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A table of definite integrals from the marriage
of power and Fourier series

James Rosado and Thomas J. Osler

ABSTRACT. In this paper we show an unusual way to obtain values for definite
integrals of the forms [™ f(z)dz, ["_f(z)cos(nz)dz and [”_ f(zx)sin(nz)dx
where n is a positive integer. Our method is indirect in that we do not start with
the integral. The integral is obtained as the end result of a process that did not
visualize the integral at the start. We begin with an analytic function, and obtain
our integrals by comparing the coefficients of related power series and Fourier
series. A table of 36 definite integrals results. Eleven of these can be reproduced
by Mathematica or found in familiar tables, while 25 others cannot. These may
be new integral evaluations.

1. Introduction

We will evaluate some rather complex integrals of the forms [*_ f(z)dz, [ f(x) cos(nx)da
and ["_ f(z)sin(nz)dz where n is a positive integer. Our method is as follows. We
begin with the familiar Fourier series of the function f(x) with period 2,

(1.1) fl@)=ao+ Z ap, cos(nx) + by, sin(nx)
n=1
It is well known [3] that the coefficients are given by,
1 ™
(1.2) a0 = o - (z)dx

and for n = 1, 2,3, we have the remaining coefficients,

(1.3) ap = % j f(z) cos(nx)dx
(1.4) by, = % i f(z) sin(nz)dz

—Tr

Now suppose we are given a known Taylors series,

(1.5) g9(z) = Z cnz"
n=0

Let z = re*? and get

g(reia) _ Z CnrneinO

co + Z cnr™ cos(nf) + i Z cnr™ sin(nd)

n=1 n=1

(1.6)
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Now, suppose we can conveniently decompose g(re?) into real and imaginary
parts as

(1.7) g(re??) = u(r,0) + iv(r, )

Then comparing real and imaginary parts in (6) and (7) we get

(1.8) u(r,0) = co + Z cn ™ cos(nd)
(1.9) v(r,0) = Z cpr" sin(né)

We see that u, viewed as a function of 6, (and holding r fixed), (8) is a Fourier
cosine series for u(r, ) and (9) is a Fourier sine series for v(r,#) . Thus we can write
integrals for the coefficients ¢, r™ using (1) through (4) to get

1 T
(1.10) o= — u(r, 0)do,
2 J_,
and for n =1,2,3,...
1 ™
(1.11) cpr’ = 7/ u(r, 0) cos(nfh)dd and,
™ —T
1 (" .
(1.12) enr" = f/ v(r, 0) sin(nd)dl
T™J-n

We can use (10) through (12) to determine the values for some definite integrals.

2. A table of definite integrals

The simple procedure outlined above produces some surprisingly complex definite
integrals. We demonstrate this in four tables. Table 1 shows the functions and series
used to calculate the 36 definite integrals in Tables 2 to 4. The final columns in
Tables 2 to 4 show the result of the authors search to find these integrals in either
the noted volumes [1,2] or through the software program Mathematica. The integrals
numbered 1, 6, 13, 19, 25, 28, and 31 were found to be known in this way and are
marked “Known”. Four integrals were obviously true because the integrand is an odd
function and are marked “Obvious”. The authors could not find closed forms in the
literature for the remaining 25 integrals which are marked “May be new”. We did
check these numerically by Mathematica for specific values of the parameters.
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Table 1: Functions

No. g(z) =u+iv u(r, 0) Taylor Series
o(r, 0)
—7cos 6
(1)-(3) 1 a2+iQZ;Z? cos 6 co 2"
a== __ rsing n=1 gn+I
a?+r2—2ar cos 6
cos(r cos @) cosh(r sin 0 _q1)n,2n
(0-6) || cos2) (1 cos0) coshir sin €) S, S
— sin(r cos 0) sinh(r sin 6)
. sin(r cos 0) cosh(r sin 6 _1)ny2ntl
M-0) || sin) (reosd) cosh(rsinf) o Chinr
cos(r cos 0) sinh(r sin 6)
1 2r cos @
5 arctan (2771) (—1yn—1z2n-1
(10)-(12) arctan(z) 1, 1+7‘27+27‘ wle o
4 g 1+r2—2rsinf
e" 89 cog(rsin O n
(13)-(15) e cos(rein®) S5
e" %% sin(r sin 0)
16)-(18 t cos(2r CZZlG(?:-Zg:I?éT sin 0) co  (=1)"~1227 (227 _1)B,y, 22"
( )_( ) a’n(z) sinh(2r cos 6) 277':1 (2n)!
cos(2r cos 0)+cosh(2r sin 0)
1 2
=log(l+r“ 4+ 2rcosf n
(19)-21) || 1oa(1+2) zlosl bo 4 or cosd) S (-1
arctan (%) n
T COs
. sinh(r cos 6) cos(r sin 6 2n+1
(220-20) | sinh(2) (reos0) cos(rsin®) S0 G
cosh(r cos ) sin(r sin 6)
e” 939 (cos(r sin 0) (1—r cos §) —r sin 0 sin(r sin 6))
_ e® 1+r2-2 0 00 n 1
(25) (27) 1—z e” 89 (cos(r sin 9)r§in 9-:(30—57‘ cos 0) sin(rsin 0)) Z"ZO (Zk:U k!) 2"
1472 —2rcos 6
27 cos @ :
2 e cos(2r sin 0 n
(28-60) || (e2) o cos(arsind) S0 I o
e sin(2r sin 0)
5 r? cos(20)—2r cos O+1
1 (1+72—2rcos 9)?
@3 || () A fover) "o(l+me"
(14+r2—2rcos 0)2
1 sin 0 Y1TFr2 ¥ 2rcosb
(34)-(36) || VzTI cos (3 arctan k5 ) VIF 77+ 2rcosd o (CD™LEn-3) .

1+7rcosf

—sin (% arctan M) Y1+ 712+ 2rcosf

n=0 22n-2n1(n-2)!
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Table 2: Integrals (1) - (12)
No. Integral Conditions | Closed
Form
Found in
Literature
(1) firﬂ' a2+(:°;i;z€“9cose 0 = 27‘" re [0’ a’) Known
_ n re|0,a
(2) . m(kii;iﬁecose cos(nf)df = Tt [0, ) May be new
neN
i . n re|0,a
3) . méiligaicosg sin(nf)df = T [0,4) May be new
neN
(4) J7 . cos(r cos 0) cosh(r sin 0)df = 2x r €[0,00) | May be new
n_ 2n
(5) J7 . cos(r cos 0) cosh(r sin 6) cos(2n)df = (_I()Tgr,r :166 [I(\)I’ o) May be new
ntl_ 2n
(6) S, sin(r cos 0) sinh(r sin 6) sin(2n0)df = % r € [0,00) Known
neN
(7) J7 . sin(r cos ) cosh(r sin )df = 0 r € [0,00) Obvious
n_ 2n+1
(8) [T sin(rcos ) cosh(rsin 0) cos((2n + 1)0)df = % ;ee [Ig; ) May be new
_1\n 2n+1
(9)  J7 cos(rcos ) sinh(r sin §) sin((2n + 1)6)dd = % :Lee [13’ o) May be new
(10) J7 . arctan (2:5%19) do=0 r € (0,00) | Obvious
n,2n—1
(11) J7, arctan (%) cos((2n — 1)0)do = % re©.1) May be new
" n €N
. n—1,2n—-1
(12)  [™ log (}i’jfigng) sin((2n — 1)0)dg = =D ] m€OD | ey be new

n €N
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Table 3: Integrals (13) - (24)
No. Integral Conditions | Closed
Form
Found in
Literature
(13) ffw e” 059 cos(rsin 0)df = 27 r € [0, 00) Known
(14) ST e <% cos(r sin 0) cos(nb)db = Wﬁ.n r€10,00) May be new
‘ n €N
(15) J7 ercos 9 sin(r sin 0) sin(ng)df = Wz,n r€[0,00) May be new
' n €N
™ sin(2r cos 0)d6 _ ™ .
(16) f,ﬂ. cos(2r cos 0)+cosh(2rsinf) — 0 re 07 5 Obvious
o
7 sin(2r cos 0) cos((2n—1)0)d6 _ (—1)"" 1227 (22" _1)By, wr3" 1! re |0, ~
(17) ff‘n' cos(2r cos 0)+cosh(2rsinf) — (2n)! 2 L 2_ May be new
n €N
T
m  sinh(2r cos 6) sin((2n—1)0)de _ (—1)" 1227 (22" _1)By, wr2" 1 re |0, -
(18) f,ﬂ. cos(2r cos 0)+cosh(2rsinf) (2n)! 2 L 2_ May be new
n €N
(19) ST log(1+ 72+ 2rcos@)df =0 r €]0,1] Known
_1yn+1 n
(20) ffﬂ log(1 + 72 4+ 2r cos 0) cos(nb)do = (1)% refo1 May be new
n €N
. ntl_ n
(21) JZ, arctan (1«70::1;7102 9) sin(nf)df = (GO L r€[0.1] May be new
n €N
(22) J7 . sinh(r cos ) cos(r sin §)df = 0 r € [0,00) Obvious
(23) J7 . sinh(r cos ) cos(r sin 0) cos((2n + 1)0)df = % ; Ee [I(\)I, ) May be new
(24) J7 . cosh(r cos 0) sin(r sin 6) sin((2n + 1)0)d6 = % r €1[0,00) May be new

n €N
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Table 4: Integrals (25) - (36)
No. Integral Conditions | Closed
Form
Found in
Literature
rcos 6 in 6)(1— 0)—r sin 0 si ind
(25) f:r7T e (cos(r sin firzic;rsco)s 97 sin 0 sin(r sin ))d9 — o re [01 1) Known
2" 223 0 (cos(r sin 0) (1—7 cos ) —r sin O sin(r sin 6 relo,1
(26) S < e l)irzr_(;.gco)s P sin(rsin®)) cos(nf)do = wrn Sheo [0, 1) May be new
n €N
7w "9 (cos(rsin 6)rsin 6+ (1—r cos §) sin(rsin)) . n—n 1 re [07 1)
27 0)do May b
( ) f_ﬂ' 14+7r2—2rcos 6 Sln(n ) =7r Zk:O k! ay be new
n €N
(28) ST, e?reos 9 cos(2rsin 0)df = 27 r€[0,00) Known
(29) ST €200 cos(2r sin ) cos(nf)df = 2 7 € [0,00) May be new
‘ n€eN
(30) ST e?reosOsin(2r sin 0) sin(nf)df = 27,,;771, r€10,00) May be new
‘ n €N
2 20)—2r cos 6+1
(31) flrw %d@ =27 r€[0,1) Known
(32) [ 2 cos(26) ~2r cos §+1 (n8)dd = mr™(n + 1) re0,1) Mav b
- (14+7r2—2rcos )2 cos(n =7nr-n ay be new
n €N
2rsin 0—r2 sin(26) _. relo,1
(33) f:rﬂ- %7‘;;2(9)2) 51n(n9)d0 = 7'('1””(7’1, + 1) [ ) May be new
n €N
(34) ST, cos (% arctan %) V1+72+2rcosfdf = 2m r € [0,1] May be new
: no_q1yn+lio, _
(85) [T, cos (% arctan 711?6“02 9> V14724 2rcos @ cos(nb)df = %W r€[0,1] May be new
e n €N
. . . N1\ (o 0,1
(36) J7, sin (% arctan 1_::‘7?029) V1 +r2 + 2r cos 0 sin(nf)dd = %&23)[ ;ee [N ] May be new
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