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Gain of regularity for a nonlinear dispersive equation

Octavio Paulo Vera Villagran
To Lorena Conde Bagquedano

ABSTRACT. In this paper we study the gain of regularity of solutions of a disper-
sive evolution nonlinear equation. We consider the equation

3
(1) = %-{-%[f(u)]ze(%[g(%)]—égﬁ
w(z, 0) = p(z)

where z € R, t € [0, T] and T is an arbitrary positive time. The flux f = f(u)
and the (degenerate) viscosity g = g(\) are smooth functions satisfying certain
assumptions to be listed below. It is shown under certain additional conditions
on f that C°°- solutions wu(zx, t) are obtained for all ¢ > 0 if the initial data
u(z, 0) = ¢(z) decays faster than polinomially on IRt = {z € IR; = > 0} and it
has certain initial Sobolev regularity.

1. Introduction

In 1976, J. C. Saut and R. Temam [23] noted that a solution u of an equation of
Korteweg-de Vries type cannot gain or lose regularity. They showed that if u(x, 0) =
p(xz) € H*(R) for s > 2, then u(-,t) € H°(IR) for all ¢ > 0. The same results
were independently obtained making use of different methods by J. Bona and R.
Scott [2]. For the Korteweg - de Vries (KdV) equation on the line, and motivated
by the work of A. Cohen [6], T. Kato [16] showed that if u(z, 0) = p(z) € L =
H?(IR) N L?(e**dz) (b > 0), then the solution wu(z, t) of the KAV equation becomes
C® for all ¢ > 0. The main ingredient in the proof was the fact that formally the
semi-group S(t) = et% in L? is equivalent to Sy(t) = e @9 in L2 when
t > 0. One would be inclined to believe that this was a special property of the KdV
equation. This is not, however, the case. The effect is due to the dispersive nature of
the linear part of the equation. S. N. Kruzkov and A. V. Faminskii [20] proved that for
u(z, 0) = p(x) € L?, such that 2%p(z) € L*((0, +0)), the weak solution of the KAV
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equation had [-continuous space derivatives for all ¢ > 0 if [ < 2. The proof of this
result was based on the asymptotic behavior of the Airy function and its derivatives,
and on the smooth effect of the KAV equation found in [16, 20]. Corresponding work
for special nonlinear Schridinger equations were done by Hayashi et al. [12, 13] and
G. Ponce [22]. While the proof of T. Kato turns out to be dependent on special
a priori estimates, some of its mystery has been resolved by results of local gain of
finite regularity for various other linear and nonlinear dispersive equations due to P.
Constantin and J. C. Saut [10], P. Sjolin [24], J. Ginibre and G. Velo [11], and others.
However, all of them require growth conditions on the nonlinear term.

All physically significant dispersive equations and systems are known to have lin-
ear parts displaying this local smooth property. We mention only a few: the KdV,
Benjamin-Ono, intermediate long wave, various Boussinesq, and Schrodinger equa-
tions. Continuing with the idea of W. Craig, T. Kappeler and W. Strauss [9] we study
smoothness properties of solutions of some evolution dispersive nonlinear equations.
We consider the nonlinear dispersive equation

3
()= { B A= Rl 05
u(z, 0) = ¢(x)

with = € IR, ¢t € [0, T] and T is an arbitrary positive time. The flux f = f(u) and
the (degenerate) viscosity g = g(A\) are given by smooth functions satisfying certain
assumptions that we list below. We give a formal proof of our gain in a regularity the-
orem for the nonlinear equation (1). The results of Section 3 were proved in O. Vera
[27]. In Section 4 we state our main results on the gain of regularity for (1). We prove
the following principal theorem.

THEOREM 1.1. (Main Theorem) Let T > 0 and wu(z, t) be a solution of (1) in
the region IR x [0, T, such that u € L>([0, T]; H*(Wo o)) for some L >2 and all
o> 0. Then

we L2([0, T); H* (W, 1)) () L2(0, T); H* (Wo, -1-1,1)),
forallOKI<L—1.

2. Preliminaries

We consider the nonlinear dispersive equation

ou 0 0 ou 3u
2.1 — 4+ = — e— bt B I
2.1) ot " on MW= gy [g (830)] e
with € IR, ¢t € [0, T] and T an arbitrary positive time. The flux f = f(u) and the
viscosity g = g(A) are given by smooth functions satisfying certain assumptions and
€, 0> 0.
Notation 1. We write 0 = a%? du = 2% = y, and abbreviate u; = Oy =

du. g9 _ 9
8Ij’8]_8Uj'
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EXAMPLE 2.1. If Ou/0x = uy then

0 7]

oo 19 (50) | = a5 Lot = o [atun)] -] = 5o L)) v = @rg)

The assumptions on f are:

A1l f:IR®x [0, T] — IR is C* with respect to all its variables.

A.2 All derivatives of f = f(u, z, t) are bounded for z € R, ¢ € [0, 7] and
u € IR lies in a bounded set.

A.3 NI f(0, z,t) is bounded for all N >0, j >0, and = € IR, ¢t € (0, T).
Indeed, VN > 0,Vj > 0,2 € IR, ¢t € (0, T] there exists ¢ > 0 such that
[2NaLf(0, x, t)| <e.

The assumptions on g are as follows:

B.1 g: IR? x [0, T] — IR is C°° with respect to all its variables.

B.2 All the derivatives of ¢(y, , t) are bounded for = € IR, t € [0, T] and y is
from a bounded set.

B.3 2Nd7g(0, z, t) is bounded for all N >0, j >0 and = € IR, € (0, T).

B.4 There exists ¢ > 0, such that 91g(u1, x,t) > ¢ >0, for all u; €IR;z € IR
and t € [0, T7.

LEMMA 2.1. The assumptions A.1-A.8 imply that f has the form f =ugfo+h =
ufo+h, where fo = foluo, z, t) = folu, x, t), and h = h(z, t). fo, and h are C*
and each of their derivatives is bounded for uw bounded, x € R and t € [0, T).

PROOF. We define (the same for g)

Lo, 2, 0=JO.2,8) g 40 £0
fo= { 0o f(0, x?t) for ug =0
and h(z, 1) = (0, , 1). -

DEFINITION 2.1. An evolution equation enjoys a gain of regularity if its solutions
are smoother for all ¢ > 0 than its initial data.

DEFINITION 2.2. A function £(z, t) belongs to the weight class Wy, if it is a
positive C'*° function on IR x [0, T, & > 0 and there exist constants ¢;, 0 < j < 5,
such that

(2.2) 0<c <t Fe %(z,t) <o for z<-1, 0<t<T.
(2.3) 0<cy <t P i¢(z,t) <cq for z>1, 0<t<T.
(2.4) (t[&|+107¢]) /¢ <es in Rx[0,T],VjelN.

REMARK 2.1. We will always consider ¢ > 0,7 > 1 and k > 0.

EXAMPLE 2.2. Let

£(x) = L+e Y7 for x>0,
11 for = < 0.

Then & € Wy ;0.
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DEFINITION 2.3. For a fixed £ € W, ;; we define the space (for a positive inte-
ger §)
s . . . . . 8jU
H*(Wy;x) = {v: R —IR; such that the distributional derivatives 307
x

s +oo0
for 0 < j < s satisfy |Jv]|* = Z/ |07 v(z) ¢ (2, t)dr < +oo}.
j=0 —ee

REMARK 2.2. H*(W, ;) depends on t ( because £ = &(z, t) ).

LEMMA 2.2. For £ € W,;09 and 0 20,1 > 0 there exists a constant ¢, such that
+oo
sup | Eu? |<c/ (|u|2+|6u|2)§dx
z€R —o0
for we H' (W, o) .
PROOF. See Lemma 7.3 in [9]. O

DEFINITION 2.4. For a fixed £ € W, ;. we define the space
Lg([(), T); HS(Ws k) = {v=v(z, t), v(-, t) € H*(Wy,k), such that

T
o |PP= / (-, £)]2dt < +oo};

L>([0, T); H*(Wyir)) ={v=v(z, t), v(-, t) € H (W, ;) such that
v [lloo= ess sup lo(-, B[] < +oc}.

)

REMARK 2.3. The usual Sobolev space is H*(IR) = H*(Wyo0) without a weight.

REMARK 2.4. We shall derive a priori estimates assuming that the solution is
C*, bounded as x — —oo, and rapidly decreasing as © — +o0o, together with all of
its derivatives.

According to the notation 1, we obtain
(2.5) ut + uz — €(d1g)uz + (o f)ur =0

for equation (1). The equation is considered for —oco < z < 400, t € [0, T] and T
arbitrary positive.

We would like to construct a mapping T': L>°([0, T; H*(IR)) — L*°([0, T]; H*(IR))
with the following property. Given u(™ = T(u(™=1Y) and |[u™ V|, < ¢y we have
lut™||s < co, where s and ¢y > 0 are constants. In fact, this property tells us that
T : B¢, (0) — B, (0) where 1B, (0) = {v(x, t); ||[v(z, t)|ls < co} is a ball in the space
L*>([0, T]; H*(IR)). To guarantee this property we will appeal to an a priori estimate
which is the main object of this section.

By differentiating (2.5) twice we obtain

Opus + dus — €(019) ug + (0o f ) us — 2€ 3(019) us
(26) +28(60f) Uy — € (92((919) U + 52 (a()f) up = 0.
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Let u = Av where A = (I —9?)~1. Then, d;us = — vy +u;. By replacing in (2.1) we

have
— vt + 6Avs — €(019)Ava + (0o f) Avs — 2€0(019) Avs + 20(0o f) Avo

(2.7) — 0?(D19)Ava + (D0 f)Avy — [§Avs — €(d1g)Ava + (8o f)Av1] = 0

where g = g(Avy) and f = f(Av).

The equation (2.7) is linearized by substituting a new variable w in each coefficient;
— v + 0Avs — €d1g(Awr)Avy + 0o f (Aw)Avs — 2 €d(d1g(Awr))Avs
+20(90 f (Aw)) Avg — €0%(01g(Awy))Avg + 0*(9o f (Aw)) Avy

(2.8) —[0Avs — €d1g(Awr)Avy — Do f(Aw)Avi] =0

LEMMA 2.3. Let v, w € C*([0, 00); HY(IR)) for all k, N, which satisfy (2.8).

Let & > ¢y > 0. For each integer « there exist positive nondecreasing functions E, F
and G such that for all t >0

(2.9) 3t/IR€Ude < G(llwll)vllE + Ewl)wlig + F(lwla)
where || + || is the norm in HY(IR) and A = mazx {1, a}.
PROOF. See Lemma 3.1 in [27]. O

We define a sequence of approximations to equation (2.8) as
—vt(") + 5Avén) — e(@lg)Avgn) + (80f)Avgn)

(2.10) —2e0(019) Ao — ALY + O(AuY AT ) =0,

where g = g(Avgnfl)), f = f(Ao™ VY and where the initial condition is given

by v (x, 0) = @(x) — 9%¢(x). The first approximation is given by v (z, 0) =
o(z) — 0%p(z). Equation (2.10) is a linear equation at each iteration which can be
solved in any time interval in which the coefficients are defined. This equation has the
form

(2.11) dyv = 0Avs — eAvy + b Avg + b
LEMMA 2.4. Given initial data in o € H*(IR) = (x5, HN(IR), there exists a

unique solution of (2.11). The solution is defined in any time interval in which the
coefficients are defined.

PROOF. See [26]. O

THEOREM 2.1. (Uniqueness) Let ¢ € H3(IR) and 0 < T < +oo. Assume that
f satisfies A.1-A.3. and g satisfies B.1-B.4, then there is at most one solution u €
L>([0, T); H3(IR)) of (2.5) with the initial data u(x, 0) = ¢(x).

PROOF. See Theorem 4.1 in [27]. O
We construct the mapping T : L°([0, T]; H*(R)) — L*°([0, T]; H*(IR)) by
N C))

u™ = TY) n>1
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where u(™~1) replaces w in (2.8) and u(™ replaces v which is the solution of (2.8).
By Lemma 2.4 there exists a unique u(™ in C((0, +00); HY(IR)). The choice of ¢,
and the use of the a priori estimate shows that T : B.,(0) — IB.,(0), where IB.,(0)
is a bounded ball in L*([0, T]; H*(IR)).

THEOREM 2.2. (Local Existence) Assume that f satisfies A.1 - A.4, and g sat-
isfies B.1 - B.4. Let N > 3 be integer. If o € HY(IR), then there is T >0 and u,
such that u is a strong solution of (2.5). w € L*=([0, T]; HN(IR)) with the initial
data u(z, 0) = ().

PROOF. See Theorem 4.2 in [27]. O

COROLLARY 2.1. Let ¢ € HY(IR) with N >3, such that o) — ¢ in HV(RR).
Let u and u'") be the corresponding unique solutions given by Theorems 2.1 and The-
orem 2.2 in L>=([0, T); HN(R)) with T depending only on sup., ||g0(7)||H3(|R) . Then

u Sy weakly in - L2([0, T]; HY(IR)) and u®) — wu strongly in  L?([0, T]; HNT1(IR)).

THEOREM 2.3. (Persistence) Let ¢ > 1 and L > 3 be non-negative integers,
0 <T < +oo. Assume that u is the solution of (2.5) in L>([0, T]; H3(IR)) with the
initial data ¢(z) = u(z, 0) € H3(R). If ¢(z) € HX(Wy;0) then

(2.12) w € L=([0, T); H*(IR) () H" (Wo.0))
where o is arbitrary, n € W, ;_1,0 for i > 1.

PROOF. Similar to Theorem 2.2. O

3. Main inequality

LEMMA 3.1. Let u be a solution of the initial value problem (2.5). Then we have
the following inequality

2 2 2
(3.1) Ot IRfuader/anua_i_lder/Reauader/lRRadz<O,
with
n = (30 +2ec)dE,
O = —& —00°¢ —2e0%(D19)¢] + e(a + 1)9[(79)Eus) — D(EDo f)
w2 (71 ) @20)ua + 0(@Rg el + 2a + DG e
R, = O(ugqy-..).

PROOF. Taking a-derivatives of the equation (2.5) (for « > 3) regarding to = €
IR we obtain

Ot + 0 Uy s — €(019) Ut — €(a + 1)(029)ugtiar1 + (0o f)tat1

(32) (31 ) etaa + 0@20)uslu
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+ (a4 1)(02 flurtg + O(tg_1, Ug_2, -..) = 0.
By multiplying (3.2) by 2fu, and integrating over x € IR we have

2 [ CunOruadr + 26 | Cuquarsdr —2¢ [ £(019)uatiqrodx
R R R

—2¢(a+1) f(@fg)l@uaua_,_ldx +2 [ £(0of)uquaride
R R

_2€< a—;l ) / [(02g)us + 0(0%g)us)éulda + 2(a + 1) / (2 Fruyilda
R R

+/ 2610 O(Ug—1, Uq—2, -..)dx = 0.
R

Integrating by parts leads us to

o | &utdx + / (36 + 2¢(019)) O&uZ , dx + / Oouldr 4+ | Redr =0
R R R R

with 6, and R, as above. Using B.4 we come to the main inequality
3t/ fuidx Jr/ (36 + 2ec) 8§ui+1d1¢ +/ Hauidx +/ R.dx < 0.
R R R R
O

LEMMA 3.2. If n € W,k is an arbitrary weight function, then there exists £ €
W, it1, s which satisfies

(3.3) n = (36 + 2¢c) 0€.
PRrROOF. Indeed
1 xr
(3.4) = m [m n(y, t)dy.

O

LEMMA 3.3. The expression R, in the main inequality is a sum of terms of the
form

Po P1
(3.5) §00° 07 fUy, Upsy + Uy, Uy Ue AN §011 07 GUu Upy + Uy Uy, Uy,

where 1< <y <...<yp<aand 1< <pe <0< g < a
1
1

p = p=21, v=a+l
(3.6) g = q=21 , y=a+l
mtr+...+y = a+l
(3.7) prtpe+. o Fp, = at+q+1
ptrvp_1+rv, < a+3
(3.8) q+pg-1+p, < at+d
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4. Main theorem

In this section we state and prove our main theorem which tells us that if the initial
data u(z, 0) decays faster than polynomially on IRT = {z € IR; 2 > 0} and possesses
certain initial Sobolev regularity, then the solution u(zx, t) € C* for all t > 0.

In the main theorem we assume 4 < a < L+ 2. For a < L + 2, we take an
arbitrary

(4'1) ne WU,L—a+2,a—3 — g S Wa,L—a+3,a—3

LEmMA 4.1. (Estimate of Error Terms) Let 4 < a < L+ 2 and the weight
functions be chosen as in (4.1), then

T
/0 /IR (0u? + R) dadt

where ¢ depends only on the norms of u taken in
L0, T); H?(Wo, —p12,-3)) (| L*([0, T); H** (Wo, 1541, 5-3))
for 3< B < a—1, and the norms of u taken in L>([0, T]; H*(Wo10))-

(4.2)

<c

THEOREM 4.1. (Main Theorem) Let T > 0 and u(z, t) be a solution of (2.5) in
the region IR x [0, T], such that

(4.3) ue L>([0, T); H*(Wo 10))
for some L >2 and all o > 0. Then,

u € L0, T); H¥ (W, ,—12)) () L2([0, T); B (W, 1o1-1.1))
forall 0<I<L—-1.

REMARK 4.1. If the assumption (4.3) holds for all L > 2, then the solution is
infinitely differentiable regarding to the x-variable. Due to the equation (2.5), the
solution is C'*° with respect to both its variables.

PRrOOF. (Induction on «) For a = 4 let u be a solution of (2.5) that satisfies
(4.3). The equation (2.5) implies that u; € L>([0, T]; L2(Wo o)), where

we L®([0, T); H*(Woro)), ue € L=([0, T]; L*(Wo o))

Then u € C([O, T], Lz(WOLO))nCw([(), T]7 HS(WOL())). Hence, u: [07 T} — H?’(WQL())
is a weakly continuous function. In particular, u(-,t) € H3(Wyro) for all t. Let
to € (0, T) and w(-,ty) € H*(Wyro). Then, there are {p(™} C C§°(IR), such
that o™ (-) — u(-,ty) in H3>(Wyro). Let u(™(x,t) be a unique solution of
(2.5) with u(™(z, tg) = @™ (x). Then, by Theorems 2.1 and 2.2 there exists a
unique solution u of (2.5) u(™ € L>®([ty, to + 0]; H*(Woro)) with u(™(z, to) =
oM (z) — u(x, to) = (x) in H*(Woyro), on a time interval [to, to + d], where
§ > 0 does not depend on n. Now, by Theorem 2.3, we have u(™ € L>([to, to +
§; H3Wo o)) N L%([to, to + 6); HY(Wy, 1,—1,0)) with a bound that depends only on
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the norm of ¢™ in H3(Wo o). Furthermore, Theorem 2.3 guarantees the non-
uniform bounds
sup  sup(1 + |z )¥|9%u™ (z, t)| < +oo
[to,to+0] =

for each n, k and «. The main inequality (3.1) and the estimate (4.2) are, therefore,
valid for each «(™ in the interval [to, to + d]. m may be chosen arbitrarily in its
weight class (4.1), and then, ¢ is defined by (3.4) and the constant cj, co, 3, ¢4 are
independent of n. From (3.1) and (4.2) we have that

to+98
(4.4) sup [ul)?da +/ / n[ugﬂzl]Qdajdt <ec,
[to, to+d] /IR to R

where ¢ is independent of n by (4.2). The estimate (4.4) is proved by induction for
a=4,5,6,... Thus, u(™ is also bounded in

(4.5) L>([to, to +6]; H*(Wo, L—a+3,a-3)) ﬂLz([to, to+06; H" (Wo —a2,a-3))

for a > 4. We have u(™ — u in L>®([tg, to + 6]; H>(Wy10)). By Corollary 2.9 it
follows that u belongs to the space (4.5). Since § is fixed and tg is arbitrary chosen
from the interval (0,T), this result is valid over the entire interval [0, 7. O
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