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ABSTRACT. The table of Gradshteyn and Ryzhik contains many integrals that
involve powers of trigonometrical functions. A selected sample of these entries are
discussed.

1. Introduction

The table of integrals by I. S. Gradshteyn and I. M. Ryzhik [3] contains a large
selection of integrals. The present work is part of a project dedicated to proving all
these evaluations and to provide context for them. This project started with [4]. The
entries discussed here supplement those in [1] and [2].

The basic trigonometric functions cosx and sinx are encountered in the elemen-
tary courses. The obey the differentiation rules

1.1 —cosx = —sinx and —sinx = cosx.
(1.1) dx dx

Most of the entries established here follow from these two identities. Among the other
identities employed in the proofs are the duplication formulas

(1.2) sin 2z = 2sinx cosz  and cos 2z = cos?z — sin
and the extensions to higher multiple angles. Naturally, the fundamental rule cos? x +
sin?z = 1 is often used without mentioning it.

In this paper the integrand has the form (cosz)® (sinz)? with a, b € Z. The
entries evaluated here are those for which an explicit solution can be achieved. The
table also contains a variety of recurrences and parametric finite sums. These will be
analyzed in a future publication.
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2. Section 2.513

The entries evaluated in this section can be reduced to primitives of pure powers
of sin or cosx. All the examples given below can be obtained from the fact that such
a power is a linear combination of sines and cosines of multiple angles. The identities

(2.1) sin®" & = 2% {23:1(—1)"’“ (2/:) cos2(n — k)z + (2:) }

k=0

and

n—1
1 o —1
(2.2) S =D (—1)”’€1< ”k )sin(2n— 2% — 1)z,
k=0

with similar expressions for powers of cosine. These identities have appeared in [1]
and they will be analyzed in a future publication.

2.1. Entry 2.513.5.

1 1 1 1
(2.3) /siandx:—ZSin%c—i—ﬁx:—isinxcosx—&-ix

PROOF. Use the identity sin® 2z = 1(1 — cos 2z) to obtain

1 1
(2.4) /siandm: 3 (/1dm—/cos?xdx) :_181n2$+;

The first formulation follows from sin(2z) = 2sin x cos . O

2.2. Entry 2.513.6.

1 3 1
i3 _ _2 — Zcosd —
(2.5) /sm rdr = 15 €08 3z 4 COST = g C08" T — COsT

PROOF. Start with

(2.6) /singxdx = /Sinx(l —cos’x)dr = /sinxdw—/sinxcos%cdm

1 3
= —cosx -+ gcos x.

This gives the second form. To obtain the first one, use the identity
(2.7 cos(3z) = 4cos® x — 3cosx
which is obtained from the addition theorem (and it appears as Entry 1.335.2). O

2.3. Entry 2.513.7.

3 in2 in4
(2.8) /sin4xdx = g — 781114 T4 813230

3 3z
rCoOST + —

8

—gsinxcosx — —sin
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PROOF. Start with the relation sin*z = % (cos 4z — 4 cos 2z + 3) which is obtained
from the the double angle formulas (and it appears as Entry 1.321.3) one obtains the

first formula. The second one follows from sin(42) = cos z(4sinx — 8sin® z). O

2.4. Entry 2.513.8.

5 5 1
(2.9) /sim5 rxdr = —geosT + 18 o8 3z — 30 08 5x
= —fsin4xcosm+icos3x—écosx
5 15 5

PROOF. Integrate the identity sin®z = % sin bx — 15—6sin 3z + gsinm to obtain

the first expression. The second one comes by using cos3z = 4cos® z — 3cosx and
cos 5z = 16 cos® z — 20 cos® z + 5 cos z. 0

2.5. Entry 2.513.9.

5 15 3 1
(2.10) /sinﬁxdac = 1%33 - 6—4$in2x—|— 6—4811&455 — @sin&b
= —fsin5xcosx——sin3:vcosx—isinxcosx—&—S—x
6 24 16 16

PRroOF. Entry 1.321.5 states that
1
(2.11) sin® z = 3 (— cos 62 + 6 cosdx — 15 cos 2z + 10) .

Integration produces the first answer. To obtain the second answer, write

(2.12) /sinﬁxdx = /sin4xdx - /sin4x cos® z dx

and integrate the second integral by parts:

1 1
(2.13) / (sin' z cosz) cosz = o sin® x cos x + g/sinﬁ xdr.
This gives
. 6 5 [ .4 1.5
(2.14) sin” z dz = g | sin xdr — g Sin° weosz.

The final step is to integrate sin®z by parts, following the same steps as above, to
produce

3 3 1
(2.15) /sin4xdx = gx ~3 coszsinx — 1 sin® z cos z.

Replacing this expression gives the stated formula. O
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2.6. Entry 2.513.10.

1
(2.16)/sin7xd;z: = —2—icosx+6—74c083x—$c0s5z+mcos7z

6 3 24

T CoOST — gSiDZl.TCOSZ‘—‘r — COS" X — —— COST

35 35

= —? Sin
PROOF. Integrate the relation 1.321.6
1
(2.17) sin” z = o1 (—sin 7z + 7sin 5z — 21sin 3z + 35sin )

to obtain the first answer. The second one comes by writing
(2.18) /sin7 xdr = /(1 — cos? z)? sinz da
and making the change of variables u = cos x to obtain
T L 7 3 5 3
(2.19) sin' zdz = - cos’ @ — —cos Z 4 cos®x — cos .
This can be reduced to the trigonometric form given as the second answer. 0

2.7. Entry 2.513.11.

1 1
(2.20) /costdx:Zsin2x+g:§sinxcosm+g

ProOOF. Integrate by parts to get
(2.21) /cos2 xdr = coszsinx + /sin2 xdx.

The result now follows by replacing sin « by 1—cos? z. This gives the second formula.
The first one follows from sin 2x = 2 sin x cos x. g

2.8. Entry 2.513.12.

1 3 1
(2.22) /0053 xdr = T sin 3z + 1 sinx =sinz — 3 sin®

PROOF. Write the integrand as cos aﬂ(l—sin2 x) and make the change of integration
u = sinx gives

(2.23) /cos3 zdr = /(1 —u?)du=u— Lu?

and this gives the first form. The second form is obtained from the relation
sin3z = 3sinx — 4sin®  (which appears as Entry 1.333.2). O
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2.9. Entry 2..
3 1 1
(2.24) /cos4 rdr = g + 1 sin 2z + 32 sin 4z
3z n 3 . n 1. 3
= — + —sinzcosx + - sinz cos®
8 8 4
Proor. The identities
, 11 , 3 1 1
(2.25) cos"z = o + 5 cos(2x) and cos®z = 3 + 3 cos(2x) + 3 cos(4x)

appear as entries 1.323.1 and 1.323.3. Then integrate to produce the first form. The
second form appears from the formulas

2.26 sin2z = 2sinzcosx and sindx = cosz(4sinz — 8sin®
( ,

appearing as entries 1.333.1 and 1.333.3. O

2.10. Entry 2.513.14.

5 5 1
(2.27) /0055 rxdr = 3 sinx + yr sin 3z + 20 sin bz

4

. 4 3 1 .
= —sinz — —sin®z + — cos® zsinx

5 15 5

PROOF. Write the integrand as (1 — sin® z)? cos x to get

(2.28) /cos5xd:c = /cos:cd;vf2/sin2xcoszdx+/sin4:ccosxd:17
2 1

. . 3 .5
= sinx — -Sin”x + —sin” x.
3 )
To obtain the second form of the answer write sin® 2 = sin (1 — cos? )2 and expand.

The first form comes from the second one using the expressions

1 1
sin® z = Z(_ sin3z + 3sinz) and sin®z = E(sin&r — 5sin3x + 10sin z)

appearing as entries 1.321.2 and 1.321.4, respectively. O

2.11. Entry 2.513.15.

) 15 3 1
(2.29) /cos6 rdr = l—z + 61 sin 2z + 61 sindz + 1oz sin 6z
oT

= ——i—isinxcosx—i—isinxCOSBx—i—lsinxcos5x
16 16 24 6

PROOF. Entry 1.323.5 gives cos®z = 35(cos 6z 4 6 cos4x + 15 cos 2z + 10) and
the first answer follows by integration. For the second form, start with

(2.30) /cos6 xdr = /cos4 z(1 —sin® z) dr = /cos4 xdr — /cos4 xsin’ x da.
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The first integral was evaluated in Entry 2.513.13. The second is obtained by inte-
gration by parts:

1 - 1
(2.31) / (cos* zsinz) x sinz dr = ~E cos’ xsinx + £ / cos® x da.

Now replace to obtain an equation for the integral of cos® z. Solve to obtain the second
form of the answer. O

2.12. Entry 2.513.16.

35 7 7 1
(2.32) /cos7 rdr = o sinx + o1 sin 3z + 320 sin bz + 148 sin Tx
= %sinx—ésin3x+£sinxcos4:c+lsinxcosﬁx
35 35 35 7

PRrROOF. Integrating the identity
1
(2.33) cos’ x = o1 (cos 7z 4 7 cos bz + 21 cos 3z + 35 cos x)

(appearing as Entry 1.323.6) gives the first answer. The second one is obtained by
using

(2.34) sin3z = 3sinz —4sin’x
sinbz = bsinz — 20sin®z 4 16sin® x
sin7r = Tsinz —56sin’®z + 112sin® z — 64 sin” x,
appearing as entries 1.333.2, 1.333.4 and 1.333.6, respectively. O

2.13. Entry 2.513.17.

1/1
(2.35) /sinxcos2 rdr = 1 (3 cos 3x + cos J;)

= ——cos’w
3

PROOF. The change of variables u = cos z transforms the integral to
1
(2.36) /Sinx cos’xdr = — /u2 du = _§u3

and this gives the second expression. For the first one use cos 3z = 4 cos® z — 3cos .
O

2.14. Entry 2.513.18.

1
(2.37) /sinx cos® xdx = ~1 cost

PROOF. Let u = cosx to obtain the evaluation. O



THE INTEGRALS IN GRADSHTEYN AND RYZHIK. PART 32 7

2.15. Entry 2.513.19.

1
(2.38) /sin zcost xdr = —¥ cos® x

PROOF. The change of variables u = cos x gives the evaluation. O

2.16. Entry 2.513.20.

3

1/1 i
(2.39) /SiHQxCOSxdx -3 (3Sm 30— Sinx) _ sn; x

PROOF. The change of variables u = sinz gives the second expression. To obtain
the first one use sin(3x) = 3sin 2 —4sin® z. This last identity comes from the addition
theorem for sine. O

2.17. Entry 2.513.21.
1/1
(2.40) /sin2 rcos’xdr = ~3 (4 sindz — a;)

PROOF. Write the integrand as

1 1 1
(2.41) 1 sin?(2z) = 2 3 cos(4x)
and now integrate to produce the evaluation. O

2.18. Entry 2.513.22.

1 /1 1
(2.42) /sin2 zcos® xdx —— < sin bz + 3 sin 3z — 2sin x)

16 \ 5

sin® 2 204 2 sin®z (5,
COS —= = — — Sin
5 T3 5 \3 v

2

PROOF. Make the change of variables ¢t = sinz and write cos?z = 1 — sin?z to

obtain

(2.43) /Sin2l‘C083IEdl‘ = /tz(lftz) dt = %sin3 -1 sin® z = %sin?’;z: (2 - sin’ z) .

This gives the last expression. The previous one follows by writing sin® z = 1 — cos? z.
To obtain the first evaluation, use the relations

(2.44) sin’z = 2(—sin3z +3sinz) and sin’z = 2= (sin 5z — 5sin 3z + 10sin z)

which appear as entries 1.321.2 and 1.321.4, respectively. O
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2.19. Entry 2.513.23.

1 1 1
(2.45) /sin2 xcost xdr = 1£6 + o1 sin 2z — o1 sindx — 105 sin 6z

2 4 4 6

PrOOF. Write the integrand as (1 — cos® x) cos* z = cos* z — cos’ x and now use
the expressions in entries 1.323.3 and 1.323.5

1 1
costz = 3 (cosdx +4cos2x+3) and cos®a = ﬁ(cos 6x + 6 cos 4z + 15 cos 2z + 10)

to obtain
(2.46) (:08437;—008696——icos&c—icos431:—|—i008233—|—i
' 32 16 32 16°
The result follows by integration. O
2.20. Entry 2.513.24.
. 3 1/1 sin x
(2.47) sin® z cos z dzr = g \ g o8 4dx —cos2z | = 1

PROOF. Let t = sinx to obtain the second expression. The first one appears as
1
Entry 1.321.3 as sin® 2z = — (cos4z — 4cos 2z + 3) . Recall that constants of integra-

tion are not included in the evaluations. O

2.21. Entry 2.513.25.

1 /1 1
(2.48) /sin3 rcos’wdr = 16 (5 cos b — 3 cos 3x — 2cos x)
L 5 3
= —cosx— -cos’x
5

2 2 4

PRrROOF. Use sin®z = 1 — cos? z to write the integrand as cos? x sin z — cos? z sinz

and integrate to produce the second answer. The first one follows from cos®z =
1 1

(cos 3z + 3cosz) and cos® z = - (cos 5z + 5cos 3z + 10 cos z). O

2.22. Entry 2.513.26.

1 /1
(2.49) /sin3 rcos® xdr = 32 <6 cos 6z — g cos 23:)

3 5

Proor. Write the integrand as cos® x sinx — cos® xsinz. Now let ¢ = cosx and
integrate to produce % cos® m—% cos® z. The result follows by using cos® z = é(cos 6+
6 cos 4a + 15 cos 22 + 10) and cos* z = 2 (cos4z + 4 cos 2z + 3). As usual, constants of

integration are not written. O



THE INTEGRALS IN GRADSHTEYN AND RYZHIK. PART 32 79
2.23. Entry 2.513.27.

1 2 3
(2.50) /Sin3 zcost xdr = = cos® (—5 ~ sin? z + sin? J:)

4

PROOF. Write the integrand as sinx (1 — cos? m) cos” x and make the change of

variables t = cosx. This gives

1 1
(2.51) /sin3 xcost xdr = —/t4 dt + /t6 dt = ~E cos®  + = cos” z.
To match this answer with the one appearing in the table write it as
(2.52) z cos® x (cos4 T — % cos? z).

Now use cos? z = 1 —sin? z to express the previous result in terms of sine. This gives

the form in the table. O
2.24. Entry 2.513.28.
1
(2.53) / sin® x cos v dx = £ sin® x
PROOF. Let u = sinx to obtain the evaluation. O
2.25. Entry 2.513.29.
(2.54) /sin“xcostda:—i—isian—isin4x+isin6a:
' - 16 64 64 192

Proor. Start with
(2.55) /sin4 xcos? xdr = /sin4 z(1 —sin® z) do = /sin4 xdx — /sin6 xdx

and then use the identities

1
(2.56) sinfx = 3 (cosdx — 4 cos2z + 3)
1
sinz = 32 (— cos 6x + 6 cos 4z — 15 cos 2x + 10) .
Replace this in (2.55) and integrate to obtain the result. O

2.26. Entry 2.513.30.

1 2 3
(2.57) /Sin4 zcos® xdr = = sin® (5 + 5 cos? x — cos? sc)

PROOF. Use sin?z = 1 — cos? x to write the integral as

(2.58) /cos3xdx — 2/cos5asdx + /cos7xdx.

These integrals have been evaluated in Entries 2.513.12, 2.513.14 and 2.513.16,
respectively. Replace their values to obtain the formula stated here. O
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2.27. Entry 2.513.31.

1
(2.59) /sin4 zcost xdr = LR sindx +

1
128~ 128 1004 S8

PROOF. Start with
/sin4 xcost xdr = /(1 —cos®x)%cos? xdax = / (cos* z — 2cos® z + cos® z) dx

and use Entry 1.320.5

(2.60) cos®" x = 2% {nzl 2 <2:) cos2(n — k)x + <2:) }

k=0

in the special cases 2 < n <4

1
(2.61) cos'cz = —(cosdr + 4cos2z + 3)
1
cosbz = §<COS 62 + 6 cos 4z + 15 cos 2z + 10)
1
cosbz = m(cos 8z + 8 cos 62 + 28 cos 4x + 56 cos 2z + 35)
to conclude that
(2.62) cos433—2cos6310—&-cossx—icos8x—ic0s4x—&—i
' o128 32 128
Integrate to obtain the result. O

3. Entry 2.518
3.1. Entry 2.518.1.

- p - p—1
(3.1) / ST = T (p— 1)/sinp_2xdm

cos?2 x cos T

PROOF. Apply the standard method to integrate by parts and choose

sin? x sinP~ !z
(3.2) udv=—— and w=——
cos? x cosx
. . . dv sinz (—sinx) .
Divide these two relations to obtain — = = — and integrate to get

v cosx cos x
v =1/cosz. From here u = (sinz)?~". Therefore

(3.3) vdu = (p—1)(sinz)P~2coszdr = (p — 1) sin? 2z dz.

CoS T

Integrate by parts to obtain the statement. O
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4. Entry 2.523
4.1. Entry 2.523.

(4.1) / cos™ x dx cos™ g

5 =— —(m—l)/cosm_zxdac

sin” x sinx

PROOF. In order to integrate by parts, choose u, v so that

cos™ x dx cos™ Ly
(4.2) udv=——— anduv=————
sin” sinx
dv cosT
Dividing these two relations gives — = ———. Integration gives v = 1/sinz and
v sinx
from here u = — cos™ ! 2. The statement now follows by integration by parts. O

5. Entry 2.526
5.1. Entry 2.526.1.

dx T
5.1 = Intan —
(5-1) / sinz g
PROOF. The change of variables u = tan & (the so-called Weierstrass substitution)
2
gives sinx = 1o +uu2 and dz = T Replace to obtain the result. O

5.2. Entry 2.526.2.
d
(5.2) / f = —cotx

sin“ x
. d cosx 1
ProOF. This follows from the elementary rule — — =——5- U
dx sinz sin” x
5.3. Entry 2.526.3.
dx cos T 1 x
5.3 =— + —Intan —
(53) /Sin?’:v 2sin®z 2 2
PROOF. Integrate by parts starting from
d
(5.4) /(cosec x)d—(— cotx) = —cosec x cot T — /cot2 X COSeC .
x
Now use cot? z = cosec?z — 1 to produce
(5.5) /cosech de = — c'oszx — /COSGCBCC dz + /Cosecxdx.
sin® x

Then use the result from Entry 2.526.1 to obtain the statement. O
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5.4. Entry 2.526.4.

dxr Ccos T 2 1
5.6 = — — Zcotzx=—=cot]x —cotx
(5.6) /Sin4x 3sin®xz 3 3
. 2 d 2 2
PROOF. Start with the rules cosec’z = i cotz and 1 + cot®“xz = cosec’x.
T

Then

dz
/ — = /cosec4ac: —/cosech d(cot x).
sin® x

The change of variables u = cot x gives

(5.7) / df =— /(1 +u?)du = —u — %ug

sin® x

and this gives the second formula for the entry. To obtain from here the first relation,
simply use

(5.8) cot®z = (1 — sin? x) C_Ozgj .
sin® x
O
5.5. Entry 2.526.5.
dx CoS T 3cosx 3 T
5.9 = - - + - Intan -
(5.9) / sin® x 4sin*z  8sin’z 8 2

PROOF. Integrate by parts with v = 1/sinz and dv = 1/sin* 2. Entry 2.526.4
gives

CcosST 2cosx

(5.10) v = and du = — cot x cosec x

3sin®z  3sinz

Therefore

dzx cosT 2cosx 1 cos? x 2 cos?
5.11 =— + +f/ dx—l—f/ dx.
( ) / sin® x (3 sinz  3sin® x) 3 ) sin®x 3 ) sin®z

The first integral on the right is

1 2 1 1
(5.12) 7/cosj g:dx :7/ .df _7/ .df .
3 sin® x 3 ) sin°z 3 ) sin°zx

Move the new first integral to the left and evaluate the second one from Entry 2.526.4.
The second integral on the right is

2 [ cos’x 2 dx 2 dx
5.13 - de == | —— 2 )
( ) 3 / sin® * 3 / sin®xz 3 / sin x
These last two integrals have been evaluated in Entry 2.526.3 and 2.526.1, respec-
tively. O
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5.6. Entry 2.526.6.

d 4 4
(5.14) / T oo BT otz — —cotx

sin® x C5sinx 15 5
Lotz — 2 cot? t
= ——cot’z— -cot’z —cotx
5 3
ProOF. The integrand is written as

d d
6 4 2 2
= x —(cot ) = —(1 + cot X —(cot
cosec™x cosec x(CO LU) ( CO $) x(CO .’E)

and the change of variables u = cot x gives

(5.15) / d“;f = —/(1 + 202 + u) du.

sin’ x

Integrating yields the second expression for the entry. Replace in here

1
(5.16) c.osgm = cot x —5— = cot (1 + cot® z)
sin” x sin” x
to obtain the first form of the entry. O

5.7. Entry 2.526.7.

dzr cosT 1 5 15 5 T
(5.17) / — = 7 ( — T +8> Jrﬁlntani

sin' x 6 sin sinfz  4sin’z

PROOF. Integrate by parts with u = 1/sinz and dv = 1/sin® z. The function v
has been evaluated in Entry 2.526.6. Then the integral is reduced to the evaluation
of

1 cos? 4 costz 4 cos? x
5.18 vdu = = dr + — —|—f/ dx.
(5.18) / ) / sin’ 15 ) sin®z 5 ) sin®z

Observe that all the powers of cos x are even. These can be reduced to powers of sin x.
After doing this reduction one obtains 1/5 times the original problem (coming from
the first integral). Move this unique term to the left (to get 4/5 the original problem)
to reduce the question to the evaluation of

dz dz dz
5.19 , d .
( ) / sin x / sin® o / sin®

These appear in Entries 2.526.1,2.526.3 and 2.526.5. This produces the stated
result. O

5.8. Entry 2.526.8.

d 1 3 .
5.20 - T —cot” x4+ = cot® z + cot® z + cot z
8
sin® x 7 5
: . 8 2 3 d
PrROOF. Write the integrand as cosec®z = —(1 + cot” x) d—(cot x) and then the
x

change of variables u = cot x gives the result. O
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5.9. Entry 2.526.9.

dx T x T 1+sinx
5.21 ~mtan (2+2) =1 t(—)zl\/i
(5.21) /cosa: ntan (g ) =meot (g —5) =™\ TG,

ProoF. The change of variables u = tan 5 gives

2du q 1—u?
= an COST = ——
1+ u? 1+ u?

(5.22) dx
and this implies
dx 2du 1 1
5.23 = = du.
(5.23) /COSCL‘ /1—u2 /(1—u+1—|—u> b
Integrating this last form gives
d 1+ tan %

(5.24) / CENNY (e il

cosx 1 —tan 3
The addition theorem for tangent shows that this is the first stated form
the other forms, use

1+ tan 3 cos 5 +sin g
_ z T _ oin &
1 tan 3 cos § — sin g

(5.25)

and the half-angle formulas

T 1+ cosx LT 1—cosx
(5.26) cos§f1/T and Sm§7”T'

All the forms can be verified from here.

5.10. Entry 2.526.10.
d
(5.27) / Y —tang

cos? x

d
Proor. This follows directly from the formula . tanz = sec’x.
x

5.11. Entry 2.526.11.

. 1
(5.28) / dz S + — Intan (E + f)

co3z  2costz | 2 4 2

. To match

PROOF. Write the integrand as sec x x sec? x and integrate by parts with u = sec

and dv = sec? z. This gives
(5.29) /sec3 x =secxtanx — /sec x(sec? z — 1) dx.

Now bring the original integral appearing on the right to the left-hand s
the result of Entry 2.526.9.

ide and use
O
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5.12. Entry 2.526.12.

dz sinx 2 1. 4
(5.30) /cos4x:30053x+§tanx:§tan T +tanz

PRrROOF. The change of variables u = tanx gives /sec4 rdr = /(1 + u?)du and

integration produces the second expression. To obtain the first one use

. 2 .
sinx(1 — cos® x sinx
(5.31) tan® 2z = ( 3 ): 5 — tanz.
cos’® x cos3 x

5.13. Entry 2.526.13.

/ dx sinx n 3sinx +31 ¢ ($+7r)
= —Intan ( = + —
cos®x  4costz  8cos?x 8 2 4

(5.32)

PROOF. In order to evaluate this entry, we produce a recurrence for the integral
(5.33) Sp = /sec" xdx.

The value S; appears in entry 2.526.9 and S5 is given in entry 2.526.10. Start with
the relation

(5.34) S, = /sezc’“2 r x (sec?x = tan®z + 1) do = /sec”*2 ztan® zdr + S,_o.

To evaluate the remaining integral, integrate by parts with u = sec® 2 ztanz and
dv = secxtanz. Then v = secx and du = ((n — 3)sec” *ztan® x + sec” ' x)dx.
Therefore vdu = (n — 3) sec" 2 ztan? x + sec™ z. Replace in the original equation to
obtain the recurrence

n—2 1

(5.35) S, = Sn_o + sec" 2 ztanz, forn > 3.
n—1 n—1

For example, when n = 4, this recurrence gives

d 2 1
(5.36) Sy = / cosfx =3 tanx + 3 sec? z tan .

This confirms the value proved in Entry 2.526.12. In the current problem, n = 5 and
the recurrence gives

3 1 4
(5.37) Ss = ZSg + 7 5% xtanx.

Replacing the value of S35 = % tan x sec x—i—% Intan (% + %) appearing in Entry 2.526.11
confirms the stated value for Ss. O
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5.14. Entry 2.526.14.

dx sinx 4 4
5.38 = ——+ —tan®z+ _t
( ) /cosz 5cos5x+15 at 3:—1—5 anw
1ta 5x+2tan3 + tanz
= —tan = x
5 3
PROOF. The recurrence (5.35) gives
d 8 4 1
(5.39) Se :/ﬁ = Etanx—i— BseCthanx—i— gsec‘lxtanx.

The second form of the current entry follows from here by converting the even powers
of secz into powers of tanz. In order to obtain the first form, note that

. 4 . .
sin® x sinx sinx
(5.40) tan® z = sin x = -2 + tanx
cos®x  cos®x cos® x
and
sinx sinx
(5.41) —— = x (sec’z =tan’z + 1) = tan® z + tanz.
cos3x  cosx
gives the first form of the evaluation. O

5.15. Entry 2.526.15.

(5.42) / dx sinx + 5sinx + 5sinx + 5 Int (:v +7r)
. = — Intan (= + —
cos’z 6cosbax  24costx  16cos?xz 16 2 4

PROOF. This follows from the recurrence (5.35). The details are left to the reader.

0
5.16. Entry 2.526.16.
d 1 3
(5.43) / T~ tanz+ S tan’z + tan® 2 + tanw
costx 7 5

2 2

PROOF. Write the integrand as sec? z x sec® . Then use sec? z = tan®?z + 1 and
expand sec® x = (tan? x +1)3. The change of variables u = tan z gives integrands that
are polynomials in u. Integrate to obtain the result. O

5.17. Entry 2.526.17.

sinx
(5.44) / dr = —Incosx
cos T
PROOF. Let u = cosx to obtain the evaluation. O

5.18. Entry 2.526.18.

G2
(5.45) / Scl(I)lsgcx dx = —sinz + Intan (% + g)

PrROOF. Write the integrand as — cosz and use Entry 2.526.9 to evaluate
cos T

the first integral. O
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5.19. Entry 2.526.19.

.3
sin” x 1 . 1
(5.46) / dr = —=sin?z —Incosz = ~ cos’z — Incos
coszT 2 2
PROOF. Write the integrand as
.. 3 . 2 .
sin®x  sinz(l — cos” x sinz
(5.47) = ( ) = —sinx cosx
cos T cosx cos T

and integrate to produce the second expression. The first one come from this one by
using cos? = 1 — sin? z. O

5.20. Entry 2.526.20.

.4
1
(5.48) / Scl(r)lsf dx = -3 sin® z — sinx + Intan (g + %)

PROOF. Write the integrand as 1/cosx — 2cosz + cos® z. The first integral was
evaluated in Entry 2.526.9, the second one is elementary and the third one was
evaluated in Entry 2.513.9. 0

5.21. Entry 2.526.21.
1/1
(5.49) /sin2 rcos’ rdr = ~3 (4 sin4x — m)

PROOF. Write the integrand as 1sin?(2z). Now use sin®(2z) = 1(1 — cos(4x))
and integrate to obtain the result. O

5.22. Entry 2.526.22.

.2
(5.50) / s1n21; dxr =tanx — x
cos?
.2

. sin“x
PRrOOF. Write — = tan? z = sec
cos? ¢

22 —1 to obtain

.2
(5.51) / ST e = / (5602 z—1) dov =tanz — 2.

cos? x
O
5.23. Entry 2.526.23.
.3
(5.52) / g dx = cosz +
cos? x cos T
PROOF. Write the integrand as
.. 3 . 2 .
sinz  sinz(l —cos*z)  sinzx .
(5:53) cos2x cos? x T Gostz ¥

The change of variables u = cosz evaluates the first integral. This completes the
proof. O
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5.24. Entry 2.526.24.

. 1/1 1
(5.54) /sind zcoszdr == [ = cosdx —cos2z | = - sin*x
8 \4 4
PROOF. Let u = sinz to obtain the second expression. Then use sin‘z =
1 (cos 4z —4 cos 22+ 3) (which appears as entry 1.321.3) to obtain the first expression.
Recall that constant of integration are not written. O
5.25. Entry 2.526.25.
sinz dx 1 1
5.55 = = _ tan®
(5.55) / cos® x 2costy 2
inz

S
Proor. Write the integrand as and then let © = tanx to obtain

X —_—
cosz  cos?x
the last expression. The first one comes from tan?z = sec?x + 1 (and recall that

constants of integration are not written). O

5.26. Entry 2.526.26.

.92 .
sin” x dx sinx 1 T
5.56 = — ~Int (f 7)
( ) / cos® x 2cos? x g tan 4+2
ProOOF. Write the integrand as
(5.57) sin® x _ 1 —cos®x 1 1
’ cos3z  cosdx  cosdz  cosz
The first integral was evaluated in Entry 2.526.11 and the second one in Entry
2.526.9. This completes the proof. U
5.27. Entry 2.526.27.
.3
sin” x 1
5.58 dx = In cos
(5.58) /cos3a: v 2C082$+n .
Proor. Write the integrand as
(5.59) sin® _ sinz(1 — cos? z) _ sinz sinx.
cos3 cos3 cos®x  coszw

The change of variables u = cos x converts these two integrals into integrals of powers.
The evaluation is finished. O

5.28. Entry 2.526.28.

sin x dz sinx . 3 r
= +s1nx—§lntan (74—*)

(5.60) 5+

cosxz  2cos’zx
PROOF. Write the integrand as
.4 2,2
sin® x 1 —cos“z 1 2
(5.61) T = ( 3 ) =— - + cos .
cos3 x cos3 x cos3x  cosw
The integral of the first term appears in Entry 2.526.11, the second integral is in
Entry 2.526.9 and the third one is sin x. O
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5.29. Entry 2.526.29.
i 1
(5.62) / ST e

costx 3cosdx

PROOF. The change of variables u = cos x gives the result. O

5.30. Entry 2.526.30.

. 2
sin“ x 1
. dx = = tan®
(5.63) /cos4a: = gtan®w
inz 1

PRrROOF. Write the integrand as i and make the change of variables
c

[ >< J—
) os2x  cos?x
u = tanx to obtain the result. O

5.31. Entry 2.526.31.
-3
1 1
(5.64) / ST = +

costx cosr  3cosdx

Proor. Write the integrand as

(5.65) sin®z  sinz(1 — cos® ) sin x sin
' costz costz costx cos?x’
Now let u = cosx and evaluate the resulting integrals. O

5.32. Entry 2.526.32.

.4
1
(5.66) /%dm = gtan3x —tanz + x

PROOF. Write the integral as

sin? z 1 —2cos?z + cos* dx
dx 5 X 5
cos? x cos? x

1
/ _o) B / 1dz.
cos? x cos? x

Let t = tanx in the first integral and use 1/ cos? x = t? + 1 to obtain the result. [

5.67
( ) cost x

5.33. Entry 2.526.33.

(5.68) / BT jo = Insina

sinx

PROOF. The change of variables u = sinx gives the result.
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5.34. Entry 2.526.34.

2
(5.69) / C(?S Y iz = cosz + Intan =
sin x 2
1 — sin? 1
Proor. Write the integrand as 'sm - - — sinz and use the statement
sin x sin x
in Entry 2.526.1. O
5.35. Entry 2.526.35.
.3 1
(5.70) / O T g = = cos?z + Insinz
sinx 2
1 — sin® 3
PROOF. Write the integrand as cos ( - sin” z) = C?bx — cosxsinz to reduce
sinx sin x
the problem to two simple integrals. O
5.36. Entry 2.526.36.
cost z 1 4 T
(5.71) / - dr = = cos” x + cosx + Intan —
sinx 3 2
PROOF. Write the integrand as
1 —sin® z)? 1
(5.72) ( _Sm z) = — — 2sinx + sin® z.
sin x sin

The integral of the first term appears in Entry 2.526.1, the second one integrates to
2 cos x and the third one has been evaluated as Entry 2.513.6. O

5.37. Entry 2.526.37.

COS T 1
5.73 de = —
(5.73) / sinZz " sin
PROOF. The change of variables u = sinx gives the result. O
5.38. Entry 2.526.38.
2
(5.74) / C.OS Tz =—cote —x
sin”
Proor. Write the integrand as —— — 1. Both integrals are now direct. O
sin® x
5.39. Entry 2.526.39.
<3 1
(5.75) / CF8 L dw = —sinz — —
sin” sinx
1 — sin?
PROOF. Write the integrand as COSC&(. 5 sin” 2) = (%Os;ﬂ — cosx. Now let t =
sin” sin” x

sinz in the first integral. O
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5.40. Entry 2.526.40.

4 1 3
(5.76) /C?SQxdx: —cotx — isinxcos:cf ?x
sin®
Proor. Write the integrand as —— — 2 + sin® 2. Now integrate using
sin“z
sin? ¢ = 1= cos(22) c;s(Qx)' 0
5.41. Entry 2.526.41.
Ccos T 1
5.77 ——dr = —
( ) / sin® x 2sin? x
PrOOF. The change of variables u = sinz gives the result. U
5.42. Entry 2.526.42.
cos? Ccos T 1 T
5.78 dr = ———— — —Intan —
( ) / sin® 2 2sin?z 2 2

2

PRrOOF. Use cos?z = 1 — sin? z to write

cos? x dz dz
5.79 dr = — .
( ) / sin® x . / sin® z / sinx

The first integral is evaluated in Entry 2.526.3 and the second one appears in Entry
2.526.1. This completes the evaluation. 0

5.43. Entry 2.526.43.

3

cos” x 1
(5.80) / ——dr = ————— —Insinx

sin” x 2sin” x

PROOF. Use cos?z = 1 — sin® x to write the integral as
3
cos® x dx cosx cosx

(5.81) /,3 :/.365:5—/, .

sin® x sin® x sin
and now let ¢t = sinz to see that the entry is the integral of t~3 minus the integral of
t~! with respect to t. That is the result. O

5.44. Entry 2.526.44.

4
(5.82) / T =~ COSQx —CcosT — %lntang

sin® 2sin” x

ProoF. Use cos?

4 d d
(5.83) /C_Ossxdac:/ . ‘;C —2/ .x —|—/Sinxdm.
sin” sin® sin z

The first integral appears in Entry 2.526.3, the second one in Entry 2.526.1 and third
one is —cosz. g

x =1 —sin? z to write the integrand as
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5.45. Entry 2.526.45.

cos T 1
5.84 —dr = —
( ) / sin? z 3sin® x
PrOOF. The change of variables u = sinz gives the result. 0

5.46. Entry 2.526.46.

2
1.
(5.85) / O L gy = —5 cot’

sin® x

PROOF. Write the integrand as cot? z x cosec?z and make the change of variables
u = cot z to obtain the result. O

5.47. Entry 2.526.47.

cos® x 1 1

5.86 dr = —— —
( ) / sin? x sinz  3sin’z

PROOF. Use cos® x = cosz(1 — sin® z) to write the integral as

3
cos® x cos T cos T
(5.87) /_4dx:/.4d;v—/_2dm.
sin® z sin® z sin“ x
The change of variables u = sin « evaluates the last two integrals to produce the result.
O
5.48. Entry 2.526.48.
4
1
(5.88) /Cf)s4x dx = —3 cotd z + cot x + x
sin®
PRrROOF. Use cot? z = cosec?z — 1 and write the problem as
2 2 2 2 1
(5.89) (cot®z) cot” xdx = [ cot”x X cosec’z dx — —— + [ ldx.
sin“ z

Every integral is now elementary and the result follows fro their evaluation. 0

5.49. Entry 2.526.49.

(5.90) /diz = Intanx

sinx cos x

PROOF. Write the integrand as % sin(2z) and make the change of variables ¢ = 2z
to obtain

(5.91) / _de [ db

sin x cos = sint’

The result now follows from Entry 2.526.1. O
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5.50. Entry 2.526.50.

d 1
(5.92) / x = + Intan g

sinxcos?x  cosx

sinx

PRrROOF. Write the integrand as Then make the change of

(1 —cos?2x)cos?z’
variables t = cosz to obtain

dz dt
(5:93) /Sinxcos2x B _/t2(1 —12)

1 1 1 1
Now use the partial fraction expansion ——— = — + + . and

2(1—2) 2 20+t 20—t

integrate to produce the answer

1 1 1+ cosz
5.94 ——In{—— .
( ) cosz 2 n<1—cosx)
This agrees with the stated formula by using the formulas for half-angle. O

5.51. Entry 2.526.51.

d 1
(5.95) / v +Intanz

sinzcosdz 2cos?z

sinx

Proor. Write the integrand as . The change of variables t =
1 —cos?x)cosdx

cos gives a rational integrand with partial fraction expansion
-1 1 1 1 1

(5'96) tS(l—tQ) :_2(1—t) _t73_¥+m

Integration gives

dt 1 1 1
.97 — | ———=-In(1-t)+ — —2Int+ - In(1 +¢
(5.97) /t3(1—t2) 2n( )+2t2 n+2n( +1)

and going back to t = cosz gives the result.

5.52. Entry 2.526.52.

dx 1 1 T
5.98 = Intan —
(5.98) /Sinxcos4x cos:r+3(zos3m+ nhaty

. . sinz )
Proor. Write the integrand as —s———— and make the change of variables
sin” x cos*x
t = cosx to get

dx dt
5.99 — = /-
(5.99) /sin:z:cos4:z: / (1 —¢2)4
Now use the partial fraction expansion
1 1 1 1 1
(5.100) - - =

(1—12)t 20—t) t4 2 2(1+1)
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and integrate to get

1 (1 1 1
(5.101) 1n< Co”) + n

2 1+ cosz 3cos3x  cosz’

This can be written in the form given in the table using cosz = 2 cos? 5—L O

5.53. Entry 2.526.53.

d
(5.102) /2730 = Intan (E + f) — cosec T
sin” z cos x 4 2

COS T

Proor. Write the integrand as . Now let t = sinx, expand the

sin? z(1 — sin? z)
resulting integrand in partial fractions to produce the result. The identity
1+sinz 1+tans

is used to bring the result to the form stated here. O

2
Ccos T 1 —tan 3

5.54. Entry 2.526.54.

d
(5.103) /79” = —2cot 2z

sin? x cos?

PROOF. The integrand is 4/sin?(2z). The change of variables u = 2z gives

2
(5.104) / — de :/ Ciu = —2cot u.
sin

z cos? x sin® u

This is the proof. g

5.55. Entry 2.526.55.

dx 1 3 1 3 T X
(5.105) /sin2xcos3x (200821‘ 2) sin T + 2 bt 4 + 2

COS ™

PROOF. Write the integrand as

and make the change of vari-
sin? z(1 — sin® z)2 &
ables t = sinz to obtain

dz dt
5.106 = .
( ) /sin2xcos3x /t2(1 —12)2
Integrate the partial fraction expansion
1 1 3 1 1 3
5.107 = il
(5.107) PO_2)2F 41-0F d1-0) & a1 A1+9)
to produce
1 1 3 1+¢
1 — [ - — —In{——]).
(5.108) 2t< 3+1—t2)+4n<1—t>

Now let t = sinx to produce the result. O
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5.56. Entry 2.526.56.

dx 1 8
5.109 _ _8 ot
( ) / sin2zxcostz 3sinzcosdz 3 cober

2
. . sec” )
PROOF. Write the integrand as —5————— and use make the change of variables
) sin? z cos?
t = tanx and the expressions

tan? 1
(5.110) sin?z = 1:‘% and  cos? x — T
an‘x an®x
to obtain

du 1+ 2t% 4t _
(5.111) / :/ = dt:/(t 4 244%) dt

sin® x cost

and integration produces

1 1 1+4cos’x —8cosx

5.112 - 2t —tan®z =
( ) tanx+ anx+3 ae 3sinx cos3
This matches the expression given in the table. O

5.57. Entry 2.526.57.

d 1
(5.113) / o ilntanz
sin” z cos x 2sin” x
. . sin x )
Proor. Write the integrand as ————,— and make the change of variables

cosz(1 — sin® x)
t = sinx to obtain

dx dt
5.114 a4
( ) / sin® z cos x / t(1 —t2)2

Integrate the partial fraction expansion

(5.115) 1 B 1 1 1 . 1 i 1
' t(1—12)2 41 —t)2 2(1—t) t 4(1+6)2  2(1+1t)
1 1—t2 1 ) .
to produce —In - . Finally let ¢ = sinx to produce the stated
2 2 2(1 — 12)
form. O
5.58. Entry 2.526.58.
dx 1 1 3 3 T
5.116 =— —— ]+ =Intan -
( ) /sin?’xcos%: cos T (2sin2x 2) 2 2

PROOF. Write the integrand as
sinx sinx

5.117 =
( ) sinzcos2z (1 —cos?x)? cos?x

and make the change of variables ¢ = sinx to obtain a rational integrand with partial
fraction expansion

£ 118 1 B 1 3 1 1 3
(5.118) C2(1—12)2 41 -t)2 4(1—t) & 41+6)2 4(1+1t)
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Now integrate and simplify to produce

1/ 1 3\ 3 (1t
11 - “2) 4 Zm (Y
(5-119) t(l—t2 2>+4n<1+t)’

and write back t = cosz to obtain the result. O

5.59. Entry 2.526.59.

dx 2 cos 2x
(5.120) / — 3 = "3, T2ntanz
sin” x cos® x sin” 2z
. . sinx . .
Proor. Write the integrand as ————— and let ¢t = cosz to obtain a rational

] ) ) i sin® x cos3 x
integrand with partial fraction expansion

-1 1 1 2 1 1

5.121 . o= .
(5.121) =0 1=t B ¢ anxo? T14e
Integrate and simplify to get
21 — 1 1—¢2
5.122 — 1 .
(5.122) 2t2(1—t2)+n< 2 )
Finally, write ¢ = cosz back to get the result. O

5.60. Entry 2.526.60.

dx 2 1 cosT 5 x
5.123 _ _ 5 1ntan E
( ) /Sin?’x cost x cosx+3cos3x 2Sil’12$+2 nrany

PROOF. Write the integrand as

(5.124) e

cos* z(1 — cos? )2
then the change of variables u = cosz produces a rational integrand with partial
fraction decomposition

(5.125) 1 5 1 2 1 5

' 41 —u)?2 41 —-wu) wr w2 41 +w)?2 41 +wu)
Each of these terms can be integrated directly and simplification produces the stated
answer. 0]

5.61. Entry 2.526.61.

dz 1 1 x

5.126 - +Intan (2 + %)

( ) /sin4x cos T sz 3sitz o \2 4
cosx

PROOF. Write the integrand as . The change of variables u =

sin?z(1 — sin®

sin z then produces a rational integrand with partial fraction decomposition

1 1 1 1
5.127 — =+ =+ —.
( ) 2(1—u)+u4+u2+2(1+u)
Each of these terms can be integrated directly and simplification produces the stated
answer. g
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5.62. Entry 2.526.62.

dx 1 8
5.128 - _ % ot on
( ) / sin? x cos2? 3coszsin®z 3

PROOF. Write the integrand as 8(cos(2x) 4 1)/sin*(2x) and make the change of
variables ¢ = 2z to obtain

d dt
(5.129) /47:” :4/sin—4tcostdt+4/ e
sin® x cos? x sin® t

The first integral is elementary and the second one was evaluated in Entry 2.526.4,
This produces the answer

4 4
5.130 - — —cot®t—4cott
( ) 3sin®t 3
and this can be written in the form stated in (5.128). O
5.63. Entry 2.526.63.

dx 2 1 sin x 5 r
5.131 - 2 lnt <7 7)
( ) /sin4:1:cos3;z; sin 3Sin3x+2COS2f£+2 nan 2+4

PROOF. Write the integrand in the form cosx/(sin? z(1 — sin? )) and make the
change of variables ¢ = sinx to obtain a rational integrand with partial fraction de-
composition

1 1 1 1

5.132 _—t — 4+ =+ —.
(5.132) DR )

Each of these terms can be integrated in elementary form. The stated answer follows
by simplificatiion. O

5.64. Entry 2.526.64.

d 8
(5.133) /4736 = —8cot 2z — = cot® 2z
sin® z cost x 3

PROOF. The change of variables t = 2z gives

dx dx dt
5.134 — =16 ——— =8 | ——.
( ) / sin® z cost x / sin® (2z) / sin® ¢

Now use the result of Entry 2.526.4. O
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