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Some Inequalities for Power Series with nonnegative
coefficients via a divided difference reverse of Jensen inequality

S. S. Dragomir!»?

ABSTRACT. Some inequalities for power series with nonnegative coefficients via a
divided difference reverse of Jensen inequality are given. Applications for some
fundamental functions defined by power series are also provided.

1. Introduction

On utilizing some reverses of Jensen discrete inequality for convex functions, we
obtained in [5] the following result for functions defined by power series with nonneg-
ative coefficients:

THEOREM 1.1. Let f(z) = Y o0 janz™ be a power series with nonnegative coef-
ficients and convergent on the open disk D (0, R) with R > 0 or R = co. If p > 1,
0<a< R andx >0 with ax?,azP~' < R, then

(1.1) 0< f(aa?) [f(air)]p < flaz?)  f(azP™t) f(az)

f(a) f(a) fl@)  fla)  f(a)

floar) [f)]”_ [flaa?)  flea) f (o)
2 0S5y {f(a)} SPUW T f@) F@
1/2
1 f (owcz(p_l)) f (a;vp_l) 1
S\ TT@ | T =1
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flaa?) [fla2)]” _ | f(aa?) f(azP™!) f(ax)
ay o< R[5 < [f(a) 7@ f(oz)]

L () [ren]?)” 1
<2p<f<a> [f(a)]) SaP

COROLLARY 1.1. Let f(z) = > .7 an2™ be a power series with nonnegative co-
efficients and convergent on the open disk D (0, R) with R > 0 or R = 0. If p > 1,
%—&-%:1 and u,v > 0 with v? < u? < R, then

f)]” _fen) 1 [f )]
) o) < Fom <3+ |76m)
and
(1.5) 0< I )7 [F )]/~ f (w) < 7opV/PF (u)

Utilising a different approach in [6] we obtained the following results as well:

THEOREM 1.2. Let f(z) = Y " anz™ be a power series with nonnegative coef-

ficients and convergent on the open disk D (0, R) with R > 0 or R = co. If p > 1,
O<a< Rand 0 < x <1, then

f(az?) [ f(ax) P ~ flax) flaz) 1
Lo 0T (f(a)> <M”<1 f(a)> Tl S
and
flow) (flomy 1 1= (55)T o
(1) 'S F W (f(a)) ST Sat
where
{ Lifpe (1,2,
M, =
p—1ifpe(2,00).

COROLLARY 1.2. Let f(z) = > o7 anz" be a power series with nonnegative co-
efficients and convergent on the open disk D (0, R) with R > 0 or R = c0. If p > 1,
%—&—%:1 and u,v > 0 with v < u? < R, then

Fr) (Fm))? Cflw)) f(w) _ 1
a9 o< (Tam) < (- Fom) Fom <1
and

e sy 1 ()T o
) o< fm - (o) <3 o gmr— <

o f(u)
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For some similar exponential and logarithmic inequalities see [5] and [6] where
further applications for some fundamental functions were provided .

For other recent results for power series with nonnegative coefficients, see [2], [9],
[13] and [14]. For more results on power series inequalities, see [2] and [9]-[12].

The most important power series with nonnegative coefficients that can be used
to illustrate the above results are:

o

1
(1.10) exp(z)zzﬁz”,ze(ﬁf7—Zz,z€D01)
n=0
! il " z€D(0,1), cosh i L eC
= =" z z= ——2"" 2
-z =n Y —(2n)!” ’
: - 1 2n+1
smhz:zmz , z€C.
n=0

Other important examples of functions as power series representations with nonnega-
tive coeflicients are:

1 1 =1
(1.11) 2111(11_;) :Zzn_lz%*l, ze D(0,1),
n=1

2n+1 D 1
Z 2n—|—1 o N2 , 2€D(0,1),

_12n—1
T+ (n+B)T(y)
z2€D(0,1),

where I' is Gamma function.

Motivated by the above results and utilizing a divided difference reverse of Jensen’s
inequality, we provide in this paper other inequalities for power series with nonnegative
coeflicients. Applications for some fundamental functions are given as well.

2. A Refinement and a New Reverse

For a real function ¢ : [m, M] — R and two distinct points a, 8 € [m, M] we recall
that the divided difference of g in these points is defined by
. 9B —g(0)
[Oéa 67 g] T 5 — .
The following result holds:

THEOREM 2.1. Let f: I — R be a continuous convez function on the interval of
real numbers I and m, M € R, m < M with [m,M] C I, I the interior of I. Let a =



86 S. S. DRAGOMIR

(a1y...,an), D= (p1,-..,Pn) be n-tuples of real numbers with p; >0 (i € {1,...,n})
and Y pi=1.Ifm<a; <M, i€{l,....,n}, with Y. pia; # m, M, then

(2.1) Zpi fla) = f ijaj sgn | a; — ijaj
i=1 j=1 j=1

< Zpif(ai) —f <Zpiai>

n

[ 'n 1 M n 7] n
< % (_;PiamM;f_ - -mvgpiaﬁf- ) ;pi a; — ;pjaj

97 1/2

1 ['n 1 i n T n n
SH{{) ST S ol Do b o

If the lateral derivatives f! (m) and f (M) are finite, then we also have the
inequalities

(2.2) 0< Y pif (@) —f (Zpiaz)
i=1 i=1
< % (lZPiaiJW f] - lm,Zpiai;f1> Zpi a; — ij@j
i=1 i=1 i=1 j=1

—_

< [LOD = £ ] 3 opifai =3 iy
i=1 Jj=1

97 1/2

<

N =

12 0) = 71 )] | pia? = (D pya

PROOF. Werecall that if f : I — R is a continuous convex function on the interval
of real numbers I and « € I, then the divided difference function fo : I N~ {a} — R,

f(t) = f(a)

t—a«

fa (t) = [Oé,t; f] =

is monotonic nondecreasing on I \ {a} .
— n .
For a, :=>_;_, pja; € (m, M), we consider now the sequence

fap (2) L f(ai) - f(ap)

Q; —(_lp

We will show that f, (i) and h; := a; — @y, i € {1,...,n} are synchronous.



SOME INEQUALITIES FOR POWER SERIES 87

Let 4,5 € {1,...,n} with a;,a; # a,. Assume that a; > a;, then by the mono-
tonicity of f, we have

flai)) = f (&p)

(23) fa () = 0
> f(a(Jl) _Z_:(ap) = fa, ()
and j ’
(2.4) hi > h;
which shows that
(2.5) [fa, (0) = fa, ()] (hi = hy) >

If a; < aj, then the inequalities (2.3) and (2.4) reverse but the inequality (2.5) still
holds true.
Utilising the continuity property of the modulus we have

[ fa, @) = fa, D] (hi = k)| < |[fa, (D) = fa, (D] (hs = hy)]|
= [fa, (0) = fa, (5)] (hi — Ry)

for any i,5 € {1,...,n}.
Multiplying with p;, p; > 0 and summing over ¢ and j from 1 to n we have

n n

(2.6) ZszpJ [ fa, ()| = | fa, ()]] (hi — hy)
< Zzpng fap fa ( )] (h‘ — hy )
i=1j=1

A simple calculation shows that

(27) = Z szp] ‘fap ‘fap H i h])

= Zpi | fa, (i) hi — Zpi | fa, (i)] Zpihi
i=1 =1

i=1

=D _»i M) = 1ay) (a;). = (J—; )] (a, - ap)
i=1 voTr

_ Zpi f (aj : Zj: (@p) Zpi (i — @)
i=1 v P i=1

= Zpi f (a;) : £p(ap) (CL _ flp)
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(28) 5 s [fay 0) — fay ()] (i — )

i=1 j=1

= ipz-fap (i) hi - ;pf (9) ; pihi
S (LT g,
—im(““f:%“p)im

=1

(s
*zpz @) (ZM)

On making use of the identities (2.7) and (2.8) we obtain from (2.6) the first inequality
n (2.1).

Now, since a, := Z?lejaj € (m, M), then we have. by the monotonicity of
fap (Z) y that

(29 oy )= LA < g )
FOD-T@) _
<L e

for any ¢ € {1,...,n}.
Applying now the Griiss’ type inequality obtained by Cerone & Dragomir in [1]

n
Zwl TiYi — Zwvmzzwvyv \% =~ qu T — ngmj

provided
(2.10) —00< i<y, <A<

for i =1,...,n, we have that
St (o) (zpzaz)

<

([aP’M f m ap; f sz Qi — ijaj )

N | =

which proves the second inequality in (2.1).
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The last bound in (2.1) is obvious by Cauchy-Bunyakovsky-Schwarz discrete in-
equality. If the lateral derivatives f (m) and f’ (M) are finite, then by the convexity
of f we have the gradient inequalities

f (M) — [ (@)

L S IO
and
HEDZL » 1o,

where @, € (m, M) . These imply that
[ap, M f] = [m, ap; f] < fL (M) = f} (m)

and the proof of the third inequality in (2.2) is concluded.
The rest is obvious. O

For an integral version see [7].

REMARK 2.1. Define the weighted arithmetic mean of the positive n-tuple x =
(z1,...,x5) with the nonnegative weights w = (wy, ..., w,) by

1 n
A (w, ) = W Z W;T;
=1

where W,, :=>""" | w; > 0 and the weighted geometric mean of the same n-tuple, by

n 1/Wn
G (w,z) = <H xi”) .
i=1

It is well know that the following arithmetic mean-geometric mean inequality holds
Ay, (w,z) 2 Gy (w, ) .

Applying the inequality (2.2) for the convex function f (¢) = —Int, ¢ > 0 we have the
following reverse of the arithmetic mean-geometric mean inequality

A, (w, )
(2.11) A O]

(An<w7w>,)An<w,x>_m b A (w a4 (w2)])

g ( M >M—An(w,m)
Ay (w,z)
1M —-—m
< a An 1) - An ) )
exp [2 7 (w, |z (w,x)])

provided that 0 < m < x; < M < oo for i € {1,...,n}.
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3. Applications for the Holder Inequality
If x;,y; > 0 for i € {1,...,n}, then the Hélder inequality holds true

n n 1/p n 1/q
San< (1) ()
i=1 i=1 i=1
1,1
Wherep>1,5+671.
Assume that p > 1. If 2; € R for 7 € {1, ...,n}, satisfies the bounds
0<m<z<M<ooforie{l,..n}

and w; >0 (i=1,...,n) with W, := > "  w; > 0, then from Theorem 2.1 we have
amongst other the following inequality

n

1 rwiz\P Wiz
(3.1) A ; 2P — (ZZT/;/:) Z) ’wisgn {zi - Azzal/':) z }
< D1 Wiz D1 Wizi !
= W W
1/ wiz | ST w;iz .
<= i=1 "t M: ()P = i=1 : p Dy,
3 ([E anser] - [ Z225 0] ) Do)
1 -Z@—l Ww; Z4 | Zn_ W;z; | ~
< o = M7 Pl — ) =1 ; P Dw
5 (| Zmm s | = m 22502 ) Dua )
1 -Zﬂ—l w; z; T Zn_ Wiz |
<= 1= M; AP | _ , i=1 : p M — ,
(B oaner] - [m 2522 cp ] or - m)
Do L wizi
where ==l € (m, M) and
" Z;‘L—l W;Zj

while

1
~ n_ wlzf TL_ W;z; 2>
Dup (2) = F&/ﬂ _ (EV[lfn > 1

The following result related to the Hélder inequality holds:

PropPOSITION 3.1. Ifxz; >0, y; >0 forie {1,....,n}, p>1, % + % =1 and there
exists the constants v,I' > 0 such that

Lg

v

v < ; <TI foric{l,..,n},
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then we have

n |.p e\ ) Ty
32 3| () s | T -
el y! Zj:ﬂ/g ! y! ! Zj:ly?
< D1 T _ (2?—1 xil/i)p
Z? 1?/3 Z?:l y!
L[, iy 1 [ Xz, ) &
< 2( %11—‘; ()p - Wv%v()p qu q— =1
L Doi1 Y _ L > Y ] )
n ) b b n b)
2\ i 9 U7 Xy ] yq yat
AR 1 [ >,z ]
< - ot ’Llar; Pl - Y . ,L,L; P F Y
<i(lopmer]- o ;
where
D ( x ) Z Z?:l L5Yj
q - = Y; -1
Y y(] ! 1, 1yl i=1 ! 7 1 Z:;l:lyj
and

Nl=

n 2
b ( T ) B 1 i x? > ie1 TiYj
Q72 — — - n
oyt iy eyl >y
PROOF. The inequalities (3.3) follow from (3.1) by choosing
and w; =
q

q
i i ie{l,..n).
yi ! Z?:l y;l

The details are omitted. O

Z; =

REMARK 3.1. We observe that for p = ¢ = 2 we have from the first inequality in
(3.2) the following reverse of the Cauchy-Bunyakovsky-Schwarz inequality

2

T =1TjYj 2 Ti j=1%3Y;

(3.3) E = | =2 yisgn | — — —=—5—
— |y i Y ' DY

2
< Li= '_(Ziqmw>
Z?:l Yi Z? 1 ?Jz2

1 2
<§(F—7 D QZZJ

7,11,L'1

T; ] 115Yj

Z] ly]

[N

s 2
1 1%5Y;5
<5 =9 5 x; ==
2 22 (Z] 1 Y7 )

zlzil



92 S. S. DRAGOMIR

provided that there exists the constants v,I" > 0 such that

’yéﬂéfforie{l,...,n}.

i

4. Power Inequalities

Utilising the inequality (2.1) for the convex function f : [m, M] C [0,00] — R,
p =1, f(t) =t* we have

(4.1) 0< szaf — (szal>

3

i=1
< 1 (Mp - (i piai)” _ s pia;)’ — mp)
S 2 M — Z?:1 pia; E?:l pia; —m
07 1/2

n n

> _piai = | Y _pja :

i=1 j=1

form <a; < M,and p; >0,i€{1,...,n} with >, p; =L and Y., p;a; # m, M.

If we wrlte the inequality (4.1) for m=0and M =1 we get

(4.2) 0< Zpiaf — <Zpiai>

57 1/2

11— (X )’ | & =
< =it v E piai — E D;a; ,
i=1 j=1

S22 1= pa

for0<a; <l,andp; >0,i€{l,...,n} with Y0  p;=1and > ., pa; #0,1.
We can state the following result for powers:

THEOREM 4.1. Let f(z) = Y o0 anz™ be a power series with nonnegative coef-
ficients and convergent on the open disk D (0, R) with R > 0 or R = co. If p > 1,
O<a<Rand 0 <z <1, then

I (azP) f (az)\”
(4.3) 0< f(a) (f(a))
L= (5) 1) (s
<§' 1_ff(zxa9;) [f(a) _<f(04)>‘|

PROOF. Let m > 1and 0 < o < R, 0 < = < 1. If we write the inequality (4.1) for

o
a;o

ST et 04z = 2l € 0] €0 m},

’LU]‘:



SOME INEQUALITIES FOR POWER SERIES 93

then we get

P
1 - 1 " -
(4.4) E ajol Pl — 75 ajol !
. 7 m J
Zk oakak ko Ak =0
p—1
_ Jopd
11 (zkwwkzyo%ax)
<5 1
2 1—W2J OCLJO{].’I;J
57 1/2

m m

J 23 J
X | =m— E a;o’ m - E ajalz
Zk 0 Ak 0 arQ

Since all series whose partial sums involved in the inequality (4.4) are convergent, then
by letting m — oo in (4.4) we deduce (4.3). O

COROLLARY 4.1. Let f(z) = > 07 anz™ be a power series with nonnegative co-
eﬁcients and convergent on the open disk D (0, R) with R > 0 or R =oco. If p > 1,
7—5—7—1 and u,v > 0 with v? < u? < R, then

P
s o< (1 <uv>)
fut)  \f (u9)
() \P~! 1-2 1/2
L1 (ftm) [r(w ) (f<uv>>2
21— e f (u?) f (u?)
PROOF. Follows by taking into (4.3) a = u? and x = —~. The details are omitted.

Il
1 o

EXAMPLE 4.1. a) If we write the inequalities (4.3) for the function — = >~ 2",
z € D(0,1), then we have

(4.6) 0< 1—a _(1—a>p

1 — aaP 1—ax
p—1
1— 1/2
<1 1_<1—aa) l-a 1—a\’
) 1- =% 1— az? 1—ax

for any o,z € (0,1) and p > 1.
b) If we write the inequalities (4.3) for the function expz = Y07 Lz", z € C,
then we have

(4.7)  O0<expla(zP —1)] —exppa(z—1)]

1 1—expla(p—1)(z—1)] ,
2 1 —expla(x—1)] {GXP [Oz (.Z’ —1)] —GXp[Qa(a?—l)}}

forany a >0, p > 1 and z € (0,1).

1/2
<5
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5. Logarithmic Inequalities

If we consider the convex function f (t) = tlnt, ¢t > 0, then from (2.1) we have

(51) 0 g ipzaz In a; — <ip1az> In <iplal>
i=1 i=1 i=1

< 1 l:MlnM — (2:;1 piai) In (Z:‘L:1 Pia;)
=2 M — 2?21 pia;
(i e)la () i
Ylimy piai —m
2 1/2

n n
2
X E pia; — E bja;
i=1 j=1

for0<m<a; < M,and p; >0,4€{1,...,n} with > ;p; =1 and Y | pja; #
m, M.
If we take in (5.1) M =1 and let m — 0+ we get

(5.2) 0< ipiai Ina; — (i pl—ai> In (ipi(h)
i=1 i=1 i=1

071/2
1 n n
< p-a2 _ pia;
(=Y piad) Yo piaq 2_pi jz::l T

i=1
n =2 i1 pia;
X In <E piai>
=1

for 0 <a; <l,and p; >0,i€{l,...,n} with Y  p;=1and > | pia; #0,1.

THEOREM 5.1. Let f(z) = >_" yanz" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R >0 or R=o00. If 0 < a < R,
p>0andxz € (0,1), then

pos’f (aa?)  flaa?) (] (aa?)
(5:3) OS™F@ ™ @ ! (f(a))

2p o\ 2]
S Y V?@))‘U}(a)))]
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PRrOOF. If 0 < @ < R and m > 1, then by (5.2) for z; = (zP)’ , we have

m

1 o ,
0 < ~m E ajoﬂxp] In 2?7
D o ARO® 4
= i=o
m

1 m 1

J P 3 P

=% g aja’ P In T - g ajo’x
apo S ap

Zk 0 =0 k=0 =0
1
< , ,
1 m j 1 m j
(1= st Sito il (7)) s taar Sikoajod (o)
97 1/2
X Zaj (z?)? m; iajaj (xP)
Zk 0 a’kak Zk:o akak =0
—m >t aja? (zP)!
X In a;
Ek Oak@k Z ie
where p > 0 and x € (0,1).
This is equivalent to
In 2P
(54) 0< S akak ZyaJaJ Y
k=0
1 - 1 -
a;o’ (zP)’ In a;of (zP)’
Sy 2 O S 2
< : ! :
(1 C Xiioakak ZJ_O ajo! (xp)]) o akok ZJ_O a;od (Ip)]
97 1/2
s 3w (9 [ 3o ()
m m
> o GkOF =0 2 ko Ak i=0

- E7n701akak E;‘n:() aja] (=)’

1
x In azol (xP)
Yo akak ]ZO ’

Since all series whose partial sums involved in the inequality (5.4) are convergent
O

then by letting m — oo in (5.4) we deduce (5.3).
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EXAMPLE 5.1. a) If we write the inequality (5.3) for the function 1~ = 3" 2",
z € D(0,1), then we have for a,z € (0,1) and p > 0 that

P(1— 1- 1-
(5.5) OSMMQS— % In “
(1 — axp) 1—axp 1—axp
1/2
. 1 1-a 1-a V2"
(1 _ ) 1—a_ |[1— 2P 1— P
1 oz:vP l1—azxP

o \ T
X In ( > .
1— axP
oo 1

b) If we write the inequality (5.3) for the function expz = >~ 2", z € C,
then we have

(5.6) 0 < [paz?Inz — a (P — 1)) exp [a (2P — 1)]
1
(1 —exp o (2P — 1)) exp [a (a7 — 1)]
x [exp [ (2?7 — 1)] — exp [2a (2P — 1)]]1/2

. [04 (2P — 1)}—exp[0¢($"—1)]

<

for z € (0,1) and a,p > 0.

6. Exponential Inequalities

If we consider the exponential function f : R — (0,00), f(t) = exp (8t) with
B > 0 then from (2.1) we have

(61) 0< sz exp (Baz) — €xXp (ﬁ Zpﬂh)

i=1

1 [e p(BM) —exp (B85 pia;)

S 3 M =370 pia;
_exp (BX 1 piai) — exp(ﬁm)}
Zz 1 Pi; — M

2 1/2

n n
. 2 . .
bia; — bja;
i=1 j=1

for any a; € [m,M],p; >0 (i =1,...,n) with >, p; = 1.



SOME INEQUALITIES FOR POWER SERIES 97

If we take in (6.1) M = 0 and let m — —oo, then we get

(6.2) 0< Zpi exp (Ba;) — exp (B ZpiaZ)

i=1 i=1
97 1/2

1 1—exp(BY 1, pia;)
—. = piat — pia;
RS Sy Z : Z =

<

for any a; <0,p; 20 (i =1,...,n) with P, := > | p; = L.

THEOREM 6.1. Let f(z) = Y.," ,anz" be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R >0 or R=o00. Ifx <0,8>0
with exp (Bz) < R and 0 < o < R, then

f (aexp (Bx)) {aﬁmf’ ]
6.3 0<———FF—"F—exp
(63 (@)
_ af’(a) 1/2
Lo (5 f) l alf (@) +af" (@] (af’(a)>2]
S 2’ of’(c) '
I 7@ 7
PrOOF. If 0 < @ < R and m > 1, then by (6.2) for z; = jx, we have
(64)  0< cm—— Y a0 fexp (Bo)) —exp | e > jaja
ijoajoﬂjz::o ! 20 407 ;J !
< 1 1-— exp (Zmﬁia;qod Z;n_o J%Oéj>
T2 oy aw Yimedee
97 1/2
2 m m
x 2 x L
X | =—— jlajc — | =—— ja;a
Z;‘nzo ajo’ JZZZ‘) ! E;n:o ajod jgo !

1 1 — €exXp (% Z;n:O ]G/JO[‘]>
2 ﬁ ZT:O jajozj

j=0j

57 1/2
m

§ ’ J_ E
Z a; J a]oz S aiad jaja
7=0 e —0 J

X

for x € (—00,0).
If we denote g (u) := > -, apu™, then for |u| < R, its radius of convergence, we

have
oo
Z na,u™ = ug' (u)
n=0
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and
o0
>t = u(ug ().
n=0
However
u(ug' ()" = ug (u) +u?g” (u)
and then

oo
Z nZapu™ = ug' (u) +u’g” (u).
n=0

Since all series whose partial sums involved in the inequality (6.4) are convergent,

then by letting m — oo in (6.4) we deduce (6.3). O

S

(6.5

EXAMPLE 6.1. If we write the inequality (6.3) for the function 1 = "> 2",
D (0,1), then we have for <0, 8 >0 and 0 < a < 1, that

afz
o 1« aBz o 1 l_exp(l—a>
{———— —ex <= —n 7
1 — aexp (Bz) Pl1-a 2 al/?

The interested reader may obtain other inequalities like (6.5) by taking various

) 0

examples of power series with nonnegative coefficients as mentioned above. The details
are omitted.
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