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An arithmetic conjecture on an arctangent sum

Victor H. Moll

ABSTRACT. A sequence z,, defined in terms of a sum of arctangent values, sat-
isfies the nonlinear recurrence zn, = (n + zn—1)/(1 — nzp—1), with 1 = 1, which
has been conjectured not to be an integer for n > 5. This problem is analyzed
here in terms of divisibility questions of an associated sequence. Properties of this
new sequence are employed to prove that the subsequences {z19n+5 : n € N} and
{z19n+13 : n € N} contain no integer values.

1. Introduction

The evaluation of arctangent sums of the form
(1.1) Ztanfl h(k)
k=1

for a rational function h reappear in the literature from time to time. The reader will
find in [3] a survey of a variety of methods employed to obtain results such as

= 2 3
-1 o
(1.2) kE:1tan =iy

as well as

(1.3) S tan ! % a1 tan(/v/2) — tamh(n/V2)
k=1

tan(m/v/2) + tanh(r/v/2)

An example of the corresponding finite sum

(1.4) zn: tan~' h(k)
k=1
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AN ARITHMETIC CONJECTURE ON AN ARCTANGENT SUM 91

was discussed at the end of [3] in the form

n
(1.5) Xy = tanZtanflk
k=1
that satisfies the nonlinear recurrence
Tpn—1+n
1.6 =
(1.6) n 1—nx,_1

and the initial condition z1 = 1. The paper above observes that x5 = 0 and ends with
the question of whether x,, ever vanishes again.

This problem was addressed in [1] on the basis of the computation of the 2-adic
valuation of x,. Recall that if p is a prime and 0 # = € Z, the p-adic valuation of
x is the highest power of p that divides x. This is denoted by v,(z). This notion
is extended to Q via v,(a/b) = vp(a) — v, (b) and the special value v,(0) = +o00. In
particular, if v,(x) < oo for some prime p, then = # 0. The result

2 1 if n = d4
Vz(xn):{l/z( n(n+1)) ifn=0,3mo

(1.7) .
0 if n =1, 2 mod 4,

valid for n > 5, shows that z,, = 0 only when n = 3.
The question addresed here is whether z,, € Z when n > 4. The authors of [1]
stated the following conjecture.

Conjecture 1.1. The number z,, is not an integer when n > 5.

This conjecture remains open and some evidence pointing towards its validity are
stated in [1]. For example, with

n

(1.8) wo = [JA+5?)

j=1
the authors established the following criterion:

Theorem 1.2. Assume that for n > 5, the term w,, is a square. Then x,, is not
and integer.

The usefulness of this statement was very short-lived, since J. Cilleruelo [5] proved
the next result.

Theorem 1.3. The product w, is a square only for n = 3.

The conjecture is equivalent to the fact that the graph of the fractional part of
Ty, shown in Figure 1, does not intersect the xz-axis. For 5 < n < 50000, the minimum
height is 2.39245 x 1076,

Note 1.4. The graph shown in Figure 1 is reminiscent of the plot of

 mod k
(1.9) yi(k:):lmz . forl<k<i

analyzed in Chapter 5 of [6]. The result is that, when ¢ — oo, the rescaled arithmetic
random variables y;(k), where k is taken uniformly on [1,4], converge in law to the
uniform distribution on [0, 1]. Figure 2 shows the function y; (k) for i = 5000.
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F1GURE 1. The fractional part of z,, for 1 < n < 50000
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FIGURE 2. The function ys0p0(k) for 1 < k& < 5000

is used in comparing the

s
2

. The relation tan™'k + tan=1(1/k) =

sequence x, against the sequence

Note 1.5

(1.10)
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A simple calculation shows that b, = tana,, satsifies

—b, f
(1.11) T, = tan (ﬂ _ @n) _ or n even
2 1/b,  for n odd.

Now
"1
(1.12) an—ZE—i-O(l),

with the error term given by

n —

1 - 1 n oo
Z<E_tan 1E> z::z:: 2g+1k2a+1

k=1

and this is bounded by ((3)/3 < 0.41. The harmonic sum in (1.12) can be replaced
by logn with an error term

n
1
1.13 — —logn < vy < 0.58,
(1.13) ;  —logn <y
where ~ is Euler’s constant. It follows that the dynamics of b, is comparable to
¢, = tanlogn. This example represents a caricature of the original sequence x, and
it will analyzed in a future publication.

Introduce the sequence f, implicitly by
fn+1 + fn
(n+1)fn

with f; = 1. The fact f, € Z is based on the closed-form expression (1.15). The
following arithmetic criterion is established:

(1.14) Xy =

if fn—1 does not divide f,, then x, is not an integer.
This criteria is used to construct subsequences of x,, which do not contain integer
values. Still, the main conjecture stating that x,, € Z remains open.

The sequence f, is given explicitly by

(1.15) fo= (1" Re [T (1 +ik).
k=0
and it satisfies the recurrence
(1.16) Nfnr1=—2n+1)frn—(n+ 1) (> +1)f0y

with initial conditions f; = fo = 1. Section 2 discusses a family of matrices B, ;, with
entries that are polynomials in n, such that

(1.17) [ff:] - {ffngjl} '
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Section 3 gives the bound |f,| < Cn! for some constant C', with the optimal constant
C, = y/sinh7/7. An interesting modulo 4 phenomena for the function ¢, = f,,/n! is
also discussed in this section.

The arithmetic criterion stated above motivated the search of primes p which
divide f,—1 but not f,. This is explained in Section 4. The data presented there
indicates that it is unlikely that the present method will produce a proof of the main
conjecture discussed in this paper.

The valuations of f,, are discussed in Section 5, for instance the formulas

(1.18) va(fn) = V“J and vs(fn) = 0

Obviously, v3(f,) = 0 means that 3 never divides f,,. The set of primes is divided into
three types: ) primes p which never divide an element of the sequence f,,; i7) primes
p for which v, (f) is asymptotically linear; ii¢) those primes for which v,(f,) displays
an oscillatory behavior. A precise description of this concept is missing.

It is conjectured that the class of primes 4ii) produces subsequences of {z,} that
are guaranteed not to contain any integer values. Section 6 contains all the details
for p = 19, the first prime of this class. The analysis exploits the periodicity of the
sequence Mod(fy,19) and the matrices in (1.17) modulo 19. This periodicity is not
a direct fact since the recurrence satisfied by f, has non-constant coefficients. The
main result of Section 7 is:

Theorem 1.6. The subsequences z19,45 and x19,413 contain no integer values.

An analytic formula for v,(f,), similar to the classical formula of Legendre for
vp(n!), seems to be possible for primes in the class i:). Details of an experimental
attempt to find this formula are provided in Section 8 for the prime p = 13. An exact
formula for v13(f,) remains an open problem, but simple expressions that match this
valuation for almost all values of n are described.

2. An associated sequence

The recurrence
n+Tp-1
Ty = —

1—nx,1
yields
1n2 4+ ne,_q
nl— NTyp_1
1 (nxp_1—1)+n2+1
n 1—nx,_1
1 n+nt
_l’_

n 1l—nz,_1

Multiply through by n + 1 and simplify to get
1 n+1)(n+nt

1—nx,_1

(2.1) n+Dz,—-1=-2-
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This motivates the introduction of
(2.2) Uy, = NTp_1 — 1.
LEMMA 2.1. The sequence uy, satisfies the recurrence

(n—|—1)(n—|—n71)+2n—|—1 B

(23) Un+1 + 0.
Up, n
The first few values are
73 662
u; =1, ug = —10, us = —1, ug = 19, us = 19’ Ug = 3

A new sequence { f,,} is introduced as follows: f; = 1 and recursively f,, = wp, fr—1.
Note 2.1. The relation to the original sequence is given by

o fn+1+fn
(2.4) Ty = [CET

A recurrence for f, is described next.

PROPOSITION 2.1. The sequence f, satisfies

2n+1
n

(2'5) fn+l+ fn+(n+1)(n+n_1)fn—l =0.

Equivalently
(2.6) (n—1)f,=—[2n—1)fr_1+ n(n? — 2n + 2)fn-2|, forn =3,
with initial conditions f1 = fo = 1.

PROOF. Replace in (2.3). O

The first few values of f,, are
fi=1, fo=1, fs=-10, f4 =10, f5 =190, fe = —730, fr = —6620, fg = 55900.
It is a remarkable fact that the numbers f,, are integers.
Theorem 2.2. The numbers f,, are given by

(2.7) fn=(=1)""'Re ﬁ(l + ik).

k=0
In particular f, € Z.
PROOF. It will be shown that the right hand side of (2.7) satisfies the recurrence
(2.5) and that the initial conditions match. Define

Ry = (=1)""'Re [ (1 +ik) and I,, = (—1)"™ Im [ ] (1 + ik).
k=0 k=0
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Then Roz—l, R1 :1, IO :O, Il =1 and

R, = (=1D""'Re ((1 +in) X ﬁ(l + ik))

k=0
n—1 o
= (-1)""'Re (H(l + zk)) 1= (=1)"*'p . Im (H(l n zk))
k=0 o
= —Ry1+nl.
Similarly
n—1
I, = (=1)""'Im <(1 +in) x H (1+ ,@)
k=0
n—1 o1
= (=1)""'Re <H (1+ zk)) A+ (=)™ Im <H(1 . zk))
k=0 o
= —nRp1— L.
Now
R, = —Rn_1+nl,
= —Ry1+nx(—(n—1)R,—o—1I,-2)
= —Ry1—-nn—1)R,2—nx (M) }
n—1

This yields
(n—DR, = —(n—1)R,1—n(n—-12R, o —nR, 1 —nRy o
= —(2n—1)R,_1 —n(n*—2n+2)R, »

and hence

(2.8) (n—1)R,+ (2n — )Ry +n(n® —2n+2)R, o = 0.

This is the recurrence satisfied by f,. The initial conditions match: fy, = Ry = —1
and f; = Ry = 1. The proof is complete. O

Note 2.3. The recurrence (2.6) implies
(n=2)(n—1)fn = (n—2)[-2n—1)fn_1 —n(n® —2n+2)fn_s]
(n—2)facr = —2n—=3)fno—(n—1)(n*—4n+5)fn_3.
Replace the second equation into the first one to obtain
(n+1)(n—1)(n—23) (2n —1)(n? —4n +5)
n—2 n—2

The recurrence (2.6) can be written as

(2.10) {ﬂ{:] =A, [;:_;]

fn72 +

fn73-
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with
(2.11) A — {—(27%—1)/(11— 1) —n(n2—2n+2)/(n— 1)}
. .= ; ; |

Then (2.9) is simply

f" — . fn—2
(2.12) [fnl = A A |72
Define the following product of matrices
(2.13) Bpj=An-An_y- Anjar.
Then

fn Faj

2.14 _B.. |
1 [fnl T faj1

The matrices B,, ; have some special form that is described next. The first few
examples are

B _ I [2n—1 —n(n®-2n+2)
nlo = n—1 | n— 1 0
B B I [-(n—=1Dm+1)(n-3) (2n—1)(n*>—4n+5)
mrT =2 (2n — 3) —(n—1)(n® —4n+5)
B - I [2n(n—-3)2n—3) (n—3)(n—1)(n+1)(n?—6n+10)
w7 =3 [ —nn—2)(n—4) (2n — 3)(n? — 6n + 10) '
These examples suggest to write
L |a(n,j) B(n j)]
2.15 B,;,=—— e L.
(215) =i ed S
The definition (2.13) gives
(2.16) Byj=Bnj-1-An—jn1
and the recurrences
1 . .
(2.17) o Y [=(2n = 2j + Danj—1 + (0 = J)Bn,j-1]
Bni = —[n=3)?+1]an;
1 . .
Vnj n_i+1 [—(2n — 2§ + D)yn -1+ (n = 5)0n j—1]
6";j = - [(n_])2+1} Yn,j—1,
having initial conditions
(2.18) apg=—02n—1), Bp1=-n(n”—2n+2), 1 =n—1, 5,1 = 0.

The next step is showing that ay, j, Bn.j, Vn,j, On,j are polynomials in n. The proof is
by induction.
Observe first that the recurrence for o, ; may be written as
On,j—1 — Bn,jfl

(2.19) Qpj = —20nj-1+ Bnj-1+ n; —j+1
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and assume that oy, ;1 and 3, j—1 are polynomials. Then, replace n = j to obtain

(2.20) Qjj = =01
Similarly, the recurrence for f, ; gives
(2.21) Bji = —ajj-1-

It follows that «a;; = B;; for any 7 € N. The induction hypothesis states that
O j—1 — Bn,j—1 is a polyomial in n. The previous identity shows that it vanishes at
n = j — 1 proving that the last term in (2.19) is a polynomial in n. Therefore e, ; is
a polynomial. A similar argument for 3, ;, vn,; and 6, ; provides a complete proof of
the next result.

Theorem 2.4. The functions oy, j, Bnj, Vn,js On,;, defined by (2.17), are polyno-
mials in n.

Note 2.5. The recurrence (2.1) verifies that the generating function F(z) =
fix + fox® 4+ - of the sequence f,, satisfies the third order linear differential equation

P FO(2) + 72 FP (2) + 2(112% + 22 + DFY () + (42® + 2 — 1)F(z) = 42

3. Bounds on f,

The sequence {f,} will determine arithmetic properties of the original sequence
{zn}. These issues will be discussed in Section 4. The goal of the present section is
to establish bounds on the growth of f,,.

Theorem 3.1. There is a constant C, such that
(3.1) |fnl < Cn!
for all n € N. The best constant in (3.1) is

inh
(3.2) C. = /22T L 1.91731007. ..
T

PROOF. The first step is to produce a bound of the form (3.1) for some constant
C. The optimal bound is constructed next. The fact that this is the optimal constant
remains an open question.

The identity

n

(3.3) fo=(=1)""Re [] (1 +ik)

k=0
yields

n 1 1/2
(3.4) | fn] < H1+k2 1/2—n'xH(1+k2) .
k=1

To bound this product employ the arithmetic-mean inequality

x1+x2+---+xm>m

3.5 g <
(3.5) Ti1To T ( -
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with 2 = 1+ 1/k? to obtain
& 1 1~ 1 C O\ _ o
H<1+k2>\< 5Z—Q> \< ) se
k=1
Then (3.4) yields

n 1
(3.6) [Ta+5)Y2 <e2¢®n
k=1

and the result holds.
The optimal constant C, is computed next. The bound (3.4) on f,, gives

n n 1 1/2
|ful < H(1+k2)1/2=n!xH(1+ﬁ)

N

s

X
— 38
7N

—

+
=l
N—
=
)

™

The last evaluation follows directly from the infinite product representation for sin z

sinmz ad 22
3.7 = | | 1- 2
(8.7) Tz bt ( k2)

evaluated at z = 4. This product may also be found on page 753 of [7], formula

6.2.1.6. O
DEFINITION 3.1. Introduce the notation
_fn

so that Theorem 3.1 states that |g,| < C..
The recurrence for f,, in (2.6) produces one for g,.

LEMMA 3.1. The sequence q, satisfies the recurrence
2n —1 14 1
TL(TL _ 1)‘]77,71 (TL — 1)2 qn—2

with initial conditions ¢1 = 1 and g2 = 1/2.

(39) dn =

PROBLEM 3.1. Four different colors are employed on the graph on the left of Figure
3. Each of the subsequences Qupn, qan+1, Qan+2 and Gin+s are painted with a different
color. The picture on the right contains the subsequences qsyn, qsn+1 and qsn+2, each
painted with its own color. The fact that colors distinguish branches seems to occur
only for subsequences modulo 4. In all other cases examined, there is a mizing of the
colors involved. There is no available explanation for this phenomenon.
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FiGURE 3. The function g, with n painted modulo 4 (on the left)
and modulo 3 (on the right). Each graph contains 3000 points

4. A sequence of special primes.

This section considers divisibility properties of the sequence f,,. In particular, cer-
tain prime divisors of this sequence are responsible in establishing the non-integrality
of the original sequence x,,.

LEMMA 4.1. Assume uy, is not an integer. Then x,_1 is not an integer.
Proor. This follows directly from the relation
(4.1) Uy, = NTp_1 — 1.
O
Theorem 4.1. Suppose a prime p divides f,_1 and not f,,. Then z,_1 is not an
integer.
PROOF. The assumptions implies that w,, = f,/fn—1 is not an integer. The result

now follows from Lemma 4.1. O

EXAMPLE 4.1. The prime p = 19 divides f; = 190 = 2 - 5- 19 and it does not
divide fg = =730 = —2-5-73. This confirms x5 = —9/19 is not an integer. Similarly,
the prime p = 83 divides fi; = —28269800 = —23 - 52 - 13- 83 - 131 and it does not
divide f1o = 839594600 = 22 - 52 - 13 - 322921, confirming that x1; = —26004/10873 is
not an integer.

DEFINITION 4.1. A prime p is called a non-integrality certificate for x,_1 if it
satisfies the condition of Theorem 4.1. For n € N, let p,, be smallest prime with this
property. If there is no such prime, set p,, = co.

EXAMPLE 4.2. The behavior of the primes p,, appears difficult to figure out. The
table below show such primes for 6 < n < 35.

These primes grow in unexpected manner. For instance,
(4.2) pao = 9681381484475904765200453.
It is unlikely that this method will yield a proof of Conjecture 1.1.
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6 7 8 9 10 11 | 12 13 14| 15
19| 73 331 43 | 281 13 | 83322921 | 19 | 17
16 | 17 18 19| 20 21 |22 23 24125

13 | 1087 | 1185403 | 5 17 |5323| 5| 8629 |71]19
26 | 27 28 29| 30 31 |32 33 34| 35
5 | 269 163 5 | 1367 ] 199 | 5 19 41| 43

TABLE 1. Non-integrality certificates

Note 4.2. The result of Theorem 4.1 suggests the factorization of f,, in the form
(4.3) Faor = sign(fo-1) ged(fu, fa1) x [0

where the product runs over all primes that divide f,_1 but not f,. A property of
the first factor in (4.3) is described next.

n—1
PROPOSITION 4.1. The ged(fn, fn—1) divides n [ [ (k* + 1).
k=1

Proor. Consider two sequences h,, and g, which satisfy the recurrence
(4.4) Ty + bpTp_ 1+ cpTp_o =0,

with initial conditions hg, hy and gg, g1, respectively. The coefficients b,, and ¢, are
given. For any sequence 7, it follows that

Yn (hngnfl - hnflgn) = Tn [gnfl(_bnhnfl - Cnhn72) - hnfl(_bngnfl - Cngn72)]
= TnCn (hn—lgn—2 - hn—?.gn—l) .
This is valid for arbitrary ,. Now assume =, is defined by

(4.5) Yn-1 = YnCn, for mn >2,
and initial condition 3 = 1. Then the previous computation gives
(46) Tn (hngnfl - hnflgn) = TYn—-1 (hnflgn72 - hn72gn71) .
Repeated iteration shows that
(4.7) Yo (hngn—1 = hn-19n) = 71(h1go — hog1).
This is now employed to evaluate 7,,. Rewrite (4.5) in the form
V-1
4.8 — =
(4.8) o
and multiply from k =2 to n. Now use 3 = 1 to arrive at
(4'9) Tn = H 1/C;§.
k=2

The sequence {f,} defined in Section 2 satisfies

n((n—1)2+1)
-1

2n —1
fn—l +
n

(4.10) fat——

fn—2 =0,
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with fi = fo = 1. The value fy = —1 is chosen in order make this definition consistent.
This is of the type (4.4) with

(4.11) Cn =

Then (4.9) gives

n—1
k—1 k 1
(4.12) =] e = Ui
=2

The factors k/(k + 1) telescope to the value 1/n and thus

1271
413 =T -
( ) v nklllle—i-l

The sequence f, is an example of h, in the discussion above. Now choose the
companion sequence g,, as the solution of (4.10) with the initial conditions go = 1 and
g1 = 0. As before, it can be checked that g, € Z. The relation (4.7) generates

n—1

(414) fngn—l _fn—lgn :nH(k2+1)
k=1

Observe that ged(f,,, fn—1) divides the left-hand side of (4.14). The proof is complete.
O

Note 4.3. The statement in Proposition 4.1 motivated the computation of the
largest prime factor of ged(fn, fn—1). Empirical evidence suggests that this prime is
bounded by 2n.

5. The valuations of f,,.

The relation w, = f,/fn—1 shows that u,, is not an integer if there is a prime p,
such that

(5-1) ’/p(fn—l) > ’/p(fn)'

This is a slight generalization of Theorem 4.1, where vp(frn—1) > 0 = vp(f). In this
section, we analyze the graph of the valuation v,(f,). The goal is to look for places
where this graph is decreasing.

The prime p = 2. The graph shown in Figure 4 depicts the 2-adic valuation of f,,.
In this case it is possible to obtain an exact expression for va(fp).

Theorem 5.1. The 2-adic valuation of f,, is given by

mii = |

In particular, the graph is non-decreasing.
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FIGURE 4. Power of 2 that divides f,

PROOF. The proof is based on the recurrence

(5.2) (n—1)fn=—-2n—1)fr1—nn*—2n+2)fr_o.
Write
(5.3) fn = 9l(n+1)/4] f

and the result is equivalent to showing £ is odd.

Case 1. Assume n = 0 mod 4 and write n = 4¢. Then (5.2) gives

(5.4) (4t = 1) far = =2 [Bt — 1) ff,_, + 4t ((4)(2t — 1) + 1) fi; o] .
The right-hand side is of the form 2!x an odd number. It follows that
4t +1
5:5) mifi) =t = |22 .
as claimed.

Case 2. Assume n = 2 mod 4 and write n = 4t + 2. Then (5.2) gives
(5.6) (4t + 1) farqo = —2° [(8t + 3) firyq +2(2t + 1) ((40) (42 + 2) +2) fr] -
The right-hand side is of the form 2!x an odd number. It follows that

+2+1
(5.7) va(fary2) =t = {fJ ;
as claimed.
Case 3. Assume n = 3 mod 4. Use (5.2) with n = 4¢ + 3 to obtain
(58) (4t + 2)f4t+3 = —(St + 5)f4t+2 — (4t + 3)(16t2 + 16t + 5)f4t+1

and with n = 4t + 2 to produce
(5.9) (4t + 1) farpo = — (8t + 3) fary1r — 4(2t + 1) (St + 4t + 1) fu.
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Multiply (5.8) by 4t + 1 and replace the value from (5.9) to obtain
(5.10) 24t + 1) (2t + 1) farrs = —64t(t+1)(2t + 1) fapq +
+ 48t +5)(2t + 1) (8> + 4t + 1) fuy.

Now use n =4t + 1 in (5.2) to obtain
(5.11) At faryr = —(8t + 1) far — (48 + 1) (16> + 1) far—s
and replacing in the first term of (5.10) transforms this expression into
(5.12) 2(2t+1)(4t + 1) fugs = 42t + 1)(4t + 1)(4¢ + 3)(8t + 3) far

+ 16(t+1)(2t +1)3(4t + 1)(16t% + 1) far 1.

The result is now established by induction. The first term on the right-hand side of
(5.12) has 2-adic valuation 2 + ¢ and the second one, using the inductive hypothesis,
has valuation 4 + t. Therefore, the left-hand side has valuation ¢ + 2. This proves
va(far+3) =t + 1, completing the inductive argument.

Case 4. Assume n =1 mod 4. The identity (5.8) is
(5.13) 22t + 1) farrs + (8t +5) farpo = — (4 + 3)(162 + 16t + 5) farsr.

The 2-adic valuation of the first term on the left-hand side is 1 +¢+ 1 =t + 2 and for
the second term ¢. Therefore, the right-hand side has valuation ¢, as claimed.

This completes the proof. O

The prime p = 3. In this case, the analysis is simpler.

Theorem 5.2. The number f, is not divisible by 3. The patterns modulo 3 are
given by

£ = 1 mod 3 ifn=1,2 mod3
"7 12mod 3 ifn=0 mod 3.

PROOF. Write n = 3t + j and then (5.2) gives
(5.14) (G = D fseej = =25 = Dfaerj1 = §(G* = 2§ +2) far4j—2 mod 3.
Proceed by induction.

In the case j = 0, the identity (5.14) becomes —f3; = fs5;—1 mod 3. The induction
hypothesis gives f3; = 2 mod 3.

If j = 2, then (5.14) gives f3;12 = —f3: mod 3 and it produces fs;12 = 1 mod 3, as
claimed.

To prove the remaining case, start with the identities

Btfarpr = —(6t+1)fsr — (3t +1)(9¢° + 1) far 1
(Bt =1 fse = —(6t—1)fz—1 —3t(9* — 6t +2) f3r—2
obtained from (5.2). Add these two equations and divide by 3t to get
(5.15) fate1 + 3tfar = —3t(3t% +t + 1) far—1 — (9> — 6t + 2) f3_2.

Reducing modulo 3 gives fs;+1 = f3t—2 mod 3. It follows that fs;+1 = 1 mod 3. |
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The prime p = 5. In this case, the function vs(f,) decreases in some intervals (see
Figure 5). It is evident that a delicate analysis of this function will be required to
capture these decreasing segments.

-

-

15+

10+

\
e

"

L L L L
20 40 60 80 100

F1GURE 5. Power of 5 that divides f,

The prime p = 7 is similar to p = 3.
Theorem 5.3. The number f,, is not divisible by 7. In fact, it is periodic modulo

42, with

ifn=1, 2,5, 11, 21, 31, 41 mod 42

ifn="7,17, 27,29, 30, 33, 39 mod 42

if n =4, 14, 24, 34, 36, 37, 40 mod 42

if n =3, 13, 15, 16, 19, 25, 35 mod 42

ifn=6, 8,9, 12, 18, 28, 38 mod 42

if n = 10, 20, 22, 23, 26, 32, 42 mod 42

(5.16)

?1
Il
S U s W N =

A proof in the style similar to the case p = 3 is left to the reader.

Note 5.4. The experiments conducted with the valuations of f,, suggest that
there are three types of primes:

Type 1. The prime p does not divide any element of the sequence f,,. The first few
examples are {3, 7, 11, 23, 31, 47, 59}.

Type 2. The valuation v,(f,) has asymptotically linear behavior. The first few
examples are {2, 5, 13, 17, 29, 37, 41, 53, 61, 73, 89, 97}. Figure 6 shows the graph
of 113(fn). The deviation from its linear asymptote is also shown in Figure 6.

Conjecture 5.5. Assume p is a prime of type 2. Then

(5.17) Up(fn) ~ Ll’ as n — oo.
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FIGURE 6. The 13-adic valuation of f,, and its deviation from asymp-
totic behavior.

Type 3. These are primes p for which v, (f,,) exhibits a well-defined oscillation. Figure
7 shows the examples p = 19 and p = 43. These primes play an important role in the
integrality question of the original sequence {z,}. The first few cases are

19 43 71 79 8 131 163 191 199 211
223 227 263 311 331 347 379 431 463 467
491 499 563 659 727 811 839 863 883 971

TABLE 2. Oscillating primes

o
@
o

TRy

FIGURE 7. The valuation v19(f,) and vas(fn)

Note 5.6. This sequence of primes does not appear in The On-Line Encyclopedia
of Integer Sequences (OEIS).

The next section presents an argument geared towards the existence of subse-
quences of {z, : n € N} which are non-integers. It is expected that any oscillating
prime will produce such subsequences.



AN ARITHMETIC CONJECTURE ON AN ARCTANGENT SUM 107

6. A periodic example

In the case of a sequence satisfying a recurrence with constant coefficients, it is
clear that the residues modulo a prime p form a periodic sequence. For example, for
the Fibonacci numbers F;, given by F,, = F,,_1 + F,,_2 with F} = Fy = 1. To verify
this fact define h,, , := Mod(F},, p) and observe that the pigeon-hole principle shows
that the list {h, , : n € N} contains indices ng < n; with

(6'1) (hnoyp’ hn0+1710) = (hnl-,P7 hn1+1ap)'
The recurrence for the Fibonacci numbers shows that the string
(6'2) (hnomv hno-i-lmv hno+27p= T vhm—lxp)

is a period for {h, ,: n € N}.
The recurrence satisfied by the sequence {f, : n € N}
(6.3) Nfat1 = —(2n+1)fo — (n+1)(n* + 1) f_1,

from (2.5), has non-constant coefficients. Therefore the previous periodicity argument
is not applicable for this situation. Nevertheless, there are some primes for which the
residues do form a periodic sequence. The case p = 19 is discussed in detail here as it
has arithmetical consequences for the original sequence {z,}.

A direct computation of the residues of {f, : n € N} gives evidence that the
numbers f, mod 19 form a periodic sequence of period 171 = 9 - 19. This is the
content of the next result.

Theorem 6.1. The sequence {f, mod 19 : n € N} is a periodic sequence of
minimal period 171.

The idea of the proof is to expand the index n in base 19 in the form
(6.4) n=mno+ 1901 +19%ny +19%n5 + - - - |

and then determine conditions on the digits n; for a possible exception to the theorem.
Lemma 6.1 shows that any such exception must have ng = 0. Lemma 6.2 shows that
n1 = 14 and Lemma 6.3 gives the contradictory statement that ny = 9. This proves
the theorem.

The recurrence for f, is repeated here

(6.5) (n—=1)fn=—=[2n—1)foc1+n(n®—2n+2)frs], forn>3,

for the convenience of the reader.
LEMMA 6.1. Assume n # 0 mod 19; that is ng # 0. Then f, = fn—171 mod 19.
PROOF. The first row of identity (2.14) with j = 171 becomes

(6.6) (n—=171) fr = anarifu—171 + P71 fa172.
The polynomial oy, 171 is of degree 171 and its first few terms are
= 172" — 2514726070 + 1823889591057

—87492422433780n'%8 + 312275766371812152n167 — .. . .

The coefficients of oy, 171 and By, 171 grow very rapidly.
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The relation (6.6) is considered now modulo 19 and written as

(67) nfn = 21 (n)fn_171 + Zz(n)fn_172 mod 19

with z1(n) the polynomial o, 171 with coeflicients reduced modulo 19 and z2(n) the
corresponding one for 3, 171. A direct symbolic calculation produces

z1(n) = 15m+9n® 4+ 13n° + 180" + 5n'? + 2n?' + T3 + 14n? + 0?7 + T® + 130"
130" + +11n" + 07 + 170 + TS + 9n% + 507" + 15n™ + n®! + 20
12n°7 4+ 13092 4+ 8n 15 4 pt17 4 8n 133 £ 9n!35 4 1101%3 4 n171,

and

zo(n) = 14n+13n +16n° +9n" +10n° + 180" + 50! + 8n?' + 13023 + 9n?
+8n27 + 902 + 1603 + 150 + 2013 + 5n?5 4 2047 4 057 4 2070
+15n°% + 3n5% 4 8n% + 9n™" + 14n™ + 12n% + T + 209 4 18077
19099 4 120108 4 115 4 10,117 4 11119 4 9183 4 6135 | 7,137
1100153 4 100155 4 7L 4 173,

The polynomials z1, zo are further reduced using Fermat’s little theorem n® =
n” mod 19, where a = 18t + r and 0 < r < 17. This gives

(6.8) z1(n) = n mod 19 and z3(n) = 0 mod 19.

Therefore (6.7) is simply

(6.9) nfn =nfn_171 mod 19.

The proof is complete. 0

Note 6.2. The previous lemma shows that any exception to Theorem 6.1 forces
no = 0; that is, n has an expansion of the form

(6.10) n =190 + 1920y + 1930z + - --
LEMMA 6.2. Assume ng =0 and ny # 14. Then f, = fn—171 mod 19.
PROOF. Let n = 19m. Then (6.6) yields

(6.11) (19m — 171) fi9m = a19m,171 from—171 + B1om,171 from—172.

A symbolic computation reveals that ai9pm,171 and Bigm,171 have all their coefficients
divisible by 19. Define

* * 1
(6-12) A9m,171 = Ealgm,ln and ﬂ19m,171 = Eﬁwm,ln-
Then (6.11) takes the form
(6.13) (m = 9) friom = Qg 171 f19m—171 + Brom 171 [19m—172-

A computation of (6.13) modulo 19 produces
(614) (m — g)flgm = (15m + 18)f19m7171 + (14m + 8)f19m7172 mod 19.
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The recurrence (6.5) is

(6.15) (n—1)fn=—-2n—1)fn1 —n(n*—2n+2)fr o

and replacing n by 19m gives

(6.16)  (19m — 1) fiom = —(38m — 1) figm—1 — 19m(361m> — 38m + 2) f1om—2-

Computing modulo 19 implies

(6.17) fi9m = — f19m—1 mod 19.
Lemma 6.1 shows that
(6.18) from—172 = fi9m—1 mod 19
since 19m — 172 # 0 mod 19. Then (6.14) gives
(m—9) fiom = (15m + 18) fiom_171 + (147 + 8) frgm—172 mod 19

(15m + 18)f19m,171 + (14m + 8)f19m,1 mod 19
(16m + 18) fiom—171 — (14m + S)flgm mod 19.

Therefore
(619) (15m - 1)f19m = (15m — 1)f19m7171 mod 19.

The congruence 15m — 1 = 0 mod 19 is equivalent to m = 14 mod 19, thus m #
14 mod 19 implies

(620) f19m = f19m7171 HlOd 19
This gives the result. ]

LEMMA 6.3. Assumeng =0 andny #9. Then f,, = fn_171 mod 19.

PRrROOF. Replacing m by m — 9 in (6.17) gives

(6.21) fiom—171 = — fi9m—172 mod 19.
Then (6.14) produces
(622) (m — 9)f19m = (15m + 18)f19m,171 —+ (14m —+ 8)f19m,172 IIlOd 19

(16m + 18) from—171 — (14m + 8) fi9m—171 mod 19
(m —9) from—171 mod 19.

This gives the result. O

Lemmas 6.2 and 6.3 complete the proof of Theorem 6.1.

Note 6.3. Symbolic computations show that for primes p = 3 mod 4, the sequence
Mod( f», p) has minimal period p(p — 1)/2 if p = 3 mod 8 and p(p — 1) if p = 7 mod 8.
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FIGURE 8. Power of 19 that divides f,

7. Non-integral subsequences of z,,

The existence of non-integral values of z,, can be seen directly from the graph of
Vp(fn). Theorem 4.1 states that every decreasing section of this graph corresponds to
non-integral x,,. The graph in Figure 8 contains many such decreasing segments. This
will be used to verify the existence of two non-integral arithmetic subsequences of x,,.

Theorem 6.1 shows that f,, mod 19 is a periodic sequence, with period 171. Table
3 gives the residues modulo 19, where the columns are indexed modulo 19 and the rows
are indexed modulo 9. For instance, the first row states that fig,, with n =1 mod 9
satisfies fig9, = 2 mod 19. Also fig9,, with n = 2 mod 9 satisfies fig9, = 15 mod 19;
and so on.

The data given in Table 3 is a complete listing, from a direct symbolic evaluation
of f,, for the values in the range 1 < n < 171. It is also possible to verify these
residues using the recurrence (2.6). Indeed, replacing n by 19n 4+ a — 1 in (2.6) gives
(7.1)

(197’L +a— 1)f19n+a = —(387’L + 2a — 1)f19n+a—1
—(19n 4 a)(361n? 4 38an — 38n + a® — 2a + 2) fion a2

and reducing modulo 19 yields

(7.2) (@ —1)fronta = —(2a — 1) fronta_1 — a(a® — 2a + 2) fion a2 mod 19.

This identity is now employed to justify the values given in Table 3, inductively. Recall
that the indices n are further computed modulo 9.

Example 1. Take a = 0, then (7.2) yields

(7.3) Jion = —fion—1 = = fi9(n—1)418 mod 19.
A couple of examples are provided to illustrate the procedure.

If n =1mod9, then 19n — 1 =19(n — 1) + 18 and n — 1 = 0 mod 9. The induction
hypothesis shows that fion-1 = fign—1)418 = 17mod 9. This shows that fi9, =
—17 = 2 mod 19 as claimed.
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f19n
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If n =2mod9, then 19n —1 =19(n — 1) + 18 and n — 1 = 1 mod 9. The induction
hypothesis shows that fi9n—1 = fig9(n—1)+18 = 4 mod 9. This shows that fi9, = —4 =

15 mod 19 as stated.

Example 2. The only special case of equation (7.2) is @ = 1, in which instance

(7.4) 197 fron+1 = —(38n + 1) fion — (190 + 1)(361n2 + 1) fron_1.

Use a =0 in (7.1) to obtain

(7.5) (197 — 1) fi9n, = — (381 — 1) fign_1 — 19n(361n% — 381 + 2) fi9, 2.
Multiply (7.4) by 19n — 1 and replace in (7.5) to get

(197’L — 1)f19n+1 = —19n(19n — 2)(197’L + 2)f19n_1 + (38n + 1)(361”2 —38n+ Q)flgn_g,

then modulo 19 it becomes

(7.6)

This is indeed true.

fion+1 = 17 fi9n—2 mod 19.
The data in Table 3 shows that this must be consistent with
(7.7) {17, 4,11, 16,6, 7,5,9, 1} =17 x {1, 17, 4, 11, 16, 6, 7, 5, 9} mod 19.

The argument above is summarized in the following statement.

ProprosITION 7.1. The prime 19 divides fign+s and it does not divide fi9n+6-
Therefore fion+s does not divide fionye. Stmilarly, fiont13 does not divide fign+14.
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Theorem 4.1 now gives the next statement.

COROLLARY 7.1. The numbers {Z19y45 : n € N} and {Z195413 : n € N} are not
integers.

Note 7.1. The reader will verify, along the same lines as described above, that
{Z43n+s : n € N} and {243,434 : n € N} are not integers. The proof should start by
checking that f, mod 43 is a periodic sequence with minimal period 301 = 43-7. Then
verify that 43 divides fi3,+s and fi3,434 but it divides neither fy3,4+9 nor fi3,43s5.

8. Case study p = 13: asymptotic linear growth

This section reports on some experimental observations for the valuation vi3(fy).
The goal is to present a formula analogous to the classical formula of Legendre for
valuations of factorials:

(8.1) vy(nl) = i L%J :

The formula (8.1) gives the p-adic valuation of n as

s o= ([ -15)

Jj=1

The summand in (8.2) is a periodic function of period p’.

This approach has been applied in [2] in synthesising the p-adic valuation of
ASM-numbers. An alternating sign matriz (ASM) is an array of 0, 1 and —1, such
that the entries of each row and column add up to 1 and the non-zero entries of a
given row/column alternate. After a fascinating sequence of events, D. Zeilberger [8]
proved that the cardinality of such matrices is enumerated by

3]+1
(8.3) H TR

In particular, the product in (8.3) is an integer: not an obvious fact. The story behind
this formula and its many combinatorial interpretations are given in D. Bressoud’s
book [4].

The main result of [2] is a formula for the p-adic valuation of A,, similar to (8.2).

Theorem 8.1. Let n € N and p > 5 be a prime. Define

0 if 0<n< { ]“J
n— {p]‘;lJ if VJ;lJ 1<n gpjg_l
(84) Perj7p(n) = \‘2pj+1J _n 1f pl+1 < n \‘ p]_;’_lJ
3 2 = 3
2p +1

0 if [ J+1 n<p—1.



AN ARITHMETIC CONJECTURE ON AN ARCTANGENT SUM 113

Then

(8.5) vp(A,) = ZPerjﬁp (n mod p) .

j=1

The description of v13(fy,) given below is an initial step in establishing a theorem
similar to Theorem 8.1 for the p-adic valuation of the sequence f,. It is important
to recall that the expressions in (8.4) and (8.5) were discovered experimentally. The
process of obtaining the correct formula for v,(A,) was the hardest part of the proof
of Theorem 8.1. The graphs presented below represent the initial guess for a possible
analytic expression of vy3(fy).

Step 1. Figure 9 shows the valuation v43(f,) in the range 1 < n < 300. This graph
shows the asymptotic behavior v13(f,) ~ 75 as well as some peculiar small oscillations
in the range 1 < n < 267. This disappears for values n > 267 as shown in the figure

on the right with range 300 < n < 600.

= ﬁ
200 ‘\_AI_I_‘ a0r ’_,_,_/—’_'_,7

Sﬁ or

FIGURE 9. v13(f,) for 1 < n < 300 and 301 < n < 600

The graph in Figure 10 shows this valuation in the range 1 < n < 1000, this point-
ing to a clear linear asymptotic behavior. The figure on the right shows the deviation
from the asymptote. The oscillations at the beginning of the graph correspond to the
range 1 < n < 267.

FIGURE 10. v13(f,) and deviation from asymptotes
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Step 2. Define the function

(8.6) Ti(n) = 13 (fa) — [%J

measuring the error of v13(f,,) against its asymptote.
In order to ignore the initial oscillation, it is convenient to define the function

(8.7) To(n) = Ty (n + 267)
and the first error term

is shown in Figure 11.

5 HHHHHHH . miﬂmmmV“”'“"'mM ‘

FIGURE 11. The error term Ej(n) for 1 < n < 500 and 1 < n < 2000

Note 8.2. The valuation has been expressed as

(8.9) v13(frr267) = Vl—;?J + 22+ FEi(n)

where the bounds for the error Fj(n) are shown in Table 6.

Step 3. The first correction to the error Eq(n) is based on the graph seen in Figure
12 showing F4(n) for 1 < n < 52 =4 - 13. The periodicity shown here is described
by the function

1 ifl<n<5b
8.10 =
( ) zi(n) {O otherwise.
Figure 13 presents the error term
(8.11) Es(n) = E1(n) — x1(mod(n, 13))

for the same range of values shown in Figure 11.
Figure 14 shows the error term Fs(n) for 1 < n < 10000.
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FIGURE 13. The error term E2(n) for 1 < n < 500 and 1 < n < 2000
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FIGURE 14. The error term Ea(n) for 1 < n < 10000

Note 8.3. The expression for v13(fn1+267) in Note 8.2 has been replaced by

n+7

(8.12) v13(fnyo67) = {

. J +92 1 By(n) + 21 (Mod(n, 13)).
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The identity

(8.13) z1(Mod(n, 13)) + VI’»W = W—J
implies
(8.14) vi3(frt267) = [%—‘ + 22+ E3(n).

Step 4. The linear asymptotic growth of Es(n) depicted in Figure 14 motivates
the definition of the next correction for the error. The graph in Figure 15 shows the
possible corrections Ea(n)— L#J +1and Ez(n)— (%W +1, in the range 1 < n < 5000.

301 20
25F

150
20F
1 H} il
1

L L L L L L L L L
1000 2000 3000 4000 5000 1000 2000 3000 4000 5000

FIGURE 15. Possible corrections to the error term Fo(n)

The graphs in Figure 15 motivate the definition

n
8.15 Es(n) = Ey(n) — [—] 1.
(5.15) s(n) = Ba(n) — [ 735] +
This function is shown in Figure 16 in the range 1 < n < 10000 and 1 < n < 50000.

4 PR

L L L L L L L L L
2000 4000 6000 8000 10000 10000 20000 30000 40000 50000

FIGURE 16. The error term E3(n) for 1 < n < 10000 and 1 < n < 50000

Note 8.4. The valuation is now expressed as

(8.16) v13(frt267) = [171—3} + [%] + 21 + E3(n),

and the bounds for the error E5(n) are shown in Table 6.
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Step 5. The functions

(8.17) Ey(n) = Es(n) — [%J

and

(8.18) Es(n) = Ey(n) — 25 (Mod(n, 13%))
with

0 if0<n <1690
(8.19) a(n) = { nUsT

1 otherwise,

form the next two components of this approximation process. Figure 17 and Table 6
shows these errors.

| i
A !

L L L L L L L L L
20000 40000 60000 80000 100000 20000 40000 60000 80000 100000

FIGURE 17. The error terms F4(n) and E5(n) for 1 < n < 100000

For example, v13(fnt267) and the function
n n n 3
13] + [132} + {133J + x2 (Mod(n, 13%))
differ by at most 7 in the range 1 < n < 200000. The next table shows the distribution
of these values.

(8.20) 20+ |

0 1 2 3 4 ) 6 7
28054 | 28535 | 28559 | 28571 | 28558 | 28540 | 28601 | 582

TABLE 4. Value distribution of the error term Ej

Step 6. The last correction term is defined by
(8.21) Eo(n) = Es(n) — | 157] +1

and the data shows that |Egs(n)] < 4 for 1 < n < 200000. The table shows the
distribution of the values taken by Fjg:
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0 1 2 |34
196451 | 3419 | 124 | 5| 1
TABLE 5. Value distribution of the error term FEjg

Note 8.5. The goal of this section was to obtain an analytic expression for the
p-adic valuations of f,, for those primes p where v,(f,) grows linearly. The empirical
functions described above, show that the functions v15( f,+267) and
(822)  hon) =19+ 1| + [ | + [ | + |5 | + 22 (Mod (n.13%)
agree in 196451 out of the first 200000 values of n (this is 98.22% of the cases).
Moreover in 99.93% of the cases, these two functions differ by at most 1. The data for
the errors is summarized in Table 6.

Max n Max V13(fn+267) Max E1 Max E2 Max E3 Max E4 Max E5 Max E6
10000 832 64 63 4 1 0 0
50000 4165 319 318 23 3 2 2
100000 8332 640 639 48 6 5 4
150000 12498 961 960 73 8 7 4
200000 16666 1282 1281 98 8 7 4
250000 20832 1603 1602 123 13 12 5
300000 24999 1923 1922 147 14 13 5

TABLE 6. The errors in the approximations to v13(fn+267)

Conclusion. An analytic formula for v13(f,,) has not been obtained. The search for
this formula has produced a simple analytic expression that matches this valuation at
almost all integer values.
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