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Some Inequalities for Power Series with nonnegative
coefficients via a divided difference reverse of Jensen inequality

S. S. Dragomir1,2

Abstract. Some inequalities for power series with nonnegative coefficients via a

divided difference reverse of Jensen inequality are given. Applications for some
fundamental functions defined by power series are also provided.

1. Introduction

On utilizing some reverses of Jensen discrete inequality for convex functions, we
obtained in [5] the following result for functions defined by power series with nonneg-
ative coefficients:

Theorem 1.1. Let f (z) =
∑∞
n=0 anz

n be a power series with nonnegative coef-
ficients and convergent on the open disk D (0, R) with R > 0 or R = ∞. If p > 1,
0 < α < R and x > 0 with αxp, αxp−1 < R, then
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]
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0 6
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and

0 6
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Corollary 1.1. Let f (z) =
∑∞
n=0 anz

n be a power series with nonnegative co-
efficients and convergent on the open disk D (0, R) with R > 0 or R = ∞. If p > 1,
1
p + 1

q = 1 and u, v > 0 with vp 6 uq < R, then

(1.4)

[
f (uv)

f (uq)

]p
6
f (vp)

f (uq)
6

1

4
p+

[
f (uv)

f (uq)

]p
and

(1.5) 0 6 [f (vp)]
1/p

[f (uq)]
1/q − f (uv) 6

1

41/p
p1/pf (uq) .

Utilising a different approach in [6] we obtained the following results as well:

Theorem 1.2. Let f (z) =
∑∞
n=0 anz

n be a power series with nonnegative coef-
ficients and convergent on the open disk D (0, R) with R > 0 or R = ∞. If p > 1,
0 < α < R and 0 < x 6 1, then

(1.6) 0 6
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f (α)
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)p
6Mp
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and
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4
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where

Mp :=

 1 if p ∈ (1, 2],

p− 1 if p ∈ (2,∞) .

Corollary 1.2. Let f (z) =
∑∞
n=0 anz

n be a power series with nonnegative co-
efficients and convergent on the open disk D (0, R) with R > 0 or R = ∞. If p > 1,
1
p + 1

q = 1 and u, v > 0 with vp 6 uq < R, then

(1.8) 0 6
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For some similar exponential and logarithmic inequalities see [5] and [6] where
further applications for some fundamental functions were provided .

For other recent results for power series with nonnegative coefficients, see [2], [9],
[13] and [14]. For more results on power series inequalities, see [2] and [9]-[12].

The most important power series with nonnegative coefficients that can be used
to illustrate the above results are:

exp (z) =

∞∑
n=0

1

n!
zn, z ∈ C,

1

1− z
=

∞∑
n=0

zn, z ∈ D (0, 1) ,(1.10)

ln
1

1− z
=

∞∑
n=1

1

n
zn, z ∈ D (0, 1) , cosh z =

∞∑
n=0

1

(2n)!
z2n, z ∈ C,

sinh z =

∞∑
n=0

1

(2n+ 1)!
z2n+1, z ∈ C.

Other important examples of functions as power series representations with nonnega-
tive coefficients are:

1

2
ln

(
1 + z

1− z

)
=

∞∑
n=1

1

2n− 1
z2n−1, z ∈ D (0, 1) ,(1.11)

sin−1 (z) =

∞∑
n=0

Γ
(
n+ 1

2

)
√
π (2n+ 1)n!

z2n+1, z ∈ D (0, 1) ,

tanh−1 (z) =

∞∑
n=1

1

2n− 1
z2n−1, z ∈ D (0, 1) ,

2F1 (α, β, γ, z) :=

∞∑
n=0

Γ (n+ α) Γ (n+ β) Γ (γ)

n!Γ (α) Γ (β) Γ (n+ γ)
zn, α, β, γ > 0

z ∈ D (0, 1) ,

where Γ is Gamma function.
Motivated by the above results and utilizing a divided difference reverse of Jensen’s

inequality, we provide in this paper other inequalities for power series with nonnegative
coefficients. Applications for some fundamental functions are given as well.

2. A Refinement and a New Reverse

For a real function g : [m,M ]→ R and two distinct points α, β ∈ [m,M ] we recall
that the divided difference of g in these points is defined by

[α, β; g] :=
g (β)− g (α)

β − α
.

The following result holds:

Theorem 2.1. Let f : I → R be a continuous convex function on the interval of
real numbers I and m,M ∈ R, m < M with [m,M ] ⊂ I̊, I̊ the interior of I. Let ā =
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(a1, . . . , an) , p̄ = (p1, . . . , pn) be n-tuples of real numbers with pi > 0 (i ∈ {1, . . . , n})
and

∑n
i=1 pi = 1. If m 6 ai 6M, i ∈ {1, . . . , n} , with

∑n
i=1 piai 6= m,M, then

∣∣∣∣∣∣
n∑
i=1

pi

∣∣∣∣∣∣f (ai)− f

 n∑
j=1

pjaj
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ai − n∑

j=1

pjaj

∣∣∣∣∣∣(2.1)

6
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n∑
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piai

)

6
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2
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piai,M ; f

]
−

[
m,

n∑
i=1

piai; f

])
n∑
i=1

pi

∣∣∣∣∣∣ai −
n∑
j=1

pjaj

∣∣∣∣∣∣
6

1

2

([
n∑
i=1

piai,M ; f

]
−

[
m,

n∑
i=1

piai; f

]) n∑
i=1

pia
2
i −

 n∑
j=1

pjaj

2


1/2

.

If the lateral derivatives f ′+ (m) and f ′− (M) are finite, then we also have the
inequalities

0 6
n∑
i=1

pif (ai)− f

(
n∑
i=1

piai

)
(2.2)

6
1

2

([
n∑
i=1

piai,M ; f

]
−

[
m,

n∑
i=1

piai; f

])
n∑
i=1

pi

∣∣∣∣∣∣ai −
n∑
j=1

pjaj

∣∣∣∣∣∣
6

1

2

[
f ′− (M)− f ′+ (m)

] n∑
i=1

pi

∣∣∣∣∣∣ai −
n∑
j=1

pjaj

∣∣∣∣∣∣
6

1

2

[
f ′− (M)− f ′+ (m)

]  n∑
i=1

pia
2
i −

 n∑
j=1

pjaj

2


1/2

.

Proof. We recall that if f : I → R is a continuous convex function on the interval
of real numbers I and α ∈ I, then the divided difference function fα : I r {α} → R,

fα (t) := [α, t; f ] :=
f (t)− f (α)

t− α
is monotonic nondecreasing on I r {α} .

For āp :=
∑n
j=1 pjaj ∈ (m,M), we consider now the sequence

fāp (i) :=
f (ai)− f (āp)

ai − āp
.

We will show that fāp (i) and hi := ai − āp, i ∈ {1, . . . , n} are synchronous.
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Let i, j ∈ {1, . . . , n} with ai, aj 6= āp. Assume that ai > aj , then by the mono-
tonicity of fα we have

fāp (i) =
f (ai)− f (āp)

ai − āp
(2.3)

>
f (aj)− f (āp)

aj − āp
= fāp (j)

and

(2.4) hi > hj

which shows that

(2.5)
[
fāp (i)− fāp (j)

]
(hi − hj) > 0.

If ai < aj , then the inequalities (2.3) and (2.4) reverse but the inequality (2.5) still
holds true.

Utilising the continuity property of the modulus we have∣∣[∣∣fāp (i)
∣∣− ∣∣fāp (j)

∣∣] (hi − hj)
∣∣ 6 ∣∣[fāp (i)− fāp (j)

]
(hi − hj)

∣∣
=
[
fāp (i)− fāp (j)

]
(hi − hj)

for any i, j ∈ {1, . . . , n} .
Multiplying with pi, pj > 0 and summing over i and j from 1 to n we have∣∣∣∣∣∣

n∑
i=1

n∑
j=1

pipj
[∣∣fāp (i)

∣∣− ∣∣fāp (j)
∣∣] (hi − hj)

∣∣∣∣∣∣(2.6)

6
n∑
i=1

n∑
j=1

pipj
[
fāp (i)− fāp (j)

]
(hi − hj) .

A simple calculation shows that

1

2

n∑
i=1

n∑
j=1

pipj
[∣∣fāp (i)

∣∣− ∣∣fāp (j)
∣∣] (hi − hj)(2.7)

=

n∑
i=1

pi
∣∣fāp (i)

∣∣hi − n∑
i=1

pi
∣∣fāp (i)

∣∣ n∑
i=1

pihi

=

n∑
i=1

pi

∣∣∣∣f (ai)− f (āp)

ai − āp

∣∣∣∣ (ai − āp)
−

n∑
i=1

pi

∣∣∣∣f (ai)− f (āp)

ai − āp

∣∣∣∣ n∑
i=1

pi (ai − āp)

=

n∑
i=1

pi

∣∣∣∣f (ai)− f (āp)

ai − āp

∣∣∣∣ (ai − āp)
=

n∑
i=1

pi |f (ai)− f (āp)| sgn (ai − āp)
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and

1

2

n∑
i=1

n∑
j=1

pipj
[
fāp (i)− fāp (j)

]
(hi − hj)(2.8)

=

n∑
i=1

pifāp (i)hi −
n∑
i=1

pifāp (i)

n∑
i=1

pihi

=

n∑
i=1

pi

(
f (ai)− f (āp)

ai − āp

)
(ai − āp)

−
n∑
i=1

pi

(
f (ai)− f (āp)

ai − āp

) n∑
i=1

pi (ai − āp)

=

n∑
i=1

pi

(
f (ai)− f (āp)

ai − āp

)
(ai − āp)

=

n∑
i=1

pif (ai)− f

(
n∑
i=1

piai

)
.

On making use of the identities (2.7) and (2.8) we obtain from (2.6) the first inequality
in (2.1).

Now, since āp :=
∑n
j=1 pjaj ∈ (m,M) , then we have. by the monotonicity of

fāp (i) , that

[m, āp; f ] =
f (āp)− f (m)

āp −m
6 fāp (i)(2.9)

6
f (M)− f (āp)

M − āp
= [āp,M ; f ]

for any i ∈ {1, . . . , n} .
Applying now the Grüss’ type inequality obtained by Cerone & Dragomir in [1]∣∣∣∣∣

n∑
i=1

wixiyi −
n∑
i=1

wixi

n∑
i=1

wiyi

∣∣∣∣∣ 6 1

2
(Γ− γ)

n∑
i=1

wi

∣∣∣∣∣∣xi −
n∑
j=1

wjxj

∣∣∣∣∣∣
provided

(2.10) −∞ < δ 6 yi 6 ∆ <∞

for i = 1, . . . , n, we have that

n∑
i=1

pif (ai)− f

(
n∑
i=1

piai

)

6
1

2
([āp,M ; f ]− [m, āp; f ])

n∑
i=1

pi

∣∣∣∣∣∣ai −
n∑
j=1

pjaj

∣∣∣∣∣∣ ,
which proves the second inequality in (2.1).
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The last bound in (2.1) is obvious by Cauchy-Bunyakovsky-Schwarz discrete in-
equality. If the lateral derivatives f ′+ (m) and f ′− (M) are finite, then by the convexity
of f we have the gradient inequalities

f (M)− f (āp)

M − āp
6 f ′− (M)

and
f (āp)− f (m)

āp −m
> f ′+ (m) ,

where āp ∈ (m,M) . These imply that

[āp,M ; f ]− [m, āp; f ] 6 f ′− (M)− f ′+ (m)

and the proof of the third inequality in (2.2) is concluded.
The rest is obvious. �

For an integral version see [7].

Remark 2.1. Define the weighted arithmetic mean of the positive n-tuple x =
(x1, ..., xn) with the nonnegative weights w = (w1, ..., wn) by

An (w, x) :=
1

Wn

n∑
i=1

wixi

where Wn :=
∑n
i=1 wi > 0 and the weighted geometric mean of the same n-tuple, by

Gn (w, x) :=

(
n∏
i=1

xwii

)1/Wn

.

It is well know that the following arithmetic mean-geometric mean inequality holds

An (w, x) > Gn (w, x) .

Applying the inequality (2.2) for the convex function f (t) = − ln t, t > 0 we have the
following reverse of the arithmetic mean-geometric mean inequality

1 6
An (w, x)

Gn (w, x)
(2.11)

6


(
An(w,x)

m

)An(w,x)−m

(
M

An(w,x)

)M−An(w,x)


1
2An(w,|x−An(w,x)|)

6 exp

[
1

2

M −m
mM

An (w, |x−An (w, x)|)
]
,

provided that 0 < m 6 xi 6M <∞ for i ∈ {1, ..., n} .
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3. Applications for the Hölder Inequality

If xi, yi > 0 for i ∈ {1, ..., n} , then the Hölder inequality holds true

n∑
i=1

xiyi 6

(
n∑
i=1

xpi

)1/p( n∑
i=1

yqi

)1/q

,

where p > 1, 1
p + 1

q = 1.

Assume that p > 1. If zi ∈ R for i ∈ {1, ..., n}, satisfies the bounds

0 < m 6 zi 6M <∞ for i ∈ {1, ..., n}

and wi > 0 (i = 1, . . . , n) with Wn :=
∑n
i=1 wi > 0, then from Theorem 2.1 we have

amongst other the following inequality∣∣∣∣∣ 1

Wn

n∑
i=1

∣∣∣∣zpi − (∑n
i=1 wizi
Wn

)p∣∣∣∣wisgn [zi − ∑n
i=1 wizi
Wn

]∣∣∣∣∣(3.1)

6

∑n
i=1 wiz

p
i

Wn
−
(∑n

i=1 wizi
Wn

)p
6

1

2

([∑n
i=1 wizi
Wn

,M ; (·)p
]
−
[
m,

∑n
i=1 wizi
Wn

; (·)p
])

D̃w (z)

6
1

2

([∑n
i=1 wizi
Wn

,M ; (·)p
]
−
[
m,

∑n
i=1 wizi
Wn

; (·)p
])

D̃w,2 (z)

6
1

4

([∑n
i=1 wizi
Wn

,M ; (·)p
]
−
[
m,

∑n
i=1 wizi
Wn

; (·)p
])

(M −m) ,

where
∑n
i=1 wizi
Wn

∈ (m,M) and

D̃w (z) :=
1

Wn

n∑
i=1

wi

∣∣∣∣∣zi −
∑n
j=1 wjzj

Wn

∣∣∣∣∣
while

D̃w,2 (z) =

[∑n
i=1 wiz

2
i

Wn
−
(∑n

i=1 wizi
Wn

)2
] 1

2

.

The following result related to the Hölder inequality holds:

Proposition 3.1. If xi > 0, yi > 0 for i ∈ {1, ..., n}, p > 1, 1
p + 1

q = 1 and there

exists the constants γ,Γ > 0 such that

γ 6
xi

yq−1
i

6 Γ for i ∈ {1, ..., n} ,
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then we have∣∣∣∣∣
n∑
i=1

∣∣∣∣∣xpiyqi −
(∑n

j=1 xjyj∑n
j=1 y

q
j

)p∣∣∣∣∣ yqi sgn
[
xi

yq−1
i

−
∑n
j=1 xjyj∑n
j=1 y

q
j

]∣∣∣∣∣(3.2)

6

∑n
i=1 x

p
i∑n

i=1 y
q
i

−
(∑n

i=1 xiyi∑n
i=1 y

q
i

)p
6

1

2

([∑n
i=1 xiyi∑n
i=1 y

q
i

,Γ; (·)p
]
−
[
γ,

∑n
i=1 xiyi∑n
i=1 y

q
i

; (·)p
])

D̃yq

(
x

yq−1

)
6

1

2

([∑n
i=1 xiyi∑n
i=1 y

q
i

,Γ; (·)p
]
−
[
γ,

∑n
i=1 xiyi∑n
i=1 y

q
i

; (·)p
])

D̃yq,2

(
x

yq−1

)
6

1

4

([∑n
i=1 xiyi∑n
i=1 y

q
i

,Γ; (·)p
]
−
[
γ,

∑n
i=1 xiyi∑n
i=1 y

q
i

; (·)p
])

(Γ− γ) ,

where

D̃yq

(
x

yq−1

)
=

1∑n
i=1 y

q
i

n∑
i=1

yqi

∣∣∣∣∣ xiyq−1
i

−
∑n
j=1 xjyj∑n
j=1 y

q
j

∣∣∣∣∣
and

D̃yq,2

(
x

yq−1

)
=

 1∑n
i=1 y

q
i

n∑
i=1

x2
i

yq−2
i

−

(∑n
j=1 xjyj∑n
j=1 y

q
j

)2
 1

2

.

Proof. The inequalities (3.3) follow from (3.1) by choosing

zi =
xi

yq−1
i

and wi =
yqi∑n
j=1 y

q
j

, i ∈ {1, ..., n} .

The details are omitted. �

Remark 3.1. We observe that for p = q = 2 we have from the first inequality in
(3.2) the following reverse of the Cauchy-Bunyakovsky-Schwarz inequality∣∣∣∣∣∣

n∑
i=1

∣∣∣∣∣∣x
2
i

y2
i

−

(∑n
j=1 xjyj∑n
j=1 y

2
j

)2
∣∣∣∣∣∣ y2
i sgn

(
xi
yi
−
∑n
j=1 xjyj∑n
j=1 y

2
j

)∣∣∣∣∣∣(3.3)

6

∑n
i=1 x

2
i∑n

i=1 y
2
i

−
(∑n

i=1 xiyi∑n
i=1 y

2
i

)2

6
1

2
(Γ− γ)

1∑n
i=1 y

2
i

n∑
i=1

y2
i

∣∣∣∣∣xiyi −
∑n
j=1 xjyj∑n
j=1 y

2
j

∣∣∣∣∣
6

1

2
(Γ− γ)

 1∑n
i=1 y

2
i

n∑
i=1

x2
i −

(∑n
j=1 xjyj∑n
j=1 y

2
j

)2
 1

2

6
1

4
(Γ− γ)

2
,
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provided that there exists the constants γ,Γ > 0 such that

γ 6
xi
yi
6 Γ for i ∈ {1, ..., n} .

4. Power Inequalities

Utilising the inequality (2.1) for the convex function f : [m,M ] ⊂ [0,∞] → R,
p > 1, f (t) = tp we have

0 6
n∑
i=1

pia
p
i −

(
n∑
i=1

piai

)p
(4.1)

6
1

2

(
Mp − (

∑n
i=1 piai)

p

M −
∑n
i=1 piai

−
(
∑n
i=1 piai)

p −mp∑n
i=1 piai −m

)

×

 n∑
i=1

pia
2
i −

 n∑
j=1

pjaj

2


1/2

,

for m 6 ai 6M, and pi > 0, i ∈ {1, . . . , n} with
∑n
i=1 pi = 1 and

∑n
i=1 piai 6= m,M.

If we write the inequality (4.1) for m = 0 and M = 1 we get

0 6
n∑
i=1

pia
p
i −

(
n∑
i=1

piai

)p
(4.2)

6
1

2
·

1− (
∑n
i=1 piai)

p−1

1−
∑n
i=1 piai

 n∑
i=1

pia
2
i −

 n∑
j=1

pjaj

2


1/2

,

for 0 6 ai 6 1, and pi > 0, i ∈ {1, . . . , n} with
∑n
i=1 pi = 1 and

∑n
i=1 piai 6= 0, 1.

We can state the following result for powers:

Theorem 4.1. Let f (z) =
∑∞
n=0 anz

n be a power series with nonnegative coef-
ficients and convergent on the open disk D (0, R) with R > 0 or R = ∞. If p > 1,
0 < α < R and 0 < x 6 1, then

0 6
f (αxp)

f (α)
−
(
f (αx)

f (α)

)p
(4.3)

6
1

2
·

1−
(
f(αx)
f(α)

)p−1

1− f(αx)
f(α)

[
f
(
αx2

)
f (α)

−
(
f (αx)

f (α)

)2
]1/2

.

Proof. Let m > 1 and 0 < α < R, 0 < x 6 1. If we write the inequality (4.1) for

wj =
ajα

j∑m
k=0 akα

k
and zj := xj ∈ [0, 1] , j ∈ {0, ...,m} ,
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then we get

0 6
1∑m

k=0 akα
k

m∑
j=0

ajα
jxpj −

 1∑m
k=0 akα

k

m∑
j=0

ajα
jxj

p

(4.4)

6
1

2

1−
(

1∑m
k=0 akα

k

∑m
j=0 ajα

jxj
)p−1

1− 1∑m
k=0 akα

k

∑m
j=0 ajα

jxj

×

 1∑m
k=0 akα

k

m∑
j=0

ajα
jx2j −

 1∑m
k=0 akα

k

m∑
j=0

ajα
jxj

2


1/2

.

Since all series whose partial sums involved in the inequality (4.4) are convergent, then
by letting m→∞ in (4.4) we deduce (4.3). �

Corollary 4.1. Let f (z) =
∑∞
n=0 anz

n be a power series with nonnegative co-
efficients and convergent on the open disk D (0, R) with R > 0 or R = ∞. If p > 1,
1
p + 1

q = 1 and u, v > 0 with vp 6 uq < R, then

0 6
f (vp)

f (uq)
−
(
f (uv)

f (uq)

)p
(4.5)

6
1

2
·

1−
(
f(uv)
f(uq)

)p−1

1− f(uv)
f(uq)

f
(
u1− qp v2

)
f (uq)

−
(
f (uv)

f (uq)

)2
1/2

.

Proof. Follows by taking into (4.3) α = uq and x = v
uq/p

. The details are omitted.
�

Example 4.1. a) If we write the inequalities (4.3) for the function 1
1−z =

∑∞
n=0 z

n,

z ∈ D (0, 1) , then we have

0 6
1− α

1− αxp
−
(

1− α
1− αx

)p
(4.6)

6
1

2
·

1−
(

1−α
1−αx

)p−1

1− 1−α
1−αx

[
1− α

1− αx2
−
(

1− α
1− αx

)2
]1/2

for any α, x ∈ (0, 1) and p > 1.
b) If we write the inequalities (4.3) for the function exp z =

∑∞
n=0

1
n!z

n, z ∈ C,
then we have

0 6 exp [α (xp − 1)]− exp [pα (x− 1)](4.7)

6
1

2
· 1− exp [α (p− 1) (x− 1)]

1− exp [α (x− 1)]

{
exp

[
α
(
x2 − 1

)]
− exp [2α (x− 1)]

}1/2

for any α > 0, p > 1 and x ∈ (0, 1) .
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5. Logarithmic Inequalities

If we consider the convex function f (t) = t ln t, t > 0, then from (2.1) we have

0 6
n∑
i=1

piai ln ai −

(
n∑
i=1

piai

)
ln

(
n∑
i=1

piai

)
(5.1)

6
1

2

[
M lnM − (

∑n
i=1 piai) ln (

∑n
i=1 piai)

M −
∑n
i=1 piai

−
(
∑n
i=1 piai) ln (

∑n
i=1 piai)−m lnm∑n

i=1 piai −m

]

×

 n∑
i=1

pia
2
i −

 n∑
j=1

pjaj

2


1/2

for 0 < m 6 ai 6 M, and pi > 0, i ∈ {1, . . . , n} with
∑n
i=1 pi = 1 and

∑n
i=1 piai 6=

m,M.
If we take in (5.1) M = 1 and let m→ 0+ we get

0 6
n∑
i=1

piai ln ai −

(
n∑
i=1

piai

)
ln

(
n∑
i=1

piai

)
(5.2)

6
1

(1−
∑n
i=1 piai)

∑n
i=1 piai

 n∑
i=1

pia
2
i −

 n∑
j=1

pjaj

2


1/2

× ln

( n∑
i=1

piai

)−∑n
i=1 piai


for 0 < ai 6 1, and pi > 0, i ∈ {1, . . . , n} with

∑n
i=1 pi = 1 and

∑n
i=1 piai 6= 0, 1.

Theorem 5.1. Let f (z) =
∑∞
n=0 anz

n be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R =∞. If 0 < α < R,
p > 0 and x ∈ (0, 1) , then

0 6
pαxpf ′ (αxp)

f (α)
lnx− f (αxp)

f (α)
ln

(
f (αxp)

f (α)

)
(5.3)

6
1(

1− f(αxp)
f(α)

)
f(αxp)
f(α)

[
f
(
αx2p

)
f (α)

−
(
f (αxp)

f (α)

)2
]1/2

× ln

(f (αxp)

f (α)

)− f(αxp)
f(α)

 .
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Proof. If 0 < α < R and m > 1, then by (5.2) for xj = (xp)
j
, we have

0 6
1∑m

k=0 akα
k

m∑
j=0

ajα
jxpj lnxpj

− 1∑m
k=0 akα

k

m∑
j=0

ajα
jxpj ln

 1∑m
k=0 akα

k

m∑
j=0

ajα
jxpj


6

1(
1− 1∑m

k=0 akα
k

∑m
j=0 ajα

j (xp)
j
)

1∑m
k=0 akα

k

∑m
j=0 ajα

j (xp)
j

×

 1∑m
k=0 akα

k

m∑
j=0

ajα
j (xp)

2j −

 1∑m
k=0 akα

k

m∑
j=0

ajα
j (xp)

j

2


1/2

× ln


 1∑m

k=0 akα
k

m∑
j=0

ajα
j (xp)

j

− 1∑m
k=0

akα
k

∑m
j=0 ajα

j(xp)j


where p > 0 and x ∈ (0, 1) .
This is equivalent to

0 6
lnxp∑m
k=0 akα

k

m∑
j=0

jajα
j (xp)

j
(5.4)

− 1∑m
k=0 akα

k

m∑
j=0

ajα
j (xp)

j
ln

 1∑m
k=0 akα

k

m∑
j=0

ajα
j (xp)

j


6

1(
1− 1∑m

k=0 akα
k

∑m
j=0 ajα

j (xp)
j
)

1∑m
k=0 akα

k

∑m
j=0 ajα

j (xp)
j

×

 1∑m
k=0 akα

k

m∑
j=0

ajα
j (xp)

2j −

 1∑m
k=0 akα

k

m∑
j=0

ajα
j (xp)

j

2


1/2

× ln


 1∑m

k=0 akα
k

m∑
j=0

ajα
j (xp)

j

− 1∑m
k=0

akα
k

∑m
j=0 ajα

j(xp)j
 .

Since all series whose partial sums involved in the inequality (5.4) are convergent,
then by letting m→∞ in (5.4) we deduce (5.3). �
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Example 5.1. a) If we write the inequality (5.3) for the function 1
1−z =

∑∞
n=0 z

n,

z ∈ D (0, 1) , then we have for α, x ∈ (0, 1) and p > 0 that

0 6
pαxp (1− α)

(1− αxp)2 lnx− 1− α
1− αxp

ln

(
1− α

1− αxp

)
(5.5)

6
1(

1− 1−α
1−αxp

)
1−α

1−αxp

[
1− α

1− αx2p
−
(

1− α
1− αxp

)2
]1/2

× ln

[(
1− α

1− αxp

)− 1−α
1−αxp

]
.

b) If we write the inequality (5.3) for the function exp z =
∑∞
n=0

1
n!z

n, z ∈ C,
then we have

0 6 [pαxp lnx− α (xp − 1)] exp [α (xp − 1)](5.6)

6
1

(1− exp [α (xp − 1)]) exp [α (xp − 1)]

×
[
exp

[
α
(
x2p − 1

)]
− exp [2α (xp − 1)]

]1/2
× [α (xp − 1)]

− exp[α(xp−1)]

for x ∈ (0, 1) and α, p > 0.

6. Exponential Inequalities

If we consider the exponential function f : R → (0,∞) , f (t) = exp (βt) with
β > 0 then from (2.1) we have

0 6
n∑
i=1

pi exp (βai)− exp

(
β

n∑
i=1

piai

)
(6.1)

6
1

2

[
exp (βM)− exp (β

∑n
i=1 piai)

M −
∑n
i=1 piai

−
exp (β

∑n
i=1 piai)− exp (βm)∑n
i=1 piai −m

]

×

 n∑
i=1

pia
2
i −

 n∑
j=1

pjaj

2


1/2

.

for any ai ∈ [m,M ] , pi > 0 (i = 1, . . . , n) with
∑n
i=1 pi = 1.
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If we take in (6.1) M = 0 and let m→ −∞, then we get

0 6
n∑
i=1

pi exp (βai)− exp

(
β

n∑
i=1

piai

)
(6.2)

6
1

2
·

1− exp (β
∑n
i=1 piai)

−
∑n
i=1 piai

 n∑
i=1

pia
2
i −

 n∑
j=1

pjaj

2


1/2

for any ai 6 0, pi > 0 (i = 1, . . . , n) with Pn :=
∑n
i=1 pi = 1.

Theorem 6.1. Let f (z) =
∑∞
n=0 anz

n be a power series with nonnegative coeffi-
cients and convergent on the open disk D (0, R) with R > 0 or R =∞. If x 6 0, β > 0
with exp (βx) < R and 0 < α < R, then

0 6
f (α exp (βx))

f (α)
− exp

[
αβxf ′ (α)

f (α)

]
(6.3)

6
1

2
·

1− exp
(
βxαf

′(α)
f(α)

)
αf ′(α)
f(α)

[
α [f ′ (α) + αf ′′ (α)]

f (α)
−
(
αf ′ (α)

f (α)

)2
]1/2

.

Proof. If 0 < α < R and m > 1, then by (6.2) for xj = jx, we have

0 6
1∑m

j=0 ajα
j

m∑
j=0

ajα
j [exp (βx)]

j − exp

 βx∑m
j=0 ajα

j

m∑
j=0

jajα
j

(6.4)

6
1

2
·

1− exp
(

βx∑m
j=0 ajα

j

∑m
j=0 jajα

j
)

− x∑m
j=0 ajα

j

∑m
j=0 jajα

j

×

 x2∑m
j=0 ajα

j

m∑
j=0

j2ajα
j −

 x∑m
j=0 ajα

j

m∑
j=0

jajα
j

2


1/2

=
1

2
·

1− exp
(

βx∑m
j=0 ajα

j

∑m
j=0 jajα

j
)

1∑m
j=0 ajα

j

∑m
j=0 jajα

j

×

 1∑m
j=0 ajα

j

m∑
j=0

j2ajα
j −

 1∑m
j=0 ajα

j

m∑
j=0

jajα
j

2


1/2

for x ∈ (−∞, 0) .
If we denote g (u) :=

∑∞
n=0 αnu

n, then for |u| < R, its radius of convergence, we
have

∞∑
n=0

nαnu
n = ug′ (u)
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and
∞∑
n=0

n2αnu
n = u (ug′ (u))

′
.

However
u (ug′ (u))

′
= ug′ (u) + u2g′′ (u)

and then
∞∑
n=0

n2αnu
n = ug′ (u) + u2g′′ (u) .

Since all series whose partial sums involved in the inequality (6.4) are convergent,
then by letting m→∞ in (6.4) we deduce (6.3). �

Example 6.1. If we write the inequality (6.3) for the function 1
1−z =

∑∞
n=0 z

n,

z ∈ D (0, 1) , then we have for x 6 0, β > 0 and 0 < α < 1, that

(6.5) 0 6
1− α

1− α exp (βx)
− exp

(
αβx

1− α

)
6

1

2
·

1− exp
(
αβx
1−α

)
α1/2

.

The interested reader may obtain other inequalities like (6.5) by taking various
examples of power series with nonnegative coefficients as mentioned above. The details
are omitted.
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