?Si(m)dm =~

4.2. Combinations of Sine and cosine integrals with psi function. Entry
6.244.1 from Ref[3, p. 634] for p > 0 and ¢ > 0

< zdz T .
(4.8) /0 sz(px)mziEz(—pq).
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Replace ¢ by a + k and taking summation on both sides for £k =0,1,2, ..., gives

o = 2izdr R .
/0 sz(px)zm—mgl?z(—p(a—i—k)).

k=0

Using the identity (1.4), gives
(4.9) /OO si(px) (Y(a +iz) —Y(a —izx))dx =i Z Ei(—p(a+k)).
0 k=0

Similarly, using the following entry 6.245.1 from Ref[3, p. 634] for p > 0 and ¢ > 0

> dx T
(pz) ——— = — Ei(—pq).
/O Cl(p:l:)q2 2 g i(—pq)

Gives the following identity

(4.10) / T (ot in) — pla—in)) do = in S ZREAR),

T = a+k

REMARK 4.2. Let a = 1/2 and replace p by p/2 in (4.9) and (4.10). Then

/ si(2pz) tanh rxdr = ZEi(—p(Qk +1)).
0 k=0

o - ] S
/ ci(Zpr) o 23" Bi(-pk+1))
0 X 0 2k+1

5. Conclusion

The integrals involving various combinations of powers, exponentials, trigonomet-
ric functions with special functions (such as exponential, sine and cosine integral func-
tions) are evaluated through arctangent function, infinite products and infinite series.
The integrals given here are not available in the classical tables by Gradshteyn and
Ryzhik [3]. Also, they cannot be expressed in closed form using a symbolic language.
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