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Uniqueness Theorem for Hilbert Transform for Boehmians

Abhishek Singh

ABSTRACT. In this paper a uniqueness theorem is proved for the Hilbert transform
for the Boehmians of analytic function by using a relation between the Hilbert
transform and the Fourier transform. Hilbert transform of Boehmians of analytic
type is also discussed.

1. Introduction

Hilbert transform occurs in many branches of pure and applied mathematics.
The transform plays an important role in Schwartz theory of distributions (general-
ized functions) [10]. The distributional Hilbert transformation is defined in terms of
analytic representations of distributions by Orton [9]. Most classes of generalized func-
tions are constructed analytically, see [13]. The most well-known space of generalized
functions is the space of distributions [13], denoted by D (R) (the space of continuous
linear functional on D(R)) while D(R) denotes the set of all complex-valued infinitely
differentiable function on R having compact support. Boehmians (or the generalized
quotient spaces) is a generalization of generalized function (Schwartz theory of dis-
tributions). The construction of Boehmians was motivated by the concept of regular
operators, see [1], and given by Mikusinski [6]. Karunakaran [4] has extended the
Hilbert transform to the Boehmian space and studied its properties. The Hilbert
transform becomes a continuous linear map from one space of Boehmians into an-
other in contrast to other integral transform of Boehmians wherein the image of these
transforms are classical distributions or analytic functions. Nemzer [8] constructed a
subspace of Boehmians, called Boehmians of analytic type, which is said to possess a
uniqueness property. Singh et al. [12] developed this theory for the Mellin transform.
In the present paper using the technique of [8] and [12], respectively a uniqueness
theorem for Hilbert transform for Boehmians of analytic functions is obtained and
further the Hilbert transform of analytic Boehmians is discussed.

Let the set of all real analytic functions on a given set p is denoted by C*(p).
Then for any open set U : Q C C, the set A(Q2) of all analytic functions U : Q@ — C
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is a Fréchet space with respect to the uniform convergence on compact sets. The
boundary-value theory of analytic function in the unit disk has always been a rich
area in term of its interesting mathematical problems.

If an analytic function f(z) is bounded in the unit disc D, then it has the unique-
ness property that if lim,,; f(re®®) = 0 on a set of positive measure on the unit
circle S', which implies f (2) to be identically zero, where the radial limit F(re'¥) =
limy, 1 f(he®) = 0, almost everywhere on S'. Riesz [11] showed that any bounded
analytic function in D has the uniqueness property.

Let S* denote the unit circle, C(S') is the collection of continuous complex valued
function of S'. By OV (S/) we mean collection of sequence of continuous complex
valued function on S’. The definition for the Hilbert transform of periodic function
contains the period 2w, see [5]. No distinction is made between a function on S "and a

27 —periodic function on the real line R. The convolution of two functions f,g € C(S /),
denoted by f * g, is defined by

(1.1) (Frp)@) =5 [ fa—tg)dt, o€ lma]
The n'" Fourier coefficient of f € C(S") is defined by [7]:
en(f) = % f( Je "y,

Let G is linear space, i.e., G = C°°( ), which is also considered as a quasi-
normed space that is equipped with the topology of uniform convergence on compact
set S € D(R), and A be the class of sequence from D which satisfies the following
conditions
(i) o= [ 6n(x)dz=1forallneN
(ii) supp5 C (- En,an), where ¢, — 0 as n — o0,
where §,, is a delta sequence (a sequence of continuous non-negative functions).

A pair of sequence (fy,d,), denoted by , is called quotient of sequence, if

A={({fu}:{0n}) : fo*dn = fn * 0y, for all n, k € N},

where f, € C(R),n=1,2,..., and A C CN(§") x A.

Two quotients of sequences 5 In and Zn are called equivalent if f,, * 0y, = g * dy,
for all m,n € N, which is said to be an equivalence relation on A.

The equivalence classes are called periodic Boehmians [7], defined by

(12) 5= {6 e af

The natural addition, multiplication and scalar multiplication on B imply

In _(fn*on—i—gn*én)
43 E+E On * Op,
(1.4) fo, 9n _ (Fn*gn)

0n, On Op * Op,
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(1.5) «@ <§:) = o;—‘in

where « is a complex number and B becomes a commutative algebra with identity
§ =9,
On

2. Uniqueness theorem for Hilbert transform for Boehmians of analytic
functions

DEFINITION 2.1. [10] Let f(t) be a periodic function with period 27 which is L?
integrable over the interval [—7,7]. Then the Hilbert transform of (H f)(x) of f(¢) is
given by
M) 1 ’

(21)  (Hf)(z) = f(z) = %A;gnm _Nm_tdt= 5 (P) | flz=1) cot(%)dt

—T

for almost all z € R, where P is the principal value of the integral.
The Hilbert transform f of any f € P,_ is defined as a functional by

(2'2) <f’ 9> = <_f? é>7 (9 € P2‘r>'

NOTE 2.1. Here the testing function space P» is defined as the space of all smooth
functions with period 27 and P, denotes the dual of P», with its weak* topology.

In [10] it is proved that the Hilbert transform of any element in Ps, exists and is
also in Py,. It is clear that the Hilbert transform is linear on P, and it is also proved
that the Hilbert transform of any element in PQ/T belongs to PQ/T. It is clear that the
Hilbert transform in linear on P, . The following Lemmas can easily be proved [10].

LEMMA 2.1. If ¢ € Py, and z € R then (17,3) = —7.(). In particular, (@) =
—(9)-

LEMMA 2.2. If f € Por and ¢ € R then (f o) = (f)x o = f* (@) in Par.
LEMMA 2.3. If f € Py and ¢ € R then (f x oV = (f) %o = f % (@) in Pyr.

The Hilbert transform of compactly supported distribution u (an element of the
dual € of e = C*°(R)) is usually defined as an analytic function as follows. Let z
belongs to the complement of the support of v and let a(t) € C*°(R) be such that
in neighbourhood of the support of u, a(t) = 1 and «(t) = 0 for sufficiently large ¢.
Then the Hilbert transform of u is defined by

(@) = (. 2223

"t—x

It is defined [2, 3] that this is an analytic function of z € C' \supp wu.
The classical relation between Fourier transform and the Hilbert transform [10,
pp. 125-130], is given by

(2.3) [6](z) = i msgn(2)[d](z), Vo €S,
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where sgn is the signum function:

+1, >0
sgn = 0, =0
-1, x2<0.

Further, if f is a periodic function, then the k" coefficient f (k) of f is given by,
cr(Hf) = ex(f) = im sgn(k)(f).
LEMMA 24. Let F = [(J;—:] € B. Then for each k, the sequence {cx(fn)}S2,
converges. '

PROOF. Let k € Z. Since {p.,}5°_ 4 is a delta sequence, there exists a w € N such
that @, (k) # 0. Now
pu(k

~

S

(fn) = Ck(fn) "

(

(fn * ) (k)

Pu (k)
)
)

\_/

asy

=imsgn(k)

(fw*spn (k)

=imsgn(k) G
Puw

i.e.

= mTsgn (fu
— iwsgn(k)M asm — oo.

Pu(k)

Thus the lemma is proved. U

DEFINITION 2.2. Let F = [%] € B. Then the k' Hilbert coefficient of f is
defined by

(2.4) a(f) = Jim cx(fn)-

DEFINITION 2.3. A Boehmian F' is said to be zero on an open set ), denote by
F =0 on €, if there exist a delta sequence {8, } such that F x4, € C(S") for all n € N
and F % J,, — 0 uniformly on compact subset of {2 as n — oco.

DEFINITION 2.4. A Boehmian F = [g—”] € B is said to be of analytic type if
F(k)=0for k=—1,-2,....

THEOREM 2.2. If F = [{;”] € B be a Boehmian of analytic type and F (k) denotes
its Hilbert transform such that F' =0 on some open arc 2, then F' = 0.

PROOF. Let F € B be a analytic type such that F =0 on Q. Since F(n) = 0 for
n = —1,—2, ..., while for each n

(2.5) fu(k) = F(k)on(k) =0 fork=—1,-2,....
Invoking the Definition of Boehmians, f,, * ¢, = fo * ¢, for all n,w € N, we have
(26) fn:fn_(fn*(sw)"_(fn*éw)? for all n,w € N.
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Since {0,} is a delta sequence, for each w, (f, * d,) — f, uniformly on T as
w — 0o0. Let J be any closed subinterval on 2. Then there exist a closed interval I,
foran a > 0,J C I C Q, and (—a,«a) + J C I. Also there exists an ng € N such that
supp 6, C (—a, ), for all n > ng. Let n, be any fixed integer, n > ny. Then for all
w = wo, let ¢ > 0. Since f, — 0 uniformly on I as w — oo, there exist a wy € N such
that for all w > wo, |fu(z)| < e for all z € I. Then

|(fn # 00) (@) = |(fio * 0n) ()]
1 [e3%

(2.7) S o 3 | fu(z = t)[6n(t)dt

[0}
< % /_a on(t)dt = ¢, foralla e J.
Therefore, (f, *d,) — 0 uniformly on J as w — oo, for each n > ng. By combining

(2.5), (2.6) and (2.7), we see that for each n > ng, f, vanishes on J. This completes
the proof of the theorem. O

3. Analytic Boehmian and Hilbert transform

A Boehmian space consists of analytic functions in the open unit disc D of C,
called analytic Boehmians, defined by

(3.1) A= {f(z) = Zakzk s ag| < Ce ™) Wk € N, and for each A > 0} .
k=0

We also take the multiplication in G as the Hadamard product is defined by

o0 oo oo
E apz’ * E bpzt = E (ak.bk)zk.
k=0 k=0 k=0

The Hilbert transform of an periodic function f(t) which is the uniform limit of the
sequence of trigonometric polynomial

n
fn(t) = Z ameAnLti
m=1

may be defined by
(3.2) (H(z) = lim (fu()) = Y —ami sgn(Am)e "

n—o00
m=1

provided the limit exists.

In [15] it has been shown that if f is periodic function with period 27 and of
bounded variation then its Fourier series and the corresponding conjugate Fourier
series are related by Hilbert transform, i.e., if

f(x) = % + Z(an cosnx + by, sin nx)

n=1
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g(x) = Z(an sinnz — b, cosnx)
n=1

then

1
T or

—t 1 T t
5 dt = %(P) fl@—1t)cot idt'

®) [ ftyeot ™

—T

(3-3) g(x)

—T

In fact it is proved in [15] that the Fourier series of f(z) converges to f(z) iff the
integral in (3.3) converges. It is true that if f,, is the partial sum of the Fourier series
on f(z) and g,(z) is the partial sum of the corresponding conjugate Fourier series
then f,(z) = gn(z) and that

lim g, (x) = lim fo(x) = g(z) = (F)(a).

n—0o0

Thus, for this class of periodic function we have
D*f = (D"f)
and also

<f’<p>:<f7_§5>7 VQOGS.

DEFINITION 3.1. Let X = ({fix},{¢x}) € B. The Hilbert coefficient of X, is

defined by ¢, (X) = limy_, o0 imsgn(k)(fx).

DEFINITION 3.2. A sequence {X,} in B is said to J-converge to some X € B,

denoted by {X,} % X as n — oo if there exists a sequence {¢r} € A such that
Xy % dp, X x ¢ € L1(S")(n, k € N) and X, * ¢, — X * ¢y, € L*(S") as n — oo for each
fixed k.

THEOREM 3.1. Let T be a Schwartz distribution exist trigonometric series
> ane*t which converges in the weak distribution sense to T and that the k"
order distribution T is given by DFT =Y a,(Ayi)Fe . Also, let f € ¢ (class of
all analytic functions defined in the open unit disc D). Then there exists a sequence

{Sm} in A and X € B such that Sy, — f in ¢ and DT % X in B as m — oc.

PROOF. Let f(z) = >1" janz" € ¢ with 37" |an| < co. For each m € N, define

Sm(z) = Z anz", z €D.
n=0
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Then obviously S,, € A and S,, — f in ( as m — co. Also T'= > ane . By
convolution of two functions we have

(@0 = 5 [Tl
= % : iane””“”)fk(n)dn
- nﬁjjoane“nteMn<">fk<n>dn
- i ane™t fr(An)
=
=t (Fu () (). (by (3.2)

sgn ) e

Define gi,(t) = 3.7 ane® ) fi.(\,) € L'(S"). By choosing

| An|
1 for |\,| <k
( +k:+1 ’ or\ |

fk:()‘n) -

0, otherwise,

we can easily prove that for each k,T* fi, — > an,et*® € L1(S') as m — oo and

({gr}, {fr}) € A. Therefore, if we take X = ({gx}, {fr}) € B, by definition S, %X
in B as m — oo.
This completes the proof of the Theorem. O
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