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On the analytic evaluation of a certain class of trigonometric
sums

Aristides V. Doumas

ABSTRACT. We present an analytic evaluation of the solution to a problem by
A. de Moivre. Our approach is based on simple combinatorial arguments. Some
identities involving a class of trigonometric sums and multinomial coefficients are
also exhibited.

1. Introduction

Dice problems have a long history in probability. For example, the three dice
problem goes back to the 13th century (see, e.g. [2]). In the present paper we focus
on the solution of a variant of a De Moivre’s problem: Consider a fair die with m
numbered sides (from 1 to m) and let p be a prime number less than m, such that p
does not divide m. Thus, there exist positive integers a and b such that

m=ap+b

with a € {1,2,3,---} while b € {1,2,3,--- ,p — 1}, the divisor and the remainder re-
spectively. Next, we roll the die n times independently and add the resulting numbers.
Let X; =1,2,3,---,p be the outcome of the die (mod p), at the j-th roll. Set

Sp=X1+Xo+ -+ X, (modp).
The goal is to calculate the probability that S, is divisible by p, i.e.
P{S,=0 (modp)}.

One can solve the problem, as De Moivre, using generating functions; (for an alterna-
tive approach, see [3]). It follows easily that

n

1 1 p—1 b )
1.1 P{S,=0 (modp)}=-<1+— whi ,
(L1) { (mod p)y = 31+ w3 g
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and in general

p—1 b "
(1.2) P{S,=j (modp)}= {1 + 7pr ki <Zwki> }

for j = 1,2,--- ,p— 1,p. Here, and in what follows, wP =1, w # 1. As already
mention, we restrict ourselves in the case where p be a prime number; however the
results will be easily generalized for any number.

2. Analytic evaluation of the solution for S, =0 (mod p)

Let us now discuss the evaluation of the quantity appearing in (1.1)

(21) S Z Zw’w :<Zwk> +<Zw2k> +...+<Zw(p1)k> 7
k=1 k=1

k=1 \j=1 k=1

where, p is a prime number and b is the remainder of the division of m by p (b # 0,m > p).
First, we evaluate So(b) for the extreme values of b. For b =1 (2.1) yields

p—1, n=0 (mod p);

(2.2) So(1) = w" +w? 4+ 4 wPDn = Zw’“" =
-1, elsewhere.
For b = p — 1 we have
pol fpml ! p—1, n is even;
23) Slp-1=> >V ] =(-D"-1=
k=1 \j=1 1—p, n is odd.

For b = 2 and by the Binomial Theorem we have

S0(2) = (w+w?)" + (W +w")" +--- + (wl’—l + w2(p—1))n
- zn: (Z) Witk i <Z) W2k Z ( >w(p 1) (n+k)
k=0 k=0

(2.4) = Z <Z> (wnJrk 4 2ntk) oy w(pfl)(nJrk)) )
k=0

To continue we have to talk about n.

LEMMA 2.1. Let n =d (mod p), i.e. n=cp+d. Then, (2.4) yields
““/n
S (2)p- i
Jp

2 S0l = Z((pcgﬂp)p_Qn 0<d<l],
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Proof. If d = 0, there are ¢ + 1 multiples of p in the interval [n,2n]. In view of
(2.2), one has

= () o= (0) ()= () = (e 2) = G

o 5

=0

(we have used the fact that Y;_, (}) =2").
For 0 <d < {gj, there exist ¢ multiples of p in the interval [n,2n]. We have

=0

- [2n <p7—ld> N ((p—z)ﬂo) - <(p—d)f(c—1)p>}

-1
n
p-2m.
= ((p —d)+ Jp>p

Finally, if d > L%J, we see that there are ¢+ 1 multiples of p in the interval [n,2n]. In
a similar way we have

2.7) =

7=0
- E_ (pﬁd> ((p—Z)+p> - ((p—;)ﬂtcp)}

Consider now the case of a general b and have

n ki, 2ks bk
So(b) = > (kl,k%...,k)w W w

kitkat-+kpy=n

n 2k, 4ks , 2bky
+ Z (k17k27'” 7kb)w “ “
ki+ko+--+kp=n
_|_ .............................................
n
(p—Dk1, 2(p—1)k2 b(p—1)ks
+ Z (kl,kzw",kb)w “ v ’

kitko+--+kp=n

where,

" __n
kl’k27"' 7kb N kl'kg'kb"
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is the multinomial coefficient, and k1, ko, -,k are nonnegative integers, such that
S0 ki = n. Tt follows that

So(b) = ) {wk1+2k2+ bk |20k 2ka bk

ki+kat-+kp=n b2 P

+w(p—l)(k1+2k2+...+bkb):|

_ Z n [wn+(k2+~~+(b—1)kb) 1 2l (ket 4 (0=1Dk)]
kl? k27 ) kb
ki+ko+-+kp=n

(2.9) _|_w(P—1)[7l+(k2+~--+(b—1)kb)]} .
Next, notice that the quantity
(2.10) A:=ko+2ks+3ks+ -+ (b— 1k,
attains its minimum value (namely A = 0), for
(k1, k2, k3, -+ kp) = (n,0,0,---,0)
and its maximum value (namely A = (b — 1) n), for
(k1, ko, -+ ,kp—1ks) = (0,0,0,---,0,n).
Hence, the quantity
n+A=n+ko+2ks+3ks+---+(b— 1k

takes values in the interval, [n,bn]. As in Lemma 2.1 we assume that n = d (mod p).
If d = 0, there are ¢cb — (¢ — 1) = ¢(b — 1) + 1 multiples of p in the interval [n,dn]. In
view of (2.2), we have

- o[(2)+ 2+ ()
BB AN
I (AR A 2

where we have used the fact that
Z <k: k i k > =0
kitka+--+kp=n L2, 0. b

We only have to explain how the vectors d@;, (which in general are not unique) can be
found. Notice that, for each j = 1,2,---,(¢b — ¢+ 1) we have a different system of
linear Diophantine equations (mostly with multiple solutions). @; is the solution(s) of

b
(2.12) {AO, > ki=n,  ki€Zy={0,12-}, i1,2,~~~,b}.
=1
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ds is the solution(s) of

b
(2.13) {A:p, > ki=n, kie€Zy={0,1,2,---}, i:1,2,-~~,b}.
=1

and so on. Finally d,—.t1 is the solution(s) of
(2.14)

b
A= (cb—c)p, Zki:n, k,€Zy ={0,1,2,---}, i:1,2,~-~,b}.
i=1

Clearly, d; = (n,0,0,---,0) and dep—ct1 = (0,0, ,0,n).
In case d > | 2|, there exist (b—1)c+ \_b—;J multiples of p in the interval [n, bn]. Thus,

e s=a () () ()]

where @ is the solution(s) of the system of linear Diophantine equations
(2.16)

b
{n—|—/€2+2k3+-~~+(b—1)kb:(c—l—l)p@d—FA:p, Zki:n, ki € Z, i:1,2,~-,b}.

i=1

ds is the solution(s) of the system
(2.17)

b
ntke+2ks+--+Ob—1Dky=(c+2)pe=d+ A=2p, Zki:n, ki€ Zy, i:1,2,-~-,b},

i=1

and so on. Finally, dcb_c+LMJ is the solution(s) of the system
P

i=1

b
(2.18) {d—‘y—A:((b—l)C-f—l_b;lJ)p, Zki:n, IfiEZ+, i=1,2,-~-,b}.

If0 < d < 5], we see that there are (b—1)c+ | % | multiples of p in the interval [n, bn].
Actually, the number of multiples in this case is one minus the numer of multiples in
case d > | 5]. Hence, equation (2.15) and systems (2.16), (2.17),---, (2.18) also hold
in this case. We have just one system less.

Notice that the case b = 2 is in accordance with the general case.

Remark 1. Systems like (2.16) have multiple solutions, but are easy to solve. All
one needs is patience and paper. It is easy to see that ki attains its minimum value
namely, (¢ — 1)p+2d =n — (p — d), when (kg, k3, k4, ,kp—1) = (n — k1,0,0,---,0)
and its maximum value, n — 1, when k; = 1, for j = p—d+ 1, and k; = 0, for

i€{2,---,b}~{j}. The maximum range for ks is {O, 1,---, V%H }, and in general,

=

the maximum range for k; is {O, 1,---, {%J }, for j =2,3,---,b.
J
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Remark 2. Tt is notable that the above results indicate that So(b) is always an integer
forallbe {1,2,3,--- ,p—1}.

3. Further results

In this section we present some identities arising from the results of Section 2.
From (2.1) we have

n

p—1 b
=> (D] =Sp4Sy 48y,
k=1 \j=1
where, S; = 2221 wki, j=1,2,---,p—1. Since Sp—j = S; are complex conjugate
numbers and p is any odd prime, one has
p=1
2
(3.1) So(b) =2) R(S}).
k=1
Now,

Sy = (wk_~_w2k_~_._.+wbk)": (6% _|_e4kpﬂ +...+e%)n

(S () ()

Using the identities (see, e.g., [1])

n _ sin (%) cos (("gl)ﬁ)
Zcos(ﬂ?): sin (2)
=1

2

and

sin ("219) sin (7(”21)19)

;sin(jﬁ) = (D) ,

we arrive at

62 = () oo (2T (2]

P
In view of (3.2), (3.1) yields

N AR
2 (3 sy
(3.3) So(b) =2 (m) cos< p >
k=1 sin D
which is an integer for all prime numbers p and for all b € {1,2,3,--- ,p— 1}, as
noticed in Remark 2. For all prime numbers p and for all n € N we are able to
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evaluate sums of type (3.3) by using Lemma 2.1. For example, if b = p—1, (3.3) yields
%5 (sin (W) " s | P~ 1, n is even;
(34) So(p—1)=2 Z ——————~> | cos(nkm) =
k=1 sin (%) 1—p, n is odd.

For b =2 (3.3) yields
(3.5)

SN AN o1 .
So(2) =23 M COS<W>=2"“ZCOS(]Z> COS(W)

k—1 \ sin (%) p k=1 p

Now, if n = ¢p, where ¢ is a positive integer and p any odd prime number, (3.5) can
be evaluated from (2.6) and have

=, Ex\" 3nkm “ep
3.6 on+l cos () cos () = ( ; >p — 2°P,
(3.6) ; ;. p >

= \Jp

For n =cp+ 1 we get

p—1
2 k n 3nk c—1 1
(37) 2"+1 Z COS (TF) COs ( i ﬂ-) = < Cp1+ . )p — 20P+1’
k=1 p p j=0 (p - ) +.7p
and if, for example, n = ¢p + (p — 1) one has
p—1
= Ex\" 3nkm “fep+p—1
3.8 ontl cos <> cos ( > = ( ) )p _ 9cptp—1
(38) ,; P P ;J jp+1

Thus, in order to evaluate trigonometric sums of Section 2, one has only to calculate
a few binomial coefficients (al least one of them is elementary).

4. Analytic evaluation of the solution for S, = j (mod p)

The quantity
p—1
(4.1) Sib)=> wPMAL, =12, ,p,
k=1
appearing in (1.2) has similar properties to Sp(b) which has been studied in Sections

2-3. In fact S,(b) = Sp(b), of (2.1). Also, for j =1,2,--- ,p—1, S;(b) is always an
integer. As in Section 3 we get

N AN
2 sm(—) b+ 1)nkm — 25k
(4.2) s,y =25 [~ 2 cos<( 1) nkm = 2) ”)
k=1 sin (%) p
for any prime number p, n € N, and b = 1,2,--- ,p — 1. In particular, for b = 1 we

have
Si(1) = ww™ 4w HW 4. 4T P DIYE=n
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hence
pfla TL*]EO (mOdp)v
(4.3) S;(1) =
-1, elsewhere.

For b = p — 1 we have

p—1 ‘ p—1, n is even;
44)  Sip-1)=(D)"Y wH=(-D)"(p-1)=

k=1 -1 n is odd.

For b=2,if n — j =d (mod p), i.e. n —j = cp + d, we have

n
Sj (2) = Z (:) (wn*ijk + w2(n*j+k) 4+t w(pfl)(n7j+k)) '
k=0

In a similar way as in Lemma 2.1. we get

(4.5) S;(2) = :z:é(@fd)iip)pz" 0<d< |8,
;((pfd_)iiz)p_ tod> ]

Likewise, for general b we arrive in similar formulas as in the case j = 0, by replacing
n with n — j.

Remark 3. As in Section 3, sums of type (4.2) may be evaluated via formulas like,
(4.5).
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