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One modulo N gracefulness of H-class of graphs

V. Ramachandran ® and C. Sekar P

ABSTRACT. A function f is called a graceful labelling of a graph G with ¢ edges if f
is an injection from the vertices of G to the set {0, 1,2, ..., ¢} such that, when each
edge xy is assigned the label |f(z) — f(y)| , the resulting edge labels are distinct.
A graph G is said to be one modulo N graceful (where N is a positive integer)
if there is a function ¢ from the vertex set of G to {0,1, N, (N + 1),2N, (2N +
1),...,N(g— 1), N(g — 1) + 1}in such a way that (i) ¢ is 1 — 1 (i3) ¢ induces a
bijection ¢* from the edge set of G to {1, N +1,2N +1,...,N(q — 1) + 1}where
¢*(uv)=|¢(u) — ¢(v)|. In this paper we prove that the H-graph, H ® mK; and

H(S) are one modulo N graceful for all positive integers N.

1. Introduction

Golomb [2] introduced graceful labelling. Rosa [6] has shown that if every
vertex has even degree and the number of edges is congruent to 1 or 2 (mod4) then
the graph is not graceful. Odd gracefulness was introduced by Gnanajothi [3]. Sekar
[8] introduced one modulo three graceful labelling. Ramachandran and Sekar [7] in-
troduced the concept of one modulo N graceful where N is any positive integer. In
the case N = 2, the labelling is odd graceful and in the case N = 1 the labelling is

graceful. We also introduce the concept H ((Z; . Gallian [4] surveyed numerous graph

labelling methods. We prove that the H-graph, H () mK; and H ((Z; are one modulo
N graceful for all positive integers V.

2. Main Results

DEFINITION 2.1. A graph G with ¢ edges is said to be one modulo N graceful
(where N is a positive integer) if there is a function ¢ from the vertex set of G to
{0,1,N,(N +1),2N, (2N +1),...,N(¢g—1),N(g—1) + 1} in such a way that (i) ¢ is
1—1 (4i7) ¢ induces a bijection ¢* from the edge set of G to {1, N+1,2N+1,...,N(¢—
1) + 1jwhere ¢*(uv)=[d(u) — ¢(v)].

DEFINITION 2.2. Let Pj(uq,us,...,u,) and Py(vi,ve,...,v,) be two paths of
length n. Then a new graph obtained by joining uz and vz iq (or Ungr and 'UnTJrl) if
n is even (or odd). Then the graph is called as H-graph of length n .

DEFINITION 2.3. [1] The Corona G; ® Gs of two graphs G; and Ga(where G;
has p; points and ¢; lines) is defined as the graph G obtained by taking one copy of
G, and p; copies of Go, and then joining by a line the i*" point of G} to every point
in the i*" copy of Gy. It follows from the definition of the corona that G; ® G> has
p1(1 + p2) points and g1 + p1ga + p1p2 lines.

DEFINITION 2.4. The graph H () mK; or H ® K,, is called m—crown with
H-graph of length n.
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DEFINITION 2.5. The graph H ((Z; is a graph obtained from the H-graph by at-
taching an arbitrary number of pendant vertices at any vertex on the two paths of n

vertices, 1 <t < n.
DEFINITION 2.6. The graph H, En) is a graph obtained from the H-graph by at-
taching 7 pendant vertices at each i*" vertex on the two paths of n vertices, 1 < i < n.

THEOREM 2.1. Any H-graph is one modulo N graceful for every positive integer
N.

Proof: Let P(ui,us,...,u,) and Pa(v1,vs,...,v,) be two distinct paths with
n > 3 vertices in a H-graph. The H-graph has 2n vertices and 2n — 1 edges. Naming
of the vertices is as shown in Figure.

Ul ¢ o U1
U V2
2t I (W » U1
us U3 Us y U2
Us o p U4 us e » U3
Us [ o Us
Us o o U4
n is odd n is even

Case (i) nis odd

Let n=2k+1,k>1

Define

d(ug;) =N —1) fori=1,2,...,k

d(uzi—1) =3Nk+1+N(k+1—-13) fori=1,2,...,k+1

P(vei) = 2Nk + 1+ N(k—i) fori=1,2,....k

¢(U2i_1):N(k+i—1) fOYi:1,2,...,k+1

From the definition of ¢ it is clear that
{(b(u%),i:1,2,...,k}U{¢(u%_1),i=1,2,...,k+1}U{¢(’U2i),i=1,2,...,k}U
{(b(vgi,l),i:l,Q,...,k—Fl}

={0,N,2N,...,N(k—1)}U{4Nk+1,N4k—-1)+1,...,3Nk+ 1}

U{NBk—-1)4+1,NBk—2)+1,...,2Nk+ 1)} U{Nk,N(k+1),...,2kN}

Thus it is clear that the vertices have distinct labels. Therefore ¢ is 1 — 1.
We compute the edge labelling in the following sequence.

| #(uk+1) — P(vkg1) | = 2Nk +1

Fori=1,2,...,k

| ¢(u2i_1) — ¢(u2i) | = 2N(2/€ -1+ 1) +1

Fori=1,2,...,k

| p(uzit1) — P(uzi) | = N(4k —2i+1) +1

Fori=1,2,...,k

| p(v2i) — Pv2i—1) | = N(2k —2i+ 1) +1

Fori=1,2,...,k

| p(v2i) — P(v2i1) | =2N(k —i) +1
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This shows that the edges have the distinct labels
{1, N+1,2N+1,...,N(g—1)+1}.

It is clear from the above labelling that the function ¢ from the vertex set of G to
{0,1,N,(N+1),2N,(2N+1),...,N(¢—1), N(g—1)+1} is such that (i) ¢ is 1—1 (i) ¢
induces a bijection ¢* from the edge set of G to {1, N+1,2N+1,..., N(¢—1)+1}where
¢* (uv)=|d(u) — ¢(v)|. Hence the H-graph is one modulo N graceful.

Clearly ¢ defines a one modulo N graceful labelling of H-graph.

EXAMPLE 2.7. Odd graceful labelling of H-graph. (n = 5)

17 o o 4
o ® > 1
15 6
'y 3
2 9
r °
13 8

Case (ii) n is even

Let n =2k, k > 1

Define ¢(ug;) = N(i—1) fori=1,2,...,k
¢(’U,2i_1)=3Nk—N+1+N(]€—i) fori=1,2,...7k
(va;) = Nk+ N(i—1) fori=1,2,...,k

¢(UQZ,1):2NI€—|—1+N(I€—Z)—N fori:1,2,.. k

From the definition of ¢ it is clear that
{(b(’u,gi),i =1,2,.. ,k} @] {¢(’U,2i_1),i =1,2,.. ,k} @] {¢(’U2i),i =1,2,..., k} @]
{¢(U2i—1)7 1= 1, 2, .. ,k}
={0,N,2N,...,N(k—1)} U{2N(2k—-1)+1,N4k—-3)+1,...,NBk—-1)+1}
U{Nk,N(k+1),... N2k - 1)} U{NBk—-2)+1,NBk—-3)+1,..,N2k—1)+ 1}
Thus it is clear that the vertices have distinct labels. Therefore ¢ is 1 — 1.

We compute the edge labelling in the following sequence.

| p(ur) — d(ves1) | = N(2k —1) +1

Fori=1,2,...,k

| p(uzi—1) — duzi) | = 2N (2k —i) +1

Fori=1,2,...,k—1

| P(uzit1) — Puzi) | = N(4k —2i —1) +1

Fori=1,2,...,k

| p(va2i—1) — d(v2i) | =2N(k —i) +1

Fori=1,2,...,k—1

| p(vaig1) — @(v2i) [ = N(2k =20 — 1) +1

This shows that the edges have the distinct labels
{I,N+1,2N+1,...,N(g—1)+ 1}.

65



It is clear from the above labelling that the function ¢ from the vertex set of G to
{0,1, N, (N+1),2N, (2N +1),...,N(q—1), N(g—1)+1} is such that (i) ¢ is 1—1 (i) ¢
induces a bijection ¢* from the edge set of G to {1, N+1,2N+1,..., N(¢—1)+1}where
¢* (uv)=|d(u) — ¢(v)|. Hence the H-graph is one modulo N graceful.

Clearly ¢ defines a one modulo N graceful labelling of H-graph for every positive
integer N.

EXAMPLE 2.8. One modulo 3 graceful labelling of H-graph. (n = 8)

43 P » 31
0o *® ®» 12
40 ? » 28
3 » 15
379 » 25
6 » 18
34 4 > 22
g ¢ * 91

THEOREM 2.2. H((Z; is one modulo N graceful for every positive integer N.

PrROOF. Let G=H ((Zg where 7a” is a arbitrary number of pendant vertices at
any vertex on the two paths of n vertices, 1 < ¢ < n. Let Pi(u1,us,...,u,) and
Py(v1,v2,...,v,) be two distinct paths with n(> 3) vertices in a H-graph. Let ug‘j),l <
i1 < n,lgjgmiandvgj),lg 1< n,1<j<p. Let M =my+mo+---+my,+
p1+ p2 + -+ + pn. The H-graph has 2n + M vertices and 2n + M — 1 edges.

Case (i) nisodd
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Letn=2k+1,k>

k21
2
ugl) ”g )
2 _ 1)& v v§3)
w? =ui™ o Ul 1
L 1 ,054) _ U§P1)

)
U(l) — u(m2).x‘. (%) V2 r 1)52)
2 o3 _ 2
2 =V

(1)

Us U3
e B
ug3) ugms) ’U§3) — P3)
oD
=
3
W) — i o <o
v
us g / e
5
1 me
“é = “é lﬂ/ n is odd <:Vé3) = vém)

Define

d(u)) =N{2(ln—1)+ M} +1

¢(u2i):N(m1+m3+---+m2i_1+i—1) fori=1,2,...,k

P(ugi—1) = N{2(n = 1)+ M} +1—-N(ma+mag+ - +ma_2+i—1)

fori=2,3,....,k+1

d(v2i) = N{2(n—1)+ M }+1—N(mao+ma+- - -+maor+k)—N(p1+p3+- - -+pa2i—1+17)
fori=1,2,...,k

d(v1) = N(my +mg + -+ mopq1 + k)

O(v2i—1) = Pp(v1) + N(p2 +pa+ -+ paio+i—1) fori=23,...;k+1
Forj:1,2,...,mi

o(uf’) = N(j—1)

d(uS) ) =N(mi+ms+-+mas+i—1)+NG—1) fori=23,... k+1
) = N{2(n—1)+ M -1} = NG —1)+1
p(u)) = N{2(n—1)+ M =1} +1— N(ma+ma+--+mais+i—1)—N(G—1)

fori=2,3,...,k

FOI‘j—l,Z,...,pi

(( )=Nmi+mg+---+mo1 +k+1)+ NG —1)
o) = N(my+mat- - +maop1+k+1)+N(patpat--+paioti—1)+N(—1)
fori=2,3,....k

(v <J>)—N{z(n_1)+M_1}+1—N(m2+m4+~-~+m2k+k)_N(j_1)

p(W) )= N{2(n—1)+M—1}+1— N(ma+my+ - +mop+ k) — N(p1+ps +
o+ pr3+i—1)=—N(G—1) fori=23,...,k+1
From the definition of ¢ it is clear that

{d(u1)} U{d(uzi),i = 1,2,...,k} U{d(uzi—1),i = 2,3,. k+ 1} U{d(va),i =
2.0k} U {000} U {0lomim1)ii = 2.3 F+ 13U (o), =12, ml}U
{p(u)),i =2,3,. kandj = 1,2,...,mi}u{¢(u§{>1) i=23,...,k+1andj=

1,2,...,m;} U {¢(u2 )i =12....m} U{o(v{), i =1,2,....p;} U {p(u§), ) =

1,2,...,pZ}U{¢(021)) i=2,3,.. kandj=12 .. p}U{o( ), i=2,3,... k+1

and j=1,2,...,p;}

={N(2n-2+M)+1} U{Nmy,N(m1 +mg +1),...,N(m1 + mg + -+ + map—1 + k —

DIU{NC2n -3+ M —m2)+1,N2n—44+ M —mg —my)+1,....,.N2n — 2+

M—-—mog—mg—-—mo —k)+1}U{NCn -3+ M —mo—my — -+ — maj, —
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k—p1))+1,N2n—4+M—mg—myg—--+—ma, —k—p1 —p3)+1,...,N2n —
24 M—mg—myg—--—map —2k—p1 —p3— - —pog—1) + 1} U{N(my +m3 +
o+ mopr1 HE)FU{N(m1+ms+ -+ mogr1 +p2+k+1),Nimg +ms+--- +
Moks1 +P2+pa+k+2),...,N(mi+mz+ - +mopr1 +p2+pa+---+pa+2k)}
U{O,N, ..., N(m; — 1)} U{N@2n—3+M)+1,N2n—4+M)+1,...,N(2n—2+M—
mi)—i-l}U{N(ml—l—l),N(ml—|—2),...,N(m1 +m2),N(m1 +m3+2),N(m1 +ms3 +
3),...,N(mi+2ms+1),...,N(mi+mg+---+mor_1+k), N(mi+mg+---+mar_1+
kE)...,Nmi+ms+---+mop_1+mpr1+k—1)} U{N2n—4+M—m2)+1,N(2n—5+
M—mg)+1,...,N2N-3+M—mo—mi)+1,N2n+M—mao—m4s—5)+1, N(2n+
M—-—mo—mys—6)+1,... ., N2n+M—mo—mg—mp—4)+1,... . N2n—24+M—mqo—
m4—---—mzk_g—k)-i-l,N(2n—3+M—m2—m4—---—mzk_g—k)—i-l,...,N(2n—1+
M-—mo—mg—---—mog_o—mp—k)+1}U{N(mi+ms—+---+mog1+k+1), N(mi+
ma+--+mopr1+k+2),...,N(mi+mz+---+mogr1+p2+ k) U{N2n—-3+M—
mo—mg—-—mog—k)+1, NCn—4+M—mo—myg—---—mop—k)+1,... , N2n—2+
M—ma—my—---—mar—k—p1)+1}U{N(mi+mz+---+maogy1+k+2+p2), N(mi+
m3+---+m2k+1+k+3+p2),...,N(m1+m3+---+m2k+1+2p2+k),N(m1+m3+
ot mogt1+k+3+petpa), N(mi+mg+---+mogr1+k+4+p2+psa),..., N(mi+
ma+--+mogr1+pe+pat+ps+k+2)... ,Nimi+mg+---+mopt1+p2+ps+---+
pak—2+2k), N(mi+ma+---+mopr1+p2+ps+---+pax—2+2k+1),...,N(mi+msz+
ot mogyr1Fpetpat A pk—2+2k+pr— 1D FU{NCn—44+M—-—mo—my—---—

mor—k—p1)+ 1L, NC2n—54+M—mo—myg—---—mor—k—p1)+1,..., N2n—3+M—
mg—m4—---—mgk—k—pl—pg)-i-l,U{N(2n—5+M—m2—m4—---—mgk—k—pl—
p3)+1,N2n—6+M—ma—myg—---—mop—k—p1—p3)+1,..., NCn—4+M—mo—
my—--—mop—k—p1—2p3)+1,...., N2n—3+M—mo—mg—--—mor— 2k —p1 —
p3—+ - —pak—1)+ L, N@n—4+M—ma—myg—---—max —2k—p1 —p3—- - —par—1)+
L...,N2n—=24+M—mg—my—---—magp —2k—p1 —p3 — -+ —Pag—1 —Prt+1) + 1}}

Thus it is clear that the vertices have distinct labels. Therefore ¢ is 1 — 1.
We compute the edge labels as follows:
¢* (uruz) =| d(u1) — ¢p(uz) | = N2n -2+ M —my) + 1

gb*(vgvl) :| (b(l)g)—d)(’ul) | :N(2n—3+M—m2—m4—~~—m2k—2k—p1—
mp —mz— - —Mapy1) + 1

&* (up1Vk41) =| P(urg1) — @(vpt1) | = N@2n+ M —my —my — -+ - —my, — 2k —
2—my—m3—-—Mopy1 —P2—Ps—---—pr)+1
Fori=2,3,...,k

¢* (ugi—1u2i) =| P(ugi—1) — P(uz;) | = N2n+ M —mg —myg — -+ —mgj_o — 2i —
my —mz—---—magi—1) +1
Fori—=1,2,... k

O* (uzip1uzi) =| ¢(uzip1) — P(uzi) | = N2n—14+M —my—my —--- —mg; — 20 —
my—mg—---—mgi_1)+1

Fori=2,3,...,k

(Uzzvzz 1) =| ¢(v2i) — ¢(v2i—1) | = N[2n — 1+ (p1 + p2 + - + paw+1) — (p1 +
p3+ -+ p2ic1) — (P2 +Dpa+ - Fp2i—2) — 2k —2i]+ 1
Forz—l 2,...,

(U2zvzz+1) =| ¢(vai) — ¢(v2i41) | = N[2n — 2+ (p1 +p2 + -+ + pa1) — (p1 +
p3+ “+poic1) — (P2 pa+ -+ p2) —2k—2i]+ 1

Forj:1,2, .My
¢*(wrul) =| ¢(ur) — () | = N@2n+ M —j — 1) +1
¢*<ué>uz> =| ¢(us’) — d(uz) | = N(2n — 2+ M — j —my) + 1
For:=2,3,. k+1andj—1,2,..., m;
¢ (ugiul)) ) =| ¢(Uzz D) = o) ) | = N2n+14+ M — (mg+mg+ - +

Mmaoj—2) — 21 — (my1 +ms+ - +maoi—3) —j|+1
Fori=23,...;kand j =1,2,....m,

¢*(U§J1)UQ1) :| ¢(ugz)) (u27j) | = N[27’L+ M — (mz +my+ -+ mgi_g) — 21—
(mi+ma+---+mai-1)—jl+1
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Forj‘z 1,2,....p;
¢*(U§J)U_1) =[¢p(v1)9) —p(v1) | = N(2n—2+p1+p2+ -+ pops1 — 2k — j) + 1
0" (v20}))) =| B(v2) = $(of) | = N(2n =3+ pa +ps -+ poir =2k =) +1

Fori=2,3,....k4+1land 5 =1,2,...,p;

8 (05 yvsi1) =) G ,) — Bozi1) | = N2+ (o1 +pa -+ pows) — (o1 +
p3+-+p2i3) — (P2 +Dpa+ -+ p2i—2) —2k—20—j)+1
For+=2,3,. kand]—12 ..,pl

6" (va05)) ) =| ¢(v2i) — ¢(v5)) | = N[2n— 1+ (p1 +pa+ - + parg1) — (p1 +p3 +

ot p2ic1) — (P2 patApoo) —2k—2i—j)+1

This shows that the edges have the distinct labels {1, N + 1,2N +1,..., N(q —
1) + 1}, where ¢ = 2n+m — 1.

Hence H ((Zg is one modulo N graceful, for every positive integer N.

EXAMPLE 2.9. One modulo 10 graceful labelling of H ((;)).

0 S o

10 . 271 90 é 201
191
110

30 ‘\

40 951 126

50 171
130

241

>. 60 161

231 140

70:> 221 150 'e

80 Ty 151

Case (ii) n is even
Let n=2kk>1

—
—
~—
=~
oy
~—
—
—
~

/
A

of?
=

(5% U1

Ug
2
ug )> Ug V2
ug?’) = uémz)
o
® U3 V3
(2) _  (m3
- %3

i~

—
—
—

(2)
( ) (pz)

—
—
~—

S N
w

(2) _  (p3)
- ¥3

]
]

Ug

Uy J V4 o
(2) _ ) (ma (1) _, (pa)
Uy~ = Uy n is even 4 =y
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Define
our) =N{2(n—-1)+ M} +1
¢(UQi):N(m1+m3—|—"'+m2i,1+i—1) fori:l,Z,...,k
d)(uQZ,l):N{Q(n—1)+M}+1—N(m2—|—m4—|——I—mgl,g—l—z—l)
fori=2,3,...,k
d(v2) = N(my +mg + - +mop—1 + p1+k+ 1)
d(ve;) =N(mi+mg+---+mop—1+k—1)+N(p1+p3+-+p2i—1+1i)
fori=2,3,...,k
dp(n)=N{2(n—1)+ M} +1—N(ma+myg+---+mo, + k)
(021 2

P(v2i-1) = ¢(v1) = N(p2 +pa+ - +p2iat+i—1) fori=23,....k
For j=1,2,...,m;
p(u)) = N(j — 1)
) ) =N(my+ms+-+may_s+i—1)+NG—1) fori=2,3,...k
pud) = N{2(n— 1)+ M -1} + NG —1)+1
p(us)) = N{2(n—1)+ M =1} + 1= N(map+ma+--+ma_o+i—1)—N(j—1)

fori=2,3,...,k

For j=1,2,...,p;

¢S = N{2(n—1)+ M =1} +1— N(mg +my+ -+ maop + k) — N(j — 1)

pW) =N{2(n—1)+ M —1}+1—N(ma+ma+ - +mop+ k) = NG —1) —
N(pa+ps+--+po_o+i—1) fori=23,...,k

$(v) = N(my +ms + -+ map_1 + k) + NG — 1)

¢(Ug)—1) =N(mi+ms+-+mop-—1+k)+ N(G—1)+N(p1+ps+- - +p2i-s+
i1—1)+N(G—-1) fori=23,...,k

The proof is similar to the proof as in the above case.

Hence H ((Z; is one modulo N graceful, for every positive integer N. O

EXAMPLE 2.10. One modulo 7 graceful labelling of H((Z)).

0 e 35
49
141
‘\ 7 56 <: 106
99
14
>-134 92— 63
21
85
127 >p28 70 e 78
120 71

Note: If we attach i pendant vertices at each i*" vertex on the two paths of n vertices
then we obtain the graph H (n).Therefore we have a one modulo N graceful labelling

H (/n) as a deduction from the above labelling .
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EXAMPLE 2.11. One modulo 6 graceful labelling of H(/4).

b & 4 -
145 6 42 4 97
12 48
24 60
133 85
127 30 66 79
121 73
EXAMPLE 2.12. Odd graceful labelling of H(/5)
59
0 7T 77 22 /

) A' 4: i
73 p 2 574 26
4 55
6 ¥ T -t 28 53

8 51
69 30
67 10 49 32
65 34
1623 o 36
47

16 43
18 o 41
20 39

THEOREM 2.3. H () mKj is one modulo N graceful for every positive integer N.

PROOF.  Let Py (u1,us,...,u,) and Pa(v1,ve,...,v,) be two distinct paths with
n(> 3) vertices in a H-graph. The H-graph has 2n(m + 1) vertices and 2n(m +1) — 1
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edges.
Case (i) nisodd
Letn=2k+1,k>1

Uy Uy
u§2) > Up u1 v§2)
3 (3) (m)
ul® ugm) ’Ul(l)_ N
(1) Uy
ufg) v 2)
"2 e ] A _ . om
ul? = ui™ V2 aQ L)
uél)'\ /. Vg
ui(f) U3 U3 'U:())Q)
) ol o9 = of
u£l1),\ Uil)
2
¥ )>i U4 V4 vi?
R o = o
e vél)
2 us vs (2)
3) %?n)> n is odd < Us

Define
d(ug;) =Nm~+Nm+1)(i—1) fori=1,2,...,k
G(uzi_1) = 2N 2k +nm)+1—N(m+1)(i—1) fori=1,2,... k+1
d(va;) =2N(2k +nm) +1 - N(m+1)(k+i) fori=1,2,...,k
d(v2i—1) =Nm+N(m+1)(k+i—1) fori=1,2,....k+1
For j=1,2,...,m
duS)) = 2N(2k+nm) — (N =1) = N(m+1)(i —1) = N(j—1) for i = 1,2,..., k
dus) )=NG—1)+Nm+1)(i—1) fori=12,... k+1
) = Nm+1)(k+i)+N(j—1) fori=1,2,....k
d(ws) ) = 2N(2k +nm) — (N —1) = N(m + 1)(k +i— 1) — N(j — 1)

fori=1,2,....,k+1
From the definition of ¢ it is clear that

{d)(’UQZ),’L: 1,2,...,]€}U{¢(U21‘l,1),i: 1,2,,]€—|—1}U{¢(’l}21),l: 1,2,...l,k}U
{d(vai1),i=1,2,... k+1}U{p(u$)),i = 1,2,... kandj = 1,2,. Compu oS )i =
1,2, k+1land j=1,2,...,m}U{ep(@w),i=1,2,... kand j=1,2,...,m}U
{6 )i=1,2,.. k+landj=1,2 .. m}

={Nm,N2m+1),...,N(mk+k—1)} U{2N(2k +nm) + 1,
N4k +2nm—m—1)+1,..., N3k + 2nm — km) + 1}
U{NBk+2nm —km—-—m—1)+1,NBk+2nm—km —2m—-2)+1,...,
2N(k+nm—km)+1}U{Nm+mk+k)+1,NCm+mk+k+1),...,
N(m+2km +2k)} U{N(dk+2nm — 1)+ 1, N4k +2mn—m —2) +1,...,
N@Bk+2nm—km+m)+1,Ndk+2nm —2)+ 1, N4k +2mn—m—3)+1,...
N@Bk+2nm —km+m —1)+ 1, N4k + 2mn —m) + 1, N(4dk + 2nm — 2m — 1)
H1,.. N(3k+2nm —km+1)+1 }U{0,N(m+1),...,Nk(m +1), N, N(m +2)

ooy Nimk+k+1),N(m—1),2Nm,...,N(mk+k+m—1) }
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U{N(mk+m+k+1),N(mk+2m+k+2),...,N©2mk + 2k),
N(mk+m+k+2),Nmk+2m+k+3)..., N2mk+2k+1),...,,
N(mk+2m+k),N(mk+3m+k+1),..., NCmk+2k+m—1) }
U{NBk+2nm —mk—1)+1,NBk+2nm —mk—m —2)+1,...,
N2k +2nm — 2km — 1) + 1, N(3k + 2nm — mk — 2) + 1,
N@Bk+2nm—mk—m—3)+1...,N2k+2nm—2km —2)+1,...,
N@Bk+2nm —mk—m)+1,NBk+2nm —mk—-2m—1)+1,...,
N2k + 2nm — 2km —m) + 1}

Thus it is clear that the vertices have distinct labels. Therefore ¢ is 1 — 1.
We compute the edge labels as follows:

¢" (Uks10k4+1) =] P(ur+1) — d(ve41) | = N(2k + 2nm — 2mk —m) + 1
Fori=1,2,...,k

¢* (uzi—1u2;) =| P(uzi—1) — ¢(u2;) | = N(dk + 2nm +m —2mi — i) + 1
Fori=1,2,...,k

¢* (uzit1uzi) =| P(ugit1) — ¢(uz;) | = N(4k +2nm —2mi —2i+ 1) + 1
Fori=1,2,...,k

@* (v25v2i—1) =| P(v2;) — d(v2i—1) | = N(2k +2nm — 2mk —2mi —2i + 1) + 1
Fori=1,2,...,k

@* (v23v2i41) =| P(v2;) — d(veiy1) | = N(2k + 2nm — 2mk — 2mi — 2i —m) + 1
Fori=1,2,...;k4+1land j=1,2,...,m

6" (uzi1uS)) 1) =| ¢(uzi1) —p(us)) ) | = N(4k-+2nm —2mi+2m—2i—j+3)+1
Fori=1,2,....,kand j=1,2,....m

o (S ugi) =| p(u)) — P(ugi) | = N(4k + 2nm — 2mi — 2 — j+ m +2) + 1
Fori=1,2,...;k4+1land j=1,2,...,m

o (vé{llvgi_l) =] ¢(U§g)71) — &(v2i-1) | = N2k + 2nm — 2mk — 2mi +m + 2 —
2 —j)+1
Fori=1,2,....,kand j=1,2,....m
& (v2:0$)) =| (vai) — p(WS) | = N(2k + 2nm — 2mk — 2mi — 20 — j + 1) + 1
This shows that the edges have the distinct labels {1, N + 1,2N +1,...,
N(g—1)+ 1}, where g =2n(m +1) — 1.

Hence H () mK; is one modulo N graceful, for every positive integer N.

EXAMPLE 2.13. One modulo 5 graceful labelling of H () 3K;. (n =5)
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146
5 >. 191 55< 141
10 136
186 60
181 » 15 1314 65
176 70
- \ / 126
25 T 75 121
30 116
166\ 30
161>; 35 111 é 85
156 90
40 106
45 151 95 101
50 96

Case (ii) n is even
Let n=2kk>1

Uy
u§3> =u
Ugy
o
ugg) =u
“4(13) = Uy

n is even

Define
d(uzi) = Nm+Nm+1)(i—1) fori=1,2,...,k
d(uzi—1) =2N2k+nm—-1)+1—-N(m+1)(i—1)fori=1,2,...,k
P(vi) = Nm+Nm+1)(k+i—1) fori=1,2,....k

d(v2i—1) =2N2k+nm —1)+1—-Nm+ 1) (k+i—1) fori=1,2,...,k

For j=1,2,....m
d(u$)) = 2N (2k+nm—1)—(N—1)—N(m+1)(i—1)—=N(j—1) fori=1,2,...
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o) ) =NG-1)+Nm+1)(i—1) fori=12..k

$(v5)) = 2N (2k+nm—1)—(N—1)=N(m~+1)(k+i—1)-N(j—1) fori=12,....k
oW )= Nm+1)(k+i—1)+NG—1) fori=1,2 ...k

The proof is similar to the proof as in the above case.

Hence H () mK; is one modulo N graceful, for every positive integer N.

EXAMPLE 2.14. One modulo 3 graceful labelling of H () 3K;. (n =6)

0 36
3 139 10 39
6 42
136 100
133 9 45 97
130 94
12 48
15 27 91 51
18 54
124 ]8
121 21 5 85
118 82
24 60
27 115 79 63
30 66
11 76
10 33 69

73
10 <: 70
3. Conclusion

For further work, we have planned to investigate common properties of various

graph labelling schemes with generalized one modulo N graceful labelling and to
classify them.
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