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Fourth coefficient estimate in the class of univalent functions
with quasiconformal extensions

Larisa L. Gromova

ABSTRACT. We denote by S(k) the class of all ‘givalent conformal maps f defined
in the unit disk A normalized by f(z) = 2+ .2, anz", such that all f admit
k-quasiconformal homeomorphic extension to the whole Riemann sphere é, and
f(co0) = 0. In our note we give a new estimate for |as4| in S(k) making use of the
Area Principle.

Let us denote by X the class of functions

F(C):C+ao+%+...,

which are regular and univalent in the exterior part of the unit disk A’ = {¢ : [{| > 1}
except for the simple pole at infinity and its subclass ¥y is given by an additional
restriction 0 € F(A’). Let X(k) stand for the subclass of functions F € ¥ that
admit k-quasiconformal homeomorphic extensions to the unit disk A, and Xq(k) be
obtained from Y (k) applying the restriction F'(0) = 0. By S(k) we denote the class
of all univalent conformal maps f defined in the unit disk A normalized by f(z) =
z+ 270:;2 a,z™, such that all f admit k-quasiconformal homeomorphic extensions to
the whole Riemann sphere C, and f(co) = co. Obviously, f € S(k) if and only if
1/f(1/¢) € Zo(k). During the long history of univalent functions the Bieberbach
Conjecture [1] |a,| < n, f € S, has been the most intriguing one. It has been proved
by L. de Branges in 1984 [2, 3]. In spite of many works about coefficient estimates
in the class S, there are some difficult problems that still unsolved, in particular, the
problem of estimating |a,|, n > 2, for the subclass S(k) that we will deal with for
n = 4. We remark here that the only known complete sharp estimate is |as| < 2k,
0 < k < 1. Some achievements in this estimate are as follows. S. L. Krushkal and

R. Kiihnau [6] gave the estimate
2 4 2 14,
as] < 2+ O(K) < Sk+ LK,
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as k — 0 in the class S(k). In [4] it was shown that
2p 4 4 2 4 1023 V7
|a4|<{3k+ﬁk+3k, for 0 < k < YT,

2 4 103, for YT <k <1,
that leads to |a4] < 4 ask — 1. In 1995 S. L. Krushkal [7] obtained the sharp estimate
2k
n < R k )
anl < 2, f € 5()

under the restriction

1
0<k<— n> 2,

n2+1’
that implies |aq| < 2k/3 for 0 < k < 1/17 = 0.0588.... V. G. Sheretov [9] gave some
general conditions for the coefficients of p-symmetric univalent functions from S(k)
and Yo (k).
In our note we use the Area Principle (see, e.g., [8]) to give a estimate for |ay| for
functions from S(k). Our result is the following theorem.

THEOREM 0.1. In the class S(k) we have

2 2
lag| < §k+ gk’y(x*), for 015 <k < ‘1/—5? ,

where * is a unique oot of the equation
3(0.22 — k?*)z? — 3.68z + 6k* + 1.62 = 0, z* € (0, 1),
and the function v(x) is given as
v(z) = (0.22 — k)2 — 1.8422 + (6k% + 1.62).

PROOF. Let us follow a method by V. Ya. Gutlyanskii [5]. If F(¢) € X(k), and
Q(w) # const is a function which is regular in the domain D,(F) = F(A}), where
A, ={¢:1 < p < (]}, then one obtains the Laurent series of the function Q(F(())
in the annulus 1 < |¢] < p as

QIF(C) =D wnl ™"+ > ("
n=1 n=0

Using the Area Principle we obtain

oo o0

(0.1) > nfwal* <ED nll*
n=1 n=1

For arbitrary constants x,,z,, p=1,2,..., such that

o || = |72
0< )y <00, 0< Y I <o,
p=1 P p=1 P

the inequality (0.1) implies

02) S S| < a3 Il gl
0.2 q’ wp,q:cpxq’ <k ,
q=1 p=1 p=1 p q=1 q
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where wj, , are the Grunsky coefficients. We assume ;, = 2 in (0.2), and consider
the subclass ¥2(k) of odd functions F' from ¥ (k). For our convenience we leave the
notations wy 4, and from (0.2) it follows that

(0.3) 2(2(1 - 1) Zw2p71,2q71xp|2 < k? 2pp_ T
q=1 p=1 p=1
First, we assume 1 =1, 2, =0, p=2,..., and choose 1 =1, 22 =2, 2, =0, p =
3,.... Then we have
(0.4) w1 1]? + 3lwi 3]* < K2,
4
(05) |w171l + 2W173|2 + 3|W1731 + 2(.0373|2 < k2(|l|2 + g)
One easily sees (e.g.,[8]) that
3
w
w33 = % — 4wy 1w 3 — 5%, Wi = %-

Substituting ws g in (0.5) we have
10 4
(06)  Blas — Bwi 1 — Dwrs — i [* + fwial 4+ 20052 <K + 3).

Without loss of generality, we assume a4 > 0. Changing in the left-hand side the
absolute value by the real part we get

2 1 1 1 1 7 10
as < gk‘ + le‘Q(k — E\w1,1|2) — %|w1’3|2 + Re {(8&1171 - — Eal,ll)ng + gwil}.
We introduce the following notations (see, e.g., [8])
. k A
w1 = kze'?, (x = %), (0<z<1), 1= %e*“&m cos %cp, y= |sin;g0\.
Then,
2 k3a? k3x? 1
< Sk+16——(1—2%) —16———y°(1 — 2%) — —|wy 3/
‘a4| 3 + (1+Jf)2( €z ) (1_'_]:)231 ( €z ) k|w1,3‘
. . 10 .. .
+  Re [(8kze'® — 8kae /% cos %z)wl,g + gok‘sx:ge:gw}
2 3 ol—a 20 4 . E322(1 — )
< Sk+16k322 —— — (k33 4+ 16————2)y?
gh H 10K — (PR 16—y
1, 10 4 4
— %|w1,3| + 8kz|w 3|y + ?k z°.
Now we set the function ¢(y) by
20 k32%(1 — x)
= (ka3 + 16— L)y? + 8k .
a(y) ( 3T T+ )y~ + 8kx|wi sly

It is easily seen that

Jnax, a(y) = q(yo),
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where
kx|w113 |

51.3..3 k3z2(1—x)’
3k 3+ 4 T

Yo =

w1 3] < 1312 k? (see (0.4) ).

So the estimate of |ay4] is of the form

2 1—-z 10 1. 19+ 14z — 522
<Sk+16k322—= + k2% 4+ Sha——— (1 — 0,1).
sl S kA 16k 2" 4 ket sk e m (U a) e € (01)

We note that
2 <1—|—x 19 + 142 — 522

14z = =~ 12—Tz+ 522

<3.24-044z2,0<z < 1.
Then,

2 2 2 2
lag| < gk + 5k[(ﬁlc? +1.62)z — 1.842% + (0.22 — k*)2®] = gk + §lw(a:).

Calculating 7/ (x),we have

7' (x) = 3(0.22 — k?)x? — 3.682 + 6k* + 1.62.
Then, the equation +/(z) = 0 has a unique solution z* in (0,1), and correspondingly,
v(x) has a unique maximum in (0,1) for k2 < 0.22:

jnax y(x) =(z.).

It is easily seen that
0 < <1,7(0) =0, v(1) = 5%,

what completes theorem. O

REMARKS.

(1) Some achievements in our estimate are as follows. R. Kiithnau [4] gave the
estimate
2 4 10 V7
k4 —k+ =k, 0<k< —.
|as] gkt 7 +3 15
Assuming z* = x*(k) we have v(x) = y(z*(k)) = v1(k) and the function
2ky1 (k) increases.
We note that
4 V7

(k) = %kz + 13—0k3, ¥(0.15) > %k%(ﬁ)‘

Then,

Y(k) > 2k k), b € (015 %7]-

V7

By more precise calculations, the segment [0.15; 15] could be improved up

to [0.1013, ¥7].
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(2) Let z = % Then

2 3
laa] ) 4102l laa]® ).
2k 4k2 8k3
Therefore, we obtaine the sharp estimate under the restriction as = 0, and
the extremal function is
f(2)=2(1—kn2)"23, 0<k <1, |y =1
(3) If k* > 0.22, we have the estimate [4] |as| < 2k + 12K5.

2.2
lay| < 3k + g1~c[(6/~:2 +1.62) +(0.22 — k%)
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