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ABSTRACT. The table of Gradshteyn and Ryzhik contains many integrals that
involve the expression z, = a + bz®. All the entries containing this form are
evaluated in detail.

1. Introduction

The evaluation of integrals is found in the elementary courses where the student is
exposed to a variety of methods of integration. The topics range from integration
by parts (with the statement that if your integrand is the product of two functions,
this may work, also includes some standard substitutions (with the statement
that if your integrand contains the term /1 — x2, try the substitution x = sin and it
will simplify; the method of partial fractions used to integrate rational functions
(provided the polynomial in the denominator is factored) and sometimes the student
is exposed to the Weierstrass substitution u = tan§ which transforms rational
functions in sinx and cosz into a rational function of w.

Historically the evaluation of integrals have been collected in volumes such as
[2, 3] where the results were stated in the form

oo .u—1 1 pn—1
(11) / x nz s
0

= Ing — t
s x SinMﬂ_(nﬂ 7 cot )
but without an indication of how the formula was obtained. The modern version of
these entries were collected in the table by I. S. Gradsheyn and I. M. Ryzhik [7].
In the process of his thesis at Tulane University [5], George Boros began to develop
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32 DEREK CHEN ET AL

techniques for a systematic verification of these entries. This task was motivated by
some incorrect evaluations appearing in that edition of the table.

The latest edition of the table of integrals by I. S. Gradshteyn and I. M. Ryzhik
[8] contains a large selection of integrals (as did the previous editions). One of the
difficulties in using them is that, in view of the large possible options for changes
of variables, the integrand of interest might not match the entry in the table. A
description of this phenomena is presented in [6] in the context of the evaluation of

dx
x* + 2az2 4+ 1)m+1’

(1.2) No,a(a;m) = /000 (

This integral may be evaluated in terms of some hypergeometric functions. Naturally,
it is possible that the entries are incorrect, as in the entry 3.248.5 of [7]:

dxr T . 422
= with o(z) =1+ EEESIEs
p(z) + ()

L,

o /0 (1422)2 2V/6

The correct integrand was found in [4] as

dzx s

':/0 1+ 22} o) + Jo@?  2V6

I

The correct value of the original problem has been obtained by J. Arias de Reyna in
terms of elliptic functions,

The present work is part of a project dedicated to proving all these evaluations
and to provide context for them. This project started with [9] and the latest work
in this series is [1]. The present paper is the first in the series by participants in the
Zoom-summer program PolyMath Jr. (June-2021). The students were given the list
of entries and provided proofs that were checked and written by the senior author and
a graduate assistant (V. Sharma).

The entries discussed here appear in Sections 2.11 to 2.15. The integrands con-
sidered here have the form z" 2}, where 2 = a + bz* and n, m are integers. A small
variation, including two linear factors in x, appears at the end of the paper. The
results include explicit closed form evaluations as well as some reduction formulas.

2. Entries in Section 2.11 — 2.13. Forms containing the binomial a + bz*

Section 2.110 contains reduction formulas for z; = a4 ba* and an explicit expres-
sion for the general case.
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2.1. Entry 2.110.1.

(2.1)
n_m xn+1z;€n amk n,m—1
/a: Gde = km—i—n—i—l—l—km—i—n—&—l/x e
B "l Zp: (ak)*(m+1)ym(m —1)---(m—s+1)z""°
N m+ 14 [mk+n+1][(m—-1Dk+n+1]--[(m—s)k+n+1]

. (ak)P™M(m+1)m(m —1)---(m —p+1)(m — p) /x”zm_p_l i

[mk+n+1[(m—-Dk+n+1]--[(m—pk+n+1] k

PROOF. In the proof of the first part, we illustrate a procedure to choose the
terms u and v in the integration by parts formula

(2.2) Judo=uwo— [vau

In later proofs this will be referred as the usual procedure. The idea is simple: in
order to prove the first identity (2.1) impose conditions on u and v so that

xn+1zlzn

(23) udv = ZC”ZZ/L and wuv = m

This equations are now used to determine v and one hopes that the term v du matches
the last term in the first identity. The second formula follows from iteration of the
first one.
. . . dv dzx L.
Dividing both equations in (2.3) leads to — = (km + n 4+ 1)— and this gives
v o x
(km +n + 1)zkm’
it follows that dv = (km + n + 1)2*™*" and after some simplifications one obtains
amk Zt amk m—l n )

du = —km+n+1xmk+1. —mzk T, proving (21)
The second formula is obtained by iterating the first one. It can be proven directly by
an inductive argument. O

km+n+1

v =1 . The formula for uv implies that u = From here

Therefore vdu =

2.2. Entry 2.110.2.

"t et k+n+1
2.4 n md — _ k n 7n+1d
(24) /1: K ak(m+1) + ak(m+1) /z “ v

PRrROOF. This entry is verified by integration by parts. The choice of u and dv is
now motivated by the appearance of the coefficient (n + km + k + 1) on the right-
hand side. Therefore take u = 2" ™" *F1 and  dy = 7 *™=*=1™ dz. Then du =
(n+km+k+ 1)x"+km+kdx is direct and some elementary manipulation produce
d (x_km_kz;”“) = —ak(m+1)z~*m=F=1m Integration by parts now gives the stated
formula. O
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2.3. Entry 2.110.3.

nom "t bkm TR
(2.5) /x zptdx = n+1k e "R dy

PRroOOF. Integrate by parts with u = z;* and dv = 2”. Then du = mbkxkilz;f*l

and v = }Hx’”‘l The results follows directly. g

2.4. Entry 2.110.4.

ghtli=kym+l  p 1k
2.6 LM o — k _ n—k_m+1 d
(26) /x T km+ 1) bk(m+ 1) /x o 0F

PRrROOF. Integrate by parts with u = 2"t1=% and dv = ¥~ 12", Then

du= (n+1—k)z" % and v = 2" ™' /(bk(m + 1)). This gives the result O

2.5. Entry 2.110.5.

gti—k mtl aln+1—k)
2.7 "o de = - — mhad
27) /I G b(km+n+1) b(k‘m—i—n—i—l)/x % &

Proor. Entry 2.110.4 gives

ghtizkymtl 1k
2.8 nym e — k _ n—Fk m+1d
(2:8) /x T e+ 1) bk(m+1)/x v

The current entry comes from writing z;' ™' = 27 (a + bz*) = a2} + ba* 2" in the last

integral of (2.8) and distributing the terms. O

2.6. Entry 2.110.6.

nH T b(kmo+ k 1
(2.9) /x"z,’f do =2k _ _ (kmtktn+1) /;v"+kz,T dz
a(n+1) a(n+1)
Proor. Replace n by n + k in Entry 2.110.5. O

2.7. Entry 2.110.7.

k
(2.10) /xn(nxb ke = %k Z )' K F( (b+( )> SR

PRrOOF. This is a special case of Entry 2.110.8. See the details at the end of the
proof for that entry. Note that this entry has been modified from the way it currently
appears in [8]. O
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2.8. Entry 2.110.8.
b m' J! (ack + %)miixk(“‘i*l)

(2.11) / L”dw—fz — )l (J+i+1)!

where J = "T‘H —1.

PROOF. Write /x"z,? dx = b"I(n,m) with

(2.12) I(n,m) = /x" (x’“ - %) dz.
Integrate by parts with u = (z* + a/b)™ and dv = 2™ dz to obtain
1 a\™ mk a\™—1
2.13) I = e (@4 D) - /"+k(k 2
(2.13) I(n,m) 1 :1:+b el x—i—b x
1 m k
= — gt (xk—i—g) —LI(n+k m—1).
n+1 b n+1
Iterating the relation gives
pntt a\m mk a\m—1
2.14 I ,k — ( k 7) o n+k+l( k 7)
@14) I k) =225 (7 +5) T Dm kD" S

m(m — 1)k?

+ (n+1)(n+1+k)l(n+2k’m—2)

Further iteration produces the formula

1

4 a m—j m'
n,m) = )i gtk (ko @
(2.15) I(n,m) JE:O( 1)k ( +b> (m —j)!

+Dk,m—£-1)

]j(n+1+rk)
+ (¢
4

+ (_1)€+1 m! k€+1 (
(m—2¢-1)!
[[(n+1+7k)
r=0
The proof of this identity is an elementary induction argument based upon (2.13).
Since the parameter ¢ is arbitrary, choose ¢ = m — 1 and use I(n,0) = 2" /(n + 1).
Then notice that the extra term in (2.15) corresponds to the term j = m in the sum.

The final product is

1 m 1)j$n+1+jk (.’Ek+
(2.16) n,m EZ -
IT (" +7)

r=0

)m—j

The expression above is written as it appears in the table by writing

j .
n+1 (J+14+9! . n+1
2.17 =" th J = —1.
(2.17) TI_IO( 2 ”) 7l Wi k
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In order to obtain Entry 2.110.7 make the change of parameters {a, b, k, m} —
{¢, n, b, k}. d

3. Section 2.111. Forms containing the binomial z; = a + bx

3.1. Entry 2.111.1.

z{”“
1 mde —_“1
and for m = —1
de 1
2 kel |
(3 ) P b 2z

PROOF. Let u = a + bx to obtain

(3.3) /z{"dm/(a+bz)mdxllj/umdxb(nz:il).

This glves the result for m ;é —1. In the case m = —1, the same change of variables

yields / / 5 / — and this gives the stated formula. O
21 a+ bx

3.2. Entry 2.111.2.

™ dx z" 2" 1dx
(3.4) / L — _ a /
z] 2" (n4+1-m)b n—|—1 m)b

PrROOF. In order to integrate by parts write the problem as

/x"(a—i—bx)_mdx = i—m b/ [(a+bx)'"™] da

B B n / =1y
(1= m)b z{" Lob(1—=m) ) (a+ bx)m—1

B 1 " n /a:"_l(a—i—bx) de
 1-mbzmt (1—m)b (a + bx)™

" na / " ldx J n / " dx
— — T —
b(1—m)z"t b(l—m) ) (a+bx)™ (1—m) 2

Now bring the last term to the right-hand side to obtain the result. O

3.3. Entry 2.111.3. For n =m — 1 in Entry 2.111.2 we use

™ Ldx zm 1 1 (2™ 2%dx
(35) / m - + / m—1
27 2 (m—1)b b 27

and for m = 1 we have

nn

n n n—1 2,.n—2 n— -1
(3.6) /x de = ax a*x --~+(—1)"_1a x  (=1)"a

P s T R o T L-on | pntl

In z1
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PROOF. For the first formula, integrate by parts with « = 2™~ ! and dv = z; "dx.
The result follows directly. For the second formula, written as

n— 1
"™ dx k(=1
(3.7) / - kz bk+1 + e Iz,
observe that from 2" = 2"~ ! x z and writing the = on the right in terms of z; = a+ bz
n 1 n—1
leads to “— — gx”* - %x . Denoting the integral on the left of (3.6) by I,, this
21 21
produces
1 a
3.8 IL,=—x"——I, 1.
(3:8) R e

This is now to prove the identity (3.6) by induction. The case n = 1 is direct.
Replacing the inductive form of I,,_; on the right-hand side of (3.8) one checks that
the logarithmic terms match and that the proof amounts to the identity

- k akgn—k 1 n—2 _1)kegktln—1-k
(3.9) Z RSN N Gl D i .
k)bk+1 bn (n—1— k)bkt2
k=0 k=0
The term £ = 0 on the left-hand side matches the first term on the right. A simple
shift of indices verifies the rest. 0

3.4. Entry 2.111.4.

n—1
"™ dx kak—1gn—k a” na”1

3.10 = ) () —— 4 (=) 1
(3.10) / 22 k;( e POV g, F DT G s

ProoOF. Differentiate Entry 2.111.3 with respect to the parameter a. O

3.5. Entry 2.111.5.

rzdr x

3.11 —_— = = l
( ) zZ1 b b2 A

PROOF. The change of variables t = a + bx gives

xdz dt 1
(3.12) = T » </ dtfa/ ) 5 (t—alnt)

and this gives the evaluation, with the extra constant term a/b?. Since these are
indefinite integrals, the extra constant plays no role. O

3.6. Entry 2.111.6.
22dr  x2?2 axr a2
3.13 b R |
(3.13) /zl % A

2?de 1 [(t—a)?
z1 a b3 t
by expanding the square and integrating. O

PROOF. Let t = a + bx to obtain dt. The result follows
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4. Section 2.113
4.1. Entry 2.113.1.

dx 1
4.1 e
(4.1) / 22 bz

PRrROOF. The change of variables u = a + bx gives

dx dx 1 1
4.2 = = ™ 2y = —
(42) /z% /(a+bm)2 b/u v bu’

and this is the evaluation. O

4.2. Entry 2.113.2.

xdx T 1 a 1
4.3 P | T |
(4.3) / 2 bey B2 AT, T

PROOF. Integrating by parts with u = x and dv = 1/2? = 1/(a + bz)? gives
xdx x 1 dx

4.4 = _ Sl e
(44) / 22 b(a+bx)+b/a+bx
Now make the change of variables u = a 4+ bx to evaluate the last integral. O

4.3. Entry 2.113.3.

z?dx x a® 2a
4.5 — == - — =1
(4.5) / 2R By o)
PROOF. Since the answers are all expressed in terms of 2, this entry should
2 2
be writt /xdm a1 20 1) 2. Tntegrating by parts with 2
e written as | —— = — — —— — — Inz;. Integratin arts with u = «
= B Ps e grating by p
2% dx x? 2 rdzx
d dv = br)~?dx gi = — - . N it
and dv = (a + bx) gcglves/(aJrlm)2 ba 1 b7) + b/a+bx ow write
d 1 d
x = p(a+br) — ¢ to obtain /aer ij = 5/ dx — %/afbx' The result follows
from the evaluation of these two integrals. 0

REMARK 4.1. Every entry in this section can be evaluated as was done for Entry
2.113.1. For instance, in the last example, the change of variables u = a + bz yields

2d 1 —a)?d
/ % = W and the integrand can be expanded to produce integrals
23 U

with a pure power of u.

5. Section 2.114
5.1. Entry 2.114.1.

dz 1
1 de _
(5-1) / 23 2022

PROOF. The change of variables ¢t = a + bx gives the result. O
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5.2. Entry 2.114.2.

rdz x a1
2 rer _ (, 7) -
(52) / 23 b * 202/ 22
PrOOF. The change of variables u = a + bx gives
u—a 1 fdu a [du
(5:3) f=/§$“=ﬁ/ﬁ‘§/$-

Now evaluate both integrals to obtain the result.

5.3. Entry 2.114.3.

z2dx 2ar  3a?\ 1 1
5.4 T == )
(54) / 3 <b2 +2b3>zf+b3 nA

PROOF. The change of variables ¢t = a + bx gives
2?dr 1 dt dt 5 [ dt
The result follows by computing the previous elementary integrals.

5.4. Entry 2.114.4.

3 dx 3 2a 2¢%x  5a3\ 1 3a
5.6 e 22 ) - 2
(5:6) / s <b TREY TR 2b4) 2

PrOOF. The change of variables t = a + bz gives

[Py
2 b vt vt )2 bt B bt b

39

O

O
3a2 + a®
b4t 2b4t2°

The term involving logarithm matches with the answer, so we need to work on the

(2t%a + 2bxt?) — 6a’t + a®

non-logarithmic part. This can be written as
& P v 2012

. Now observe

that (2t2a + 2bxt2) — 22t2b = 2at? and so the term 2at? + 2bxt? can be replaced by
2xt%b, since this affects the result by a constant. The modified answer matches the

stated result.

6. Section 2.115
6.1. Entry 2.115.1.

dz 1
1 -
(6.1) / 24 3bz3}

PROOF. The change of variables ¢t = a + bx gives the result.

O
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6.2. Entry 2.115.2.
xdx x a1
6.2 rar _ _ (7 7) -
(62) / 23 2% 62 23
PROOF. Integration by part dt21151'/xd - 1/dx
. Integration arts and entry 2.115.1 give | —wdoe = ———=+— | —.
§ yP Y 8 24 3bz3  3b ) 23
The last integral is —1/2bz%, see Entry 2.114.1. The result follows from here. O
6.3. Entry 2.115.3.
22 dx 22 ax  a?\ 1
6.3 S (TR Rl
(6:3) / 2% <b+b2+3b3)z§’
2% dx B
h

72

3023
the re

6.4. Entry 2.115.4.

(6.4)

n z / T dx
) 2
sult.

PROOF. Integrate by parts, with v = 22 and dv = zf4 dx to obtain /

. Replace the last integral (evaluated in Entry 2.114.2) to obtain
O

/x3dx - 3az? + 9a2x n 11a3 i—i—ilnz
A U 23 6bt ) 23 bt !

Int+ 22— @
it T o T

ProOOF. The change of variables t = a + bz gives
( 3a  3a® @ )

/

x? dz

T4 T 4
2] b

1 [(t—a)? 1
/ g U=

This can be transformed to the stated result.

7.1. Entry 2.116.1.

(7.1)

7. Section 2.116

1

/di"__
20 bzt

PROOF. The change of variables t = a + bx gives the result.

7.2. Entry 2.116.2.
rdz x a 1
- (* + 72) o
23 30 12b%7 2

(7.2)

PROOF. Let t = a + bx to obtain

zd 1/ R P
4 T2 \ 44t 38

/zfzb?

and this reduces to the stated form.



THE INTEGRALS IN GRADSHTEYN AND RYZHIK. PART 31 41
7.3. Entry 2.116.3.
2 2 2
e dr T ar a 1
7.3 — ==t =+ == =
(7:3) / 22 <2b 3b2 12b3) 21
PROOF. Let t = a + bz to obtain

x? dz 1 1 2a a?
7.4 —_— = = — — — 4+ — | dt.
( ) / Zi» b3 / <t3 t4 + t5>

Evaluating the three integrals and using « = (¢t — a)/b gives the result. O

7.4. Entry 2.116.4.

(7.5) /x3 dr 3 n 3az? n a’x n a’\ 1
’ 2 b 202 b3 4t ) 2t
PROOF. Let t = a + bx to obtain a sum of four integrals which are pure powers
in ¢t. Evaluating these integrals gives the result. O

8. Section 2.117
8.1. Entry 2.117.1.

dx 1 b(2—n—m) dx
(81) / nom —1.,m—1 + _ / n—1,m
"2 (n —1)axn—1z] a(n —1) T2

d -1
PROOF. Integrate by parts and then, the usual procedure, yields w_ —u dx.
v Tz
n—1 1
Then (8.1) gives v = (z—l) and then (8.1) follows from u = — s and du=
z a(n — 1)z
b -2
(m +n )Z;mfnntl‘ D
a(n —1)
8.2. Entry 2.117.2.
dx 1
(8:2) om = T puomel
21 (m — 1)bz]
. dx 1 _ ..
PROOF. Let u = a+bx to obtain [ — = 5 u” " du. This gives the result. O
21
8.3. Entry 2.117.3.
dx 1 1 dx
(83) / m . _m—1 + 7/ m—1
2] 2" ta(m —1)  a ) xz]
1 1 b1 d 1
PRrROOF. Divide the identity — — — = ——— by z{”_l and use —-——= =
Tz ar az dx 2]*
b(1 — 1 1 1 1 d
(7mm) to obtain < — ) — = —2{7"™. Integrate this relation
2] vz av) 2] a(m—1) dz

to conclude. O
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8.4. Entry 2.117.4.

dzx _"*1 (_1)kbk—1 (_1)nbn—l ﬂ
(3.4) [ ME ¥ In

atz = (n— k)akzn—Fk am x

PROOF. The method of partial fractions begins with the expansion

1 " A B
(8:5) ax"(a + bx) 7;E+a+bm'

Multiply by ™ (a + bz) and collect terms to obtain

n—1
(8.6) 1=ad,+ ) [ad; +bAj]a" + (bA; + B)a".
J=1

This produces the system of equations

b
(87) ClAn = 1, Aj = —*Aj+1 for 1 < n — 1, B= —bAl.
a
_1\n—ipn—i
An inductive proof shows that A; = ()ﬁ for 1 < j < n. Therefore the
a"~
partial fraction decomposition is
(8.8) 1 _i(fl)"fﬂ'b”*j L (1)1t 1 b
' o (a+ br) = an—itl i am x a+bz/)’
Now integrate to produce the result. O

9. Section 2.118
9.1. Entry 2.118.1.

d 1
(9.1) R
xz1 a
. . 1 1 b i
PrROOF. Integrate the identity ————— = — — ———— to obtain the result.

z(a+bx)  ax ala+ bz
0

9.2. Entry 2.118.2.

1
(9.2) / v _ 1, 0ya

22 ar a x

PrOOF. The method of partial fractions gives

1 11 b1 v 1
(9:3) 2(a+br)  axr? a2z ala+tbr
x?(a+bzx) azx a?x  a?a+bx

and the result follows by integration. O
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9.3. Entry 2.118.3.

dz 1 b 2 oz
9.4 - 4+ _— 7
(9-4) /x3zl 2ax2 + 2z @z

ProoF. The identity

05 BT O S S
' w3(a+br) azd3 a?22 adr ada+br

gives the result follows by integration. O

10. Section 2.119
10.1. Entry 2.119.1.

d 11
(10.1) R

xzi az  a® oz

d d
PrOOF. The change of variables u = a + bz gives /m—x = /(7u The

22 u— a)u?
evaluation now comes by integrating the partial fraction decomposition
1 1 1 1
10.2 e T S
(10-2) (u—a)u? au?  a’u  a?(u—a)
O
10.2. Entry 2.119.2.
dz 1 201 2b. =
(103) /x?z% (ax+a2) zl+a3 -
PROOF. The evaluation follows from the partial fraction expansion
1 1 2b b? 22
(10.4) 2 27 2.2 3. 2 2T 3 :
x2(a + bx) a’x alr  a?(a+ bx) a3(a + bx)
O

10.3. Entry 2.119.3.
d 1 3b 32\ 1 3b2
(10.5) [ 5 - ( L ) AN

x32? 2022 2%z a® )z at oz

PROOF. The evaluation follows from the partial fraction expansion

U b 36°
w3(a+bx)2 a2z @322 etz ad(a+br)2  a*(a+bx)

(10.6)
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11. Section 2.121
11.1. Entry 2.121.1.

dx 3 bxr\ 1 1 z1
1.1 LA (A T
(11.1) /xzf <2a+a2> 22 a? -

d dt
PROOF. The change of variables t = a+bzx gives / —xg = / 5+ - Theresult
xzy t3(t — a)

now follows from integrating the partial fraction expansion

1 1 1 1 1
11.2 U
(112) t3(t — a) atd  a?t?  adt + a3(t —a)

11.2. Entry 2.121.2.

dx 1 9b 3%z 1 3b. =z
11.3 —-—=—|—4+—4+—)+—In—
(11.3) /1‘22’:13 (ax+2a2+ a? >Z%+a4nx
PROOF. This evaluation follows directly by integrating the partial fraction de-
composition

1 I S S
2(a+bx)3  ada? a*zx a?(a + bx)3 a3(a + bx)? a*(a+bx)’
U
11.3. Entry 2.121.3.
dx 1 2b 9%  6b3x\ 1 662 2
11.4 LR S T A L DT L
(114) /x?’zi” ( 2ar? @tz @B 4 > 22 ad "2

PROOF. This evaluation follows directly by integrating the partial fraction de-
composition

1 1 3 6h? b 363 663

w3a+bx)? a3z a*a? | dPxr dP(a+bx)®  a(a+bx)?  aP(a+bx)
O

12. Section 2.122

12.1. Entry 2.122.1.
dx <11 5bx b2x2> 1 1. =z

T A IO A N
6a  2a? a3 3 .

12.1
(12.1) z; otz

r2t
PROOF. Integrate by parts with u = 1/x and dv = dx/2} to obtain

dx 1 1 dx
12.2 de L1 [ dv
(12:2) / rzf 3brzi  3b / 223

Now use entry 2.121.2 to write this as

dzx 1 21 1 1 1 90 362z 1
12.3 X (7)_7 (e BT
(12:3) xzf "\ 7 3bx 2} + 3b (ax + 2a? + a3 ) 22
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Now take the terms without the logarithm, leave the 23 in the denominator and replace
z1 by a + bx to obtain the stared formula.

U
12.2. Entry 2.122.2.
dx 1 226 1002z  4b%z2\ 1 4b -z
12.4 o (g e T A
(124) /xzzf <ax T3t T T Ta ) 23 tE" T

PROOF. Let u = 1/z and dv = dx/(xz4) using Entry 2.122.1 to evaluate the
primitive of 1/(xz}) to produce

dx 1 /11 5bxr b%22\ 1 1 21
12, N = ()
(12.5) /x2z4 x (Ga * 2a? * )

a3 ) 23 'z "\
+/ 11+5b:r+l)2x2 dx 1/11(21)d
—F —+— ) =—-—= [ sInh|—) dx.
6a  2a%2  a* ) a2z at ) 22 x
The first integral is evaluated using entries 2.117.2. 2.121.1, 2.121.2 and the last one
is evaluate by the substitution ¢t = a/x + b. 0
12.3. Entry 2.122.3.
dzx 1 5b 5502 25b%z  106%x2\ 1 1062 . 2z
12.6 U R A
(126) /x?’zi1 ( 20 T2z V33 T A T @ ) 2 a8

PrOOF. The reduction formula in Entry 2.117.1 gives

dx 1 50 dx

12.7 = 2=
(12.7) / x3z¢ 20222 2a / z2z}

Replace the value for this last integral appearing in Entry 2.122.2 to obtain the result

O

13. Section 2.123
13.1. Entry 2.123.1.

(13.1) Az

5
2]

Z1
n=
x

AT 5
2 a

25 N 13bx N 222 3?1 1
12a  3a? 2a3 a*
o1 d 1 )
ProoOF. Write — = — st ) integrate by parts and use Entry 2.122.2 to
<1

z; dx
obtain the result. O
13.2. Entry 2.123.2.
(13.2) / dx 1 i 125b n 65b%x L 356322 L 5bix3\ 1 4 5b1 21
. = (= Bl Mt
2229 ar  12a? 3a3 2at a® 2t ab
d 1 50 [ d
Proor. Entry 2.117.1 gives / 2—175 =———0—— —2:5 The result now follows
x227 arzy a
from Entry 2.123.1.

27

O
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13.3. Entry 2.123.3.

(13 3)/ de (1 n 3b n 1256° n 6503z n 105b*22 n 156°23 1
’ w32y 2az?  a’z  4ad a* 2a® a® 24
15b2 zZ1
—— =
a x
. dz 1 3b dx
PRrOOF. Entry 2.117.1 gives /m?’z% = _2ax2zf - a/x?zf' The result now
follows from Entry 2.123.2. O

14. Section 2.124. Forms containing the form 2z, = a + ba?

14.1. Entry 2.124.1.

—L_arctan (x b) if ab >0
(14.1) /dﬁ — { Vab \/: !

22 1 a+xivab .
v In aiva ifab< 0

d
PRrROOF. Assume first ab > 0. Then / = a/ Y The change of
a + bx? a? + abx?

d 1 dt
variables t = vabx/a gives / . +fm2 = N / e This is the result.

Now assume ab < 0 and write ab = —c? with ¢ > 0. Then the change of vari-
bles ¢ Ja g / dx 1 / dt 4 th tial fraction d it
ables t = cx/a gives [ ———— = — | —— and the partial fraction decomposition

& a+bx2 ¢ ) 1—12 P P
1 1 1 ) / dx 1 (& ++v—abz This i
= — ives = n . This is a

-2 2(1+t) 201-¢)° a+b22 " 2v—ab  \a—v—abx
better way to write the answer. O

14.2. Entry 2.124.2.

d 1
(14.2) / T _ -
zy" 2b(m — 1)z5"
PRroOOF. This follows directly from the substitution t = a + bx?. d

15. Section 2.125. Forms containing the form z3 = a + bx3

Notation: a = {/¢

15.1. Entry 2.125.1.
(15.1) /:17" dr a2 (n—2)a /z”g dx

28 20 Y n+1-3m)b  b(n+1-3m) 25

PROOF. In order to choose the terms to integrate by parts, set

" xn72
15.2 udv=—dr and uv=——
( ) Zgn azgn—l
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with @ = (n + 1 — 3m)b. Divide these two equations, integrate and use the expres-

n—2
sion for uv to obtain v = 23 /3 and u = CEDIEE The result now follows from
auzg
differentiation and the expression for v above:
) n—3 ) n—3
(15.3) vdu = on —2) 2" dx = (n=2)a = dx.
a zm (n+1—-3m)b zm
O
15.2. Entry 2.125.2.
" dx pntl n+4—3m [2"dz
(154) / ™ m—1 / m—1
z5 3a(m —1)zg 3a(m—1) J 2z

PROOF. The same procedure as the one use in the proof of Entry 2.125.1 show that

1,‘" mn-&-l
the choices udv = —  and ww = ——————— and dividing these two relations
25 3a(m — 1)zm—
bmfl‘TB(mfl) pl—-m
gives v = ———————, from which one obtains the value u = ——— 4+n—3m
P24 3a(m — 1)

4 -3 nd
(3:(:1 17?) xm_f as claimed on the right-hand side of (15.4).
_ 2

The proof is complete. O

and finally vdu =

16. Section 2.126
16.1. Entry 2.126.1.

dz a |1 (z + a)? V3
16.1 — = —q¢-ln—-—— 3 arct
(16.1) 23 3a{2n$2_ax+a2+\farcan2a_$

a (1 (x + a)? 2r —«
= —<-lIn———"-—"—— 3 arct
3a{2nx2—az+a2+\[arcan a\/g}

PROOF. Let x = at to obtain

dz dx e dt
16.2 A _
(16.2) / 23 / a+bx? a / 3 +1

The factorization t3 + 1 = (t 4+ 1)(t?> — t + 1) gives the partial fraction decomposition

11 L 2-1 1
B3+1  3(14+t) 682 —t+1 2t2—t+1)

(16.3)

Completing the square in the second integral gives the first evaluation. To verify the
second identity simply differentiate both arctangent terms to see that they differ by a
constant. This completes the proof. O
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16.2. Entry 2.126.2.

rdx 1 (1 (v + a)? 2r —
16.4 —=——9q-In———"—— — V3 arct
( ) 23 3ba {2 . 2 — ax + a? arctan a3
PrOOF. The same change of variables in the proof of Entry 2.126.1 and the partial
. " 1 1 2t —1 i
fraction decomposition ——~ = = — - give the result. O

tA+63)  t 31+t 3 —t+1)

16.3. Entry 2.126.3.

22 dx 1 1
16.5 = —In(l+2% %) =1
(16.5) / o m n(l+z°a™?) T
2d 1 [dt 1
PROOF. Let t = a + bz? to obtain / rar_ —/— = — Int. This gives the
z3 b t 3b

second form of the answer. To obtain the first one, write

b .
(16.6) a+brd=a (1 + 9:3> =a(l+a?2%).
a

16.4. Entry 2.126.4.

2pdr z a [dz
16. - Zz_Z -
(67) / zZ3 b b z3

PRrROOF. This is Entry 2.125.1 (see formula (15.1)) with n = 3 and m = 1. O

16.5. Entry 2.126.5.

2¥de 2?2 a [ xdx
16. Z _Z

PRrROOF. This is Entry 2.125.1 (see formula (15.1)) with n =4 and m = 1. O

17. Section 2.127
17.1. Entry 2.127.1.

dx x 2 dx
17.1 —_ = =
(17.1) / z2  3azs + 3a ) 23

PROOF. This is the case n =0, m = 2 in Entry 2.125.2; see (15.4). O

17.2. Entry 2.127.2.

T dx 22 1 xdx
17.2 P T
(17.2) / 22 3azs + 3a 23

PrROOF. This is the case n =1, m = 2 in Entry 2.125.2; see (15.4). O
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17.3. Entry 2.127.3.

% dx 1
17.3 T
(17:3) / 23 3bz3
2d 1 [dt
PROOF. The change of variables t = a + bz> gives / v 23: =5/ 2 Evaluate
z3
the last integral to obtain the result. O
17.4. Entry 2.127 4.
3 dx x 1 dx
174 i I i
(17.4) / 22 3bzs + 3b ) 2
. . 3 dx x
PrOOF. Put n = 3 and m = 2 in Entry 2.125.1 to obtain [ —— = ———
23 2bzs
d d 2 d
& / —f Now use Entry 2.127.1 in the form /—f =7 + — @ to obtain the
2b ) =23 23 3azz  3a ) z3
result. O
18. Section 2.128
18.1. Entry 2.128.1.
d 1 b(3 —4 d
(18.1) / ro_ - (3m +n )/ Zf
A (n — az"1z5" a(n—1) an=3z
1
PRrROOF. The usual procedure with u dv = and wv = — —
"z (n —1)azn—1z3"
Hn=1)/3 1 L /3
and using Entry 2.110.7 produce v = 2—— and u= —7z;m+ —(n=1/3,
an—1 (n—1)a
From here, the value v du gives the right-hand side of the formula. O
18.2. Entry 2.128.2.
dx 1 n+3m—4 dx
(18.2) / — = w1t / nom—1
x"zg"  3a(m — 1)z 1z 3a(m—1) J anz]
PRrROOF. This expression is obtained from Entry 2.125.2 by replacing n by —n.

O

19. Section 2.129
19.1. Entry 2.129.1.

dx 1, a3
19.1 — =1
( ) Tz3 3a . Z3
PRrROOF. The change of variables t = a+bx? and a partial fractions decomposition
give

[s] w5 [5) —same-o-mo—5u(57)
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and this is the result. (Recall that an arbitrary constant can be added to the integral).
O

19.2. Entry 2.129.2.

2223 ax a 23

1
(19.2) / dx b [xdx
1 o
and uv = ——. This gives
ax

PROOF. The usual procedure gives udv = —
Ir<z3
- bx
v = zé/g/x and then u = —1z; /3 1t follows that vdu = — and integration by
azs
O

parts gives the formula.

19.3. Entry 2.129.3.
1 b [dx

dx
19.3 A
( ) / 2323 2022 a ) =23

bx® — bx?3 d 1 fdx b [d
PROOF. Use the identity 1 = atbe” — 0w to Write/ ,x = - / fx—f @
a 2323 a) 23 a) 23
O

Evaluate the first integral on the right to obtain the result.
20. Section 2.131

20.1. Entry 2.131.1.
dx 1 n 1 | 28
o 2 s
2 3azs 3a2 24

20.1
(20.1) =
PROOF. The reduction formula in Entry 2.128.2 gives
dx 1 1 dx
(20.2) — =t [ —.
Tz5 3azs a ) xz3
0

The integral on the right in the formula above is evaluated in Entry 2.129.1.

20.2. Entry 2.131.2.
PROOF. The reduction formula in Entry 2.128.2 gives
(20.4) / ;Zg _ ﬁ v ?:ia I{Zg.
Using Entry 2.129.2 this can be written as /xgzg = 3@1623 _ 3a423: _ 2%52 %7
O

which gives the result.



THE INTEGRALS IN GRADSHTEYN AND RYZHIK. PART 31 51

20.3. Entry 2.131.3.

dx 1 56z 1 5b dx
20.5 e .
(20.5) /xdzg <2a12 + 6a2) 23 3a? ) z3

PrOOF. Use the reduction formula in Entry 2.128.1 to obtain

dz 1 5b [ dx
20.6 =— -— | .
(206) / 2323 2ax%z3 2a ) 22
. N . dx x 2 [dx
The last integral is given in Entry 2.127.1 as | — = —— + — [ —. Now replace
z3 3azs  3a z3
in (20.6) to obtain the result. O

21. Section 2.132. Forms containing the form z, = a + bt

Notation. o = {1/%7 o = {x/f%

21.1. Entry 2.132.1.

(21.1)
d 2 2 2 2
@ _ a In < tozv2ta + 2 arctan % for ab > 0
24 da/2 22 — azv2 + a2 a? —z
/ /
- & lnx+a + 2 arctan <£) for ab < 0.
4a r—a o’
PrOOF. For ab > 0, the change of variables x = at gives
dx 1 dt
21.2 —=— [ —.
(21.2) / za  ba? / tt 41
The factorization t* + 1 = (2 + /2t 4+ 1)(t? — /2t + 1) gives the result using the
d ! dt
method of partial fractions. For ab < 0, let x = o't to obtain @_ > / a1
zZA a —

The result now follows as from the factorization t* — 1 = (¢t — 1)(t + 1)(¢% + 1). O
21.2. Entry 2.132.2.

d
(21.3) xz—x = 2\}7)arctan (a:2 ﬁ) for ab > 0
4 a

2 —a
= i (20E8) frav <o,

PRrROOF. The change of variables ¢t = 2 reduces this integral to Entry 2.124.1. O

21.3. Entry 2.132.3.
(21.4)

22 dx 1 22 — azv2 + o? azy/2
= In + 2 arctan — for ab >0
24 4ba/2 22 + azv2 + a? a?—z

1 /
= {ln v 2 arctan (:U,)} for ab < 0.
o

 4ba/ T — o
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PROOF. Scale as in the previous two entries and use the partial fraction decom-
positions

t2 t t
(21.5) Bl 2282 V2t 1) 2v2(82 + V2t + 1)
t2 1 1 1
Ao1 T aG—1) ai+) T2eEg)
to verify the evaluation. O

21.4. Entry 2.132.4.

3 dx 1
(21.6) / o 4—bln24
ProoF. This follows directly from the substitution z; = a + bz?. O

22. Section 2.133
22.1. Entry 2.133.1.

2™ dx "t dm —n—5 [ 2"dz
(22.1) / = pre / m—1
2y da(m —1)zy da(m—1) J 2z

n

x
PrOOF. The usual procedure to integrate by parts with udv = — and uv =

24
zntl 2\ 1
—————————7 givesv = () . From here it follows that u = s and
da(m — 1)zg" Za da(m — 1)gn—4m+
—4 5
du = wx"“”’”"l dx. This gives the result. O
4da(m — 1)
22.2. Entry 2.133.2.
(22.2) / :c”gx S zn=3 ~ (n=3)a / x"’jndx
2y 27 (n+1—4m)b  b(n+1—4m) 2]
" xn—3
PRrROOF. Integrate by parts choosing udv = — and uv = ——
2y z'  (n+1—4m)b
n—3
(by the usual procedute). This produces v = zin+174m)/4 and then u = CEE * .
z4 (n+1—4m)b
From here compute v du to obtain the result. O

23. Section 2.134
23.1. Entry 2.134.1.
dx x 3 dx
P e | o
zy dazy  4a 24

(23.1)

Proor. Put n =0 and m = 2 in Entry 2.133.1. O
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23.2. Entry 2.134.2.

rdr x? 1 rdr
23.2 o2 4L - 22
(23.2) / 22 dazy + 2a e
PRrROOF. This is the case n = 1 and m = 2 of Entry 2.133.1. g

23.3. Entry 2.134.3.

2d 3 1 2d
(23.3) /x 2:6 _ = 1 [ada
zy dazys  4a Z4
PRrOOF. This is the case n = m = 2 in Entry 2.133.1. g

23.4. Entry 2.134 4.

3 dx x? 1
23.4 = = —
(23.4) / 22 dazy 4bzy
PRrROOF. The first expression follows from the change of variables t = a+bx*. The
T 1 1
second one from — = — g

dat  4dab  4bt’

24. Section 2.135
24.1. Entry 2.135.

d 1 b(4 -5 d
(24.1) / :cL:_ S (dm+n )/ 495
znzy (n — 1azn1z]" (n—1a anTaz
and forn =1
d 1 d b 3d
(24.2) Lfn:,/ f_l_i/xmz
rzf'  a ) xz) a 2y
. 1
PrOOF. The usual procedure with u dv = and wv = — —
xnzy (n—Dazn—1z)"
(n—1)/4 1 1 /4
vields v = 42— and u = ——— ;"™ """ Y/* From here one computes
a1 a(n—1)
vdu to complete the evaluation. The case n = 1 follows directly from the identity
1 bt bt
— = a +m9: = im + im Now divide by x and integrate. 0
24 2. L2 2

25. Section 2.136
25.1. Entry 2.136.1.

d 1 1 1 4
(25.1) e
T2y a 4da da 2z
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1 Abx3
PRrooOF. Start with I :/ dzx / bx® dx

z(a + bx*) ) z*(a + bx*)
of variables t = a + bz* and use partial fraction decompositions to obtain

I—l/ a1 / dt _/@ ~In(t—a)—Int In(bz*) —Inzy
4) tit—a) 4a t—a t) 4a N 4a '

The b factor in the first term can be eliminated since it only contributes a constant. [

and make the change

25.2. Entry 2.136.2.

1 2
(25.2) / ‘;x :_7_9/“3 dz
2224 ar a 24

PRrOOF. This is the special case n = 2, m = 1 in Entry 2.135. g

26. Section 2.14. Forms containing the binomial 1+ z”

Notation. o = {1/%7 o = {1/_7%

26.1. Entry 2.141.1.

(26.1) / @+ a)

1+

PRrROOF. This follows directly from the logarithm as the primitive of 1/x. O

26.2. Entry 2.141.2.

d 1
(26.2) / 1_’_722 = arctan = —arctan (x)

ProOF. This is an elementary integral. The change of variables x = tant proves
it. The second form comes from the fact that arctan(z) + arctan (%) is constant. [J

26.3. Entry 2.141.3.
/ dx 1 1+ 1 V3

(26.3)

—=-ln—— + —arctan ———
I+a3 3 Vi—z+22 V3 2—z
PROOF. The partial fraction decomposition is written as
11 +1 2—x 1 1 1 2x—-1 +1 1
1+23 3241 322—-2+1 32+1 622—2+1 222—-2+1
The first two integrals are direct

dx 2z -1 9

while the last one follows by writing 2> — 2 + 1 = (z — 1) + 2 and making the

1 d 1 2x —1
substitution x = % + § tan @ to obtain — / @ arctan x . The
2—z+1 3 V3

2



THE INTEGRALS IN GRADSHTEYN AND RYZHIK. PART 31 55

3 2¢ —1
form gives here follows from the identity arctan i — arctan [ 22 _= + ﬁ,
2—x V3 6
that can be verified using the addition theorem for the tangent function. g
26.4. Entry 2.141.4.
d 1 1 2+ 22 1 2
(26.5) / ° 1= In AR + arctan L\[z
I+a2t  4v2 1—-a2v2+22 2V2 -z

PROOF. Start with the partial fraction decomposition

(26.6) 11 z+v2 1 z-V2
' T+2% 22224+ V2x+1 2222 -2z +1

Details are given for the first integral, the second one is similar. Start with

r+vV2 1 20+42 1 V2

m2+\/§x+1_§x2+\/§x+1 242 4+22+1

and integrating produces

/w+\/§d_1/2x+\/§d1/ V2

——— dx = — " dx+= | ————dx
22 4+V20+1 2) 2242 +1 2) 224V2+1

1 V2 dzr
= flnxQ—&-\ﬁx—i—l +7/7.
2 ( ) 2 22 4+V2zx+1

(26.7)

2 2
To evaluate the second integral write 22 +v2z + 1 = (x + ﬁ) + (?) and make

dz
x = —% f tan 6 to obtain | ——————— = v/2arctan(v/2z + 1). It follows that
2+ 2z + 1
r+/2 1 9
26.8 — " dr=-In(z? + V2x 4+ 1) + arctan(v/2z + 1).
(26.8) / 2+ V22 +1 2 ( ) ( )
Similarly
xr — \/i 1
26.9 — = _dr=-In(2® —V2z +1) + arctan(v/2x — 1).
(26.9) L= g )+ arctan(v/3z — 1)
The simplification of the arctangent terms follows from their addition theorem. O

26.5. Entry 2.142.

dz 92 % + 1 22 2% + 1
/1+xn = Ekz_: kCOS( ) nZQkSIH( ) for n even

n—3 n—3

In(l+z) 2 2k +1 2 G 2k +1
— _,E P 75 s f dd
- - . COS - T+ n 2 Q) sin - T or n o

k=0
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1 2k + 1
P, = 21n<x2—2xcos< 2+7r>—|—1>

- wsin (F07) ) _ @ = cos (2m)
Qr = arctan (2k+1) = arctan
=TT
n

1 — xcos sin (an—ﬂﬂ)

where

PROOF. The roots of ™ + 1 = 0 are given by

(26.10)
2k + 1)mi 2k+1 2k+1
xn’k_exp<(+)m)_cos< + 7r>+isin< + 7r>, for0<k<<n—1
n n n
The method of partial fractions yields
n—1
1 An k
26.11 = _—
( ) " +1 Z T — Tpk
k=0 '
with Ay, = lim ——%k — Tk Ppis s obtained by using 2" , = —1. Then
’ z=znk 2 41 n ’
n—1
1 1 Tk
26.12 = —— EE——
( ) " +1 n kz_;) T — Tk

Assume now that n is even. Then, forn/2 <k <n—1,onehas0 < n—1—-k <n/2-1
and

Tnn—1—k = exp[(2(n — 1 —k) 4+ 1) wi/n] = exp [-(2k + 1)7i/n] = exp [(2k + 1)7wi/n] = Trn k

and therefore

2
1 13 n Tok
(26.13) = = [ Tk | Fnk }
" +1 n T—Tpk T —Tpk
k=0 ’ :
n
-1
1 —2R, 4z +2
n = 22 — 2R, px + 1’
n_y (L]
_ 12 ( R ) 20 — 2R, 1 n 2 217217;@
T on P k)2 2R, px +1 P 2 — 2R, px +1

using |, x| = 1 and with the notation R, = Rexp, Inr = Imz, ;. The form in
which the rational function 1/(z™ + 1) has been written is to facilitate the integrals:

21'_2Rnk 2 / Inkda: x—Rnk
_Z Ak g (2—22R, p+1) and | ——FOT  Arctan | Zomk )
/ 22 — 2R,z +1 n(@" 2w tl) an 22— 2R, x +1 retan I 1

This completes the evaluation when n is even. In the case n odd, the index k£ =
(n—1)/2 yields x,, ; = —1, producing the term In(1 + ). The rest of the proof is the
same as for n even (the symmetry of the roots is now at k = %(n —3)). 0
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27. Section 2.143
27.1. Entry 2.143.1.

(27.1) / @ i)

1—=2

ProOF. This follows from the change of variables ¢t = 1 — = and the definition of
logarithm as the primitive of 1/x. U

27.2. Entry 2.143.2.

d 1 1
(27.2) /ﬁzilnlii:arc‘oanhx —-l<z<l1

Proor. This comes by integrating the partial fraction decomposition
1 1 1

27.3 = - .
(273) 1—22 2x+1) 2x-1)
O
27.3. Entry 2.143.3.
d 1 -1
(27.4) /Fflzilni+1:—arccothx x>-1, r< -1
ProoF. This comes by integrating the partial fraction decomposition
1 1 1
22-1 2(x-1) 2(xz+1)
27.4. Entry 2.143.4.
d 1. V1 2 1 3
(27.5) / L vitrta + —=arctan 3
1—23 3 11—z V3 2+
PrOOF. Write the partial fraction decomposition
1 1 T+ 2
27.6 T =
(27.6) & 3(1-2) 3@+z+1)
1 1/ -1 1 2z +1 1 1
in the f — == = = . The first t
B G 3<1—x>+6<x2+x+1)+2x2+x+1 @ Ak o

integrals are logarithmic and the last one is evaluated by completing the square in the
denominator. The argument of the arctangent may be replaced by (22 + 1)/ V3. O

27.5. Entry 2.143.5.

d 1.1 1 1
(27.7) / 1 _xx4 =1 In % + §arctan T = i(arctanh x + arctan x)
PROOF. The evaluation follows directly from the partial fraction decomposition
1 1 1 1
(27.8) = +

I— 41-o) 4112 20+
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28. Section 2.144
28.1. Entry 2.144.1.

—1 —1
d 11 2 3 2%km 2 % 2k
(28.1) L rr_ = Py, cos =Tz Q@ sin T for n even
l—2 n 1—2 n n n n
k=1 k=1
where
1 2% _ coq 2km
(28.2) P, = —In(2? — 2z cos o +1], Q= arctan #
2 n sin %%

PROOF. The method of partial fractions require the roots of ™ = 1. These are
given by

ik ok ok
(28.3) xn’k:exp<Z)zcos(i)—l—isin(jl), 0<k<n-—1.

Observe that x,0 = 1 and x,,,/» = —1. Now the partial fraction decomposition is
written as
5-1 1
1 Ano An i Apny2 « Apk
28.4 = = = ’ —
( ) 1—2an x—1+zx—xnk+m+1+ Z T — Tpk
k=1 ’ k=5 +1 ’
n_ 2oy
2 2
_ An)(?l + Z A’I’L,k} + An’n/12 + n,%‘i’k )
€ — DT Tk T+ pt xfzn%_kk

A direct calculation of the coefficients A,, ;, the formulas for the poles x,, ; and the
fact that |z, x| =1 give

—1
(xn,k + JUn,k') T —2

(o= )& — k)

N[3

1 1 1 1
28.5 = - =
(28:5) 1—an n(1—$)+n(1—|—x) n

x>
Il

For the purpose of integration, it is convenient to write this as

1 1
(28.6) = S )

1—2am

=
[
|-
8

|3
|
—

2x — 2Re (xmk)
22 —2zRe(zp ) +1

S|

Re (znk)

M\:?‘r
|
Lo

Im2 (xn,;g)
2?2 =2z Re(zpp)+1°

4
S

>

JL

Integrating gives the result. O
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28.2. Entry 2.144.2.

59

n 1 n 1
dz 2km
(28.7) / T—2n = n ln(l x)—— Z P, cos ——f— Z Qrsin —  for n odd
where
1 2 2km x — cos 25T
(28.8) P,=-In(x*—2zxcos— +1), Qp=arctan| ——5—"—
2 n sin 2’“—“

PROOF. The result follows from the partial fraction expansion

28.9 = An
( ) 1—an Zx—xnk

where {z, 1 : 0 <k <n—1}is the set of roots of 2™ = 1. The standard computation
gives A, = f%xmk and the stated formula follow by pairing the pair of roots z,, j
and zp ,—p for 1 < k < n—1. (See the solution to Entry 2.142 for full details of a
similar example). The single term comes when k = 0 corresponding to the root = 1.

This produces the term In(1 — ) in the formula.

29. Section 2.145
29.1. Entry 2.145.1.

(29.1) / fj”; =2 —In(l +2)

PROOF. Let u =1+ z, the integrand becomes 1 — 1/u and now integrate.

29.2. Entry 2.145.2.

T dx 1
20.2 = Zln(l+2?
(20.2) [55 = g+

PRrOOF. This follows directly from the change of variables u = 1 + z2.

29.3. Entry 2.145.3.

xdx 1 (1+ )2 1 2z — 1
29.3 2 Zlp 4 T aret
(29.3) /1—|—x3 6n1—x—|—m2+\/§aman V3
PROOF. The partial fraction decomposition
T 1 1 1 z+1
29.4 - L
(29.4) 14 a3 3x+1+3x2—x+1

is written in a more convenient form as
1 1
T 3 1 2x-—1 5
1+ 23 z+1 622—-—2+1 —x

+1°
Therefore

rdr 1 1 1 dx
Z = 0 D+-In@—o+1)+= [ ——.
/x3+1 3n(a:+ )—I—Gn(w x + )+2/x2—x+1

0
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2

dx 2 2z — 1
the ch f iabl =1 ﬁt 0 gi /7:7 t — .
e change of variables x = 5 + %5° tan f gives o —— \/garc an 7

Now put all the pieces together to get the result.
29.4. Entry 2.145.4.

To compute the last integral write 2° — 2 +1= (z—3)*+3 = (z - 1)*+ (@) and

d 1
(29.6) /% = Earctan z?
PrOOF. This evaluation follows directly from the change of variables u = z2. O

29.5. Entry 2.145.5.

d
(29.7) / {E_xx =—In(l—2)—=
PROOF. This evaluation follows directly from the change of variables u = 1 — .
O
29.6. Entry 2.145.6.
rdz 1 9
(29.8) /1—x2 :filn(l—:v )
PROOF. Make the change of variables u =1 — 2. O
29.7. Entry 2.145.7.
xdx 1. (1-x)? 1 2z +1
29.9 ——— =——-In—*— — —arctan ———
(29.9) /1—;103 g \/garcan 7
PROOF. A similar argument to the one used in the proof of formula (29.3) pro-
duces this evaluation. d

29.8. Entry 2.145.8.

=1

xdx 1. 1422
29.10 _— —_—
( ) /lf:v‘L 4 nlfo

d 1 d
PRrROOF. The change of variables u = 22 gives /& = ,/7“_ Now
1—at 2/ 1—u?
1 1 1
_ 2 4 2
1—uw?2 14w 1-

30. Section 2.146

integrate the decomposition

to complete the evaluation. [
U

30.1. Entry 2.146.1.

™ tdx 1 mm(2k — 1) 2k —1 9
(30.1)/7 = —%Zcosznln(l—%ﬂcos 5 7r+x>

14220 n

1 & 2k —1 x — cos k=1
+ Z sin Marctan <2k217r m < 2n.

Sin o m
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PRrROOF. The proof is based on the ideas given in detail for Entry 2.144.1. Let
T = X, = exp ((2k — 1)mi/n), 1 < k < 2n be the roots of 2" = —1. Consider the
partial fraction decomposition

am! Aok
30.2 — = —
02 i
k=1 '
The procedure described in the proof of Entry 2.144.1 yields
Tk
. Agp = ———
(30.3) 2,k o

Now use the symmetry of the roots g, and the corresponding symmetry of the
coefficients As,, 1 to obtain
This yields

21 dy 1t cos w (ZL‘ — cos W) dz
(30.4) / 1_22n n Z / 5 7(2k—1)
1 x? —2xcos —5 — +1

2n
x2 — 22 cos % +1

n—1 [/ sin m7r(22§71) sin w(2k—1) dx

Each of the integrals may be computed by the methods described before. This gives
the evaluation.

O
30.2. Entry 2.146.2.
(30.5)
+2n2+ : ésin %arctan (%) m < 2n.

PROOF. The proof of this evaluation is similar to the one in Entry 2.146.1. The
roots of 2™+ = —1 are

mi(2k — 1)
30.6 k= TN ) 1<k <2m+1.
( ) Tomk exp( om 1 ) m +

The special case k = m + 1 gives x = 1 and it produces the term In(1 — ). The
remaining 2m roots are pairs as before to express the result in real terms. O
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30.3. Entry 2.146.3.

(30.7)/% - % (—1)m+11n(1+x)—ln(1—x)}

- E COS

1 kmm x — cos kT
+— sin arctan [ ———2 m < 2n.
= sin— ( — |

km
ln 1—21‘005——1—1‘)
n

S —
n

PROOF. The proof is obtained by the same method described above. It follows
directly from the partial fraction decomposition (with z,, . the roots of z2" = 1):

(30 8) mmil _ An,m,O +7§ An,m,k nmm +Z nmk
' 1— g2n r—1 k:1$_$"vk z+1 T—Tng

The computation of the coefficients Ay, ,,, 1 and B,, , ; is exactly as before. The details
are left to the reader. O

30.4. Entry 2.146.4.
(30.9)

™z 1
L In(1 —
/1—x2n+1 g1 =2

1 & 2k —1 2k —1
+(—1)m+1kz:cosm7;(n+1)1n <1+2xcos T 17T+a:2>

- 2k — 1 x4 cos Z=Ln
(_1)m+17 Z sin Ll)arctan (2"'“ m <

2k—1
2n+1 Pt 2n + sin 5, =4 ™

Proor. This is solved exactly as in the previous cases, using the roots , j

2mi(2k + 1)

30.10 e =
(30.10) Tm.k eXp( om + 1

), for 1 <k <2m+ 1.

The index k = m gives the root x = 1 and produces the logarithmic term In(1 — x).
The usual pairing of conjugate roots gives the stated form of the integral. O

31. Section 2.147
31.1. Entry 2.147.1.

™ dx 1 fz™de 1 [ z™dx
31.1 == -
(31.1) /1—x2” 2/1—x"+2/1+x”
Proor. Th tial fraction d iti ! ! + ! ith
. e partial fraction decomposition = wi
P P 1-s2  2(1—s)  2(1+s)
s = 2™, multiplied by 2™, gives the evaluation. O
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31.2. Entry 2.147.2.
(31.2) / amdr 1 !t L m—1 ™2 dx
. ( =

1422 2n-m—-1 (1+22)" 1 2n—-m—-1J (1+a2)"
. ™ dx me1 @ -1
PROOF. Integrate by parts by writing m = /a: e (2(n 0+ x?)nl) .
™ dx 1 amt m—1 am 2dx
This gi = - . In th -
18 glves / (L4227 2 —1)1+a2) 1 + 20 —1) 1+ 22y 1 n the sec
ond integral, multiply top and bottom by 1 + z? and move the term coming from the
factor 22 to the left. This gives the result. O
31.3. Entry 2.147.3.
™ xmfl xm72
31.3 ——dr = — d
(31.3) /1—1—1‘2 S— /1—1—332 o
m m—2 2 _ 1 2\ _ 1 m—2
PROOF. Write — _Z (2 (14275 —1) — g2 2 . The result
1+ 22 14 22 14 22
follows by integration. O
31.4. Entry 2.147.4.
(31.4) amdr 1 . amt o m—1 ™2 dx
(1—az2)n n—m-1 (1—-22)»t 2n—m-1) ) (1—-2z2)"
_ 1 Mt m—1 / ™ 2 dx
-2 (1—-22)n 1t 2p—-2 ) (1—a2)n!
PrRoOOF. The second form comes directly by integration by parts writing
™ d 1 1
31.5 =1 _ .
(315) (1—2a2)n T (2(n -1)(1- 332)”—1)
The first form appears by multiplying the integrand by 1 — 22 top and bottom in the
integrand of the second form. g
31.5. Entry 2.147.5.
™ dx mm—l mm—Q dz
31.6 - _
( ) /1—m2 m—1+/ 1— 22
m m—2
PRrOOF. Write the integrand as ——— = —2™ 2 + and integrate. O
1— a2 1— a2

32. Section 2.148
32.1. Entry 2.148.1.

(321)/ dx o 1 1 _2n—|—m—3/ dx
' zm(14+ 22" m—1am1(1 4 22)n1 m—1 xm=2(1 + 22)n

Form=1

dz 1 1 dz
2.2 =
(82.2) / z(1+22)"  2n—2(1+22)7! + / z(1+ x2)n-1
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Form=1landn=1

dx x
32.3 =1In
(32:3) /x(1+m2) V1 + a2
PROOF. Assume m > 1. Integrate by parts by choosing
1 —2(n — Dadz
32.4 =— I=m d dy=—>—-_777
(32.4) u — % an v 1522

Then du = 2~™ dx and v = (1 + 22)7"~! and one obtains

(32.5)
dz 1 2(n —1) / 1

= 22 (1 + 22)n

™ (1 4 x2)n—1L h (m—1Dazm=1(1 4 22)n—1 C m—1

This is very close to the stated formula, In order to obtain the exact statement,
subtract the integral /x2_m(1 + 2%)7™ dx to both sides of (32.5). Then one obtains
the desired statement.

The integral relation with m = 1 follows from the identity

1 14 22 1 x?
32.6 = = .
( ) (1+$2)n—1 (1+x2)n (1+x2>n + (1+m2)n

Divide by z and integrate to obtain the result. The integral with m = n = 1 is

1 1 x
ted using th tial fraction d ition. ———— = - — " . 0
computed using the partial fraction decomposition 0159 e

32.2. Entry 2.148.2.

dx 1 da
(32.7) /xm(1_~_$2) = _(m_ 1)zm—1 _/xm*2(l+x2)

PROOF. Integrate the identity

1 (1+22) —a? 1 1

zm(1+22) am(1+22) ™ B xm=2(1+ 22)’

32.3. Entry 2.148.3.

(32.8) / dx _ 1 T +2n—3/ dxr
' (1+22)n  2n—2 (1+a22)n1  2n—2 ) (1+22)n!

PROOF. Integrate by parts (by the usual procedure) with v dv = 1/(1 4+ 2*)" and

P ) xQ(n—l) d 1 -
uv = S = D)1 T 29 gives v = TS and u = =t
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32.4. Entry 2.148 4.

n—1
(32.9)/ dx x ZQk(2n—1)(2n—3)-~-(2n—2/€+1)

(1422  2n—1 =2k (n—1)(n—2)-- (n—k)(1+22)"F
_Cno 3 an o
2n=1(n —1)!
PRrROOF. Write the statement as
n—1
dx x 2n)l(n —k)l(n —k —1)! (2n —3)N
= t .
/ (1+a22)"  2n—1 D (@n — 2k)12%nl(n — (1§ 22)n—F an-T(n — 1)) CnT

k=1
An elementary inductive proof of this formula follows from the recurrence in Entry

2.148.3. The extra term in the sum on the right-hand side is exactly the term in the
recurrence that is not under the integral sign. O

33. Section 2.149

33.1. Entry 2.149.1.
(33.1)

/ dx _ 1 . 2n+m — 3 / dx
(1 —z2)"  (m—1)zm=1(1 - g2)n-1 m—1 ™= 2(1 — z2)n
form=1

dx 1 dxr
(332) / l‘(l — .132)” = 2(71 _ 1)(1 _ x2)n—1 + / Z‘(l _ xQ)n—l

form=1landn=1

dx x
33.3 =1
(33.3) /$(1—$2) n\/l—:v2
ProOF. For m > 1, use the standard procedure to integrate by parts with
1 1
334 dv = ————5— d =— .
( ) Ll xm(l _ 1‘2)" an Ly (m _ 1)xm—1(1 _ x2)n—1
1
1— 2201 2 -3
This gives v = L and from here vdu = — ntm . With
gm—l (m—1)xzm=2(1 — z2)»
these choices, integration by parts gives the result. The other two cases also follow by
integration by parts using the standard procedure. O

33.2. Entry 2.149.2.
dx 1 T 2n — 3 dx
33.5 _ .
(83:5) /(1—3:2)” m—2 (-1 2n—2/(1—m2)"*1
1

PROOF. Integrate by parts using the standard procedure with u dv = W and
—x

7- The result comes directly. O

2(n —1)(1 — z2)n~

uv =
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33.3. Entry 2.149.3.

dx oz &R (2n-1)(@2n-3)---(2n -2k +1)
(33.6) /(1—3;2)" - 2n—1z2k(n—1)( =2)-(n—k)(1— a2k
(2n — 3)N 1+z
o (n—1 1—a

PROOF. An elementary inductive proof of this formula follows from the recurrence in

Entry 2.149.2. The extra term in the sum on the right-hand side is exactly the term

in the recurrence that is not under the integral sign. g
34. Section 2.15. Forms containing pairs of binomials a + bz and « + Sz

Notation. z=a+bx, t=a+ Pz, A=al — ab

34.1. Entry 2.151.

Zn—i—ltm mA
34.1 "My = — ngm=lq
(34.1) /Z . (m+n+1)b (m+n+1)b/z *

n+1tm
PROOF. The usual procedure with u dv = 2"t™ and uv = 2 v produces
(m+n+1)b
Atm71
v=2"""" and du = m _;nn Ey T Now integrate by parts. O
34.2. Entry 2.152.1.
z br A
bt dz . .
PRrOOF. Write z = E + E and dx 5 Integrating yields the result. g
34.3. Entry 2.152.2.
t Bx A
(34.3) /de*T—b—anz

PROOF. Let z = a + bzx. Then/talsrz/a+ﬁ(b)dac:1/ﬂz_A
z z b b2 z

yields the evaluation.

34.4. Entry 2.153.

" dx 1 tm mA tm=1dy
344 = —
(34.4) / AL (m—-—n—-1bzr=t (m —n—|—1b/ AL
B 1 tmtl (m—n+2)f [tTdx
 (n—1)A -t (n—1A znt

1 tm mp gm—t
T (n—1bzrt + (n—1)b / zn—1 de
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PrOOF. The first identity comes from the usual procedure by taking
" m—n—1

udv =t"z7"dx and uv = . This gives v = z and produces
(m—n—1)bzn"1
tm mA 2
= . Th dy = — —— _ym-ly=m 7  ym,—m
“ (m—mn—1)bzm2 en vdu (m—n—1)b : +(m—n—1) :

Integrate to produce the first relation. To obtain the second identity, observe that

% (™) =" (m+ 1) Bz — (n— 1)bt)

and expressing t in terms of z as t = (8z — A)/b gives

(34.5)

d
(34.6) - (T ) = (m—n+2)Bt" T 4 (n— 1AL

x
Integrate to get the second identity. For the third identity, integrate by parts with
u =t"™ and dv = z7"dz. This gives the result. g

34.5. Entry 2.154.

dx 1.t
34.7 —=—In-
( ) / zt A . z
PROOF. The result follows directly by integrating the partial fraction decomposi-
b 1

1 g 1
i == -2 : O
tion (a+bz)(a+Pz) Aa+pfzr Aa+bx

34.6. Entry 2.155.

dz 1 1 (m+4+n-—2)b dz
4. = — _
(34.8) / 2 (m—1)A¢m—lzn—1 (m—1)A /tm Lgn
B 1 1 (m+n—2)8
(n _ I)A tm—1lyn—1 TL _ 1 tmyn—1

PROOF. For the first part use the standard procedure to integrate by parts and

choose udx =t~z " dx and uv = = DA This gives v = (z/t)m~ 1
1
and then u = — . Integration by parts gives the first formula. The
(m —1)Azntm—2
second formula follows from the same procedure by choosing udv = tx and uv =
z m
1
. O
(n — 1)Agm—1lzn-1
34.7. Entry 2.156.
rdx 1 (a @
34.9 —=— | -lnz— —=Int
(34.9) i A (b e )
PROOF. The result follows directly by integrating the partial fraction decomposi-
T a 1 a 1
tion = — - — . O

(a+bz)(a+Bz) Aa+br Aa+pzx
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