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On b-ary binomial coefficients with negative entries
Lin Jiu ® and Duanduan Wang P

ABSTRACT. We extend the b-ary binomial coefficients by allowing negative en-
tries, which is based on the generating function obtained in previous work. Be-
sides an explicit expression for these coefficients involving restricted partition,
several properties such as symmetry, congruence, Pascal-like recurrences and Chu-
Vandermonde identities are presented. Finally, we also provide two other gener-
alizations that partially satisfy Pascal-like recurrences.

1. Introduction

Besides the decimal number system, which is widely used in daily life, other num-
ber systems also have important applications, e.g., the binary number system for
computers. Some mathematical formulas and constants have better applications and
properties in special number systems. For instance, the famous BBP formula [1,
Thm. 1] allows us to compute any hexadecimal and binary digit of 7, without com-
puting the preceding digits. Therefore, extensions of ordinary formulas into other
bases are of importance and interest.

Callan [2, Thm. 2] originally extended the classical binomial identity

(X +Y)" = zn: (Z) Xhyn-k

k=0
to the binary version
(1.1) (X—FY)SQ(n) — Z X S2(n—k)y Sa2(k)
0<k<an

Here, given any positive integer n, we denote its b-ary expansion as
n = nNilefl + nN72bN72 + i+ mb+ng = (anl o nO)b .

Then, Sp(n) := ny—_1+---+ng is the sum of all the digits of n, in base b. In addition,
0 < k <p n means the summation index k runs over all integers from 0 to n such that
the b-ary addition k + (n — k) = n is carry-free.
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70 LIN JIU AND DUANDUAN WANG
An extension of (1.1), to any base b, is obtained as [3, Eq. 10]

n

(1.2) (X T Y)Sb(") — Z <n> X’Sb(n—k)}/Sb(k)7
k=0 k)

where, the b-ary binomial coefficient is defined by [3, Eq. 11]

(0),-TL(2)

for nonnegative integers n and k. Here, we assume k = (ky_1---ko)p and N =
min{m € N:ny =k, =0 for all s > m}. Namely, if n has N; digits and k has N,
digits, in base b, then N = max { N7, Nao}. This setup for NV shall be applied throughout
this paper. It can be observed that the carry-free condition, specified in (1.1), is
eliminated in (1.2), due to definition (1.3). Moreover, the generating function of the
b-ary binomial coefficients is given by [3, Eq. 13]

N-1 TR .
(1.4) g (1+x ) :Z(k>bx .

k=0

A natural question that arises is to extend the b-ary binomial coefficients with
negative entries. For the classical binomial coefficients, Loeb [4, Thm. 4.1] defined,
for n,k € Z,

™\~ lim 'n+1+¢)
k) =0l (k+1+e)l(n—k+1+e)

which also admit a combinatorial interpretation [4, Thm. 5.2] by counting the number
of elements in a hybrid set. Alternatively, it can be defined as the coefficient of 2* in
the power series of (1 +z)" [4, Prop. 4.5], denoted by [z*]:

(15) ()= ¥ asar,

where if k£ is negative, the inverse power series is applied. More precisely, for positive
n, the following two series expansions will be considered as follows.

(1.6) (1+2)" = i (_]”)xf = i <_?) xi]

=0 j=n
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The first three cases, n = 1, 2, and 3, are listed here. Calculations in later examples
will consult these expressions:

(1+a)!= i(_l)jmﬂ' _ i#
j=0 j=1
It 2= S+ = i(—W;%U
Jj=0 j=2
_ > (1) (542) 4 X (_1)i+1 71)(]72)
o) = (-1 e, (=6~ _
JXZ:O ; 227

The main purpose of this work is to extend the b-ary binomial coefficients with
negative entries, similarly as in (1.5). A definition, examples and an explicit expression
are introduced in Section 2. In Section 3, we study some properties, such as symmetry,
congruence, Pascal-like recurrences, and Chu-Vandermonde identities. Finally in Sec-
tion 4, we introduce two other natural but different generalizations, partially satisfying
the Pascal-like recurrences.

2. Definition and an explicit expression

First of all, we adopt the convention that a negative integer has all its digits
nonpositive, in any base b. Namely, if n = (ny_1ny_2---ning)p > 0, then
—n = ((—=ny-1)(=ny-2) - (=n1)(=no)), ,
which is compatible with the b-ary expansion that
—n = (=)0 4 (—nn_2)bV 2 4 4 (=na)b + (<o)
It also indicates Sp(—n) = —ny_1 — ny—2 — -+ —ny — ng = —Sp(n).

We now extend the b-ary binomial coeflicients with negative entries as follows.

DEFINITION 2.1. Let n,k € Z with n = (ny—1---n9), and k = (kn—1---ko),-
Define

(2.1) (Z)b = [2%] ]lij; (1+a")",

where, when both n and k are negative, it is defined as the coefficient of z* in the
inverse power series of the function on the right-hand side.

REMARK 2.1. For simplicity, we denote the generating function above by
N-1

Top(x) = H (1 +xbl>m .

=0

Also, for the negative case, we assume n is positive and consider the expansions

o B e S (0)

k=0 k=1
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EXAMPLE 2.1. Let b =4 and n = 6, so that —n = —6 = ((—1)(-2)), and
—1 -
fosa(z)=(1+2")" (1+a2)77.
(1) For k="7,asx — 0,
fo6a(z) =1— 22+ 32% — 42® + 42" — 42® + 42° — 427 + O (2%),

and then 6
(7).
(2) For k = —8, as © — o0,
foea(@)=270=22""+327%+0 (z77),
and then

—6
=3.
-8/,
The next proposition gives an explicit expression of the b-ary binomial coefficients

with negative entries.

PROPOSITION 2.1. Let n = (ny_1---ng), be positive. Then,

N-1 _n
> H(jl), if k> 0;
— . y _ l
(2.3) (kﬂ) _ L Gxerd0)€Pa () 120
b

) I1(Z7). k<o
(v 1rd0)€P5 () =0 N !
where
e by :={1,b,....0N "1},
o P.(k,by) is the set of restricted partitions of k into parts in by, i.e., N-
tuples of nonnegative integers (jn—1,...,j0) such that
(24) GNabN T bt o = ks
e and Pi(—k,by) is the subset of Pn(—k,bn), consisting of those N-tuples
with extra restrictions: j; > ny, forl =0,...,N — 1.

REMARK 2.2. If b > max {n, |k|}, then both n and k have one digit, i.e., N = 1.
In this case, (2.3) reduces to (1.5).

EXAMPLE 2.2. We revisit Example 2.1 where b =4 and —n = —6 = ((—1)(—2)),.
Then, N = 2 implies 45 = {1,4}.
(1) Fork=7=1-44+3-1=0-447-1, we see Ps(7,42) = {(1,3),(0,7)}. Thus,

<_76>4 (D)) v carr o=

(2) For k = —8, it is not difficult to see that Pg (8,42) = {(1,4)}. Therefore,

(.- ) () =roms
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PROOF OF PROPOSITION 2.1. (1) If £ > 0, we apply (1.6) to each factor of
fonp(z), namely

N-1 9] n . 9] N-1 n Nz_lj,bl’

j : — 1Y i bt j : — 1Y ‘

fons(e) = 11 <jz )z]lb - <H (jz )) o
=0 71=0 JOs-ees, in-—1=0 =0

By comparing coefficients, the first case in (2.3) is confirmed.
(2) Similarly if & < 0, by the inverse power series in (1.6),

F@ =T[5 (0w ) - % (Jﬁl (iZl)) :

N-1. :
=0 Ji1=ny J1=ny =0 Z .7lbl
1 1=0

Note that all the jj/s, { =0,..., N — 1, start from n; instead of 0. We need
to additionally restrict the N-tuples (jn—_1,...,J0) € Pi(—k,by).
O

REMARK 2.3. When both n and k are positive, f, ;(z) is a polynomial

fnp(@) = Jﬁl (1 + zbl)m = Nl:f i <”l)szbl

1=0 =0 \ji=0 \J!

Then, it requires 0 < j; < ny, for I = 0,..., N — 1, which restricts (2.4) to have only
one solution: the unique expression of k in base b: j; = k;. This explains why (1.3)
and (1.4) define the same coefficient, when n > 0. In the last section, we shall consider
two other natural generalizations of (1.3) for n < 0 that are different from (2.1).

3. Properties
3.1. Symmetry.

ProrosiTION 3.1. For any n, k € Z, ") = " .
kJ, n—kj,

PROOF. Since the nonnegative case is already proven in [3, Thm. 10], we let n, k
be positive integers and it suffices to show that

()= (), e (5= (),

(1) By the left expansion in (2.2),

—n\  f0)
(V)= =

On the other hand, note that

N—-1

o m) =TT (1+ x*bl)_m - ﬁl i (o 4 1)_m — " ().
=0

=0
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We apply the higher-order product rule to get that

n+k n
o am =3 (T S ),

da!
1=0

Letting * — oo, all terms on the right-hand side vanish except for one,
corresponding to [ = n. Thus,

—n—k B k

() B (et
by (n+k)! B (n+k)! B b

(2) To obtain the second identity, since k > n < —n + k > 0, we merely replace
k by —n + k in the first identity.

Now, the remaining case is that when k < n, in which case both —k and —n + k are

negative. In fact, we have
—n —n
= = O
<—k> b (—n + k) s

which can be seen either from (2.3), where in this case P (—k,by) = 0; or from the
following direct calculation:

m
[es}

oo N-1 —n N-1 ;
-2\ 1 1 1 | (=1)7
Z(_k)bmk—xn (”w) abl | A D bl B

k=1 1= Gi1=1

REMARK 3.1. The proof above suggests that (2.2) can be slightly modified to
allow the summation index on the right-hand side to begin at k = n.

o0

(3.1) > () # = e =3 (1) %

k=0 k=n

3.2. Congruence. As the authors in [3, Thm. 12] have pointed out, Lucas’ con-

gruence theorem,
n n N /n
H l
P 1=0 V'

where p is prime, becomes obvious by letting b = p in the generating function (1.4)
and by using the elementary congruence (1 + )" = f,, 4(z) (mod p). The reciprocal
of this congruence indicates that Lucas’ congruence theorem also holds for negative
entries, which we state without proof.

ProrosITION 3.2. Forn,k € Z and a prime p, <Z) = (Z) (mod p).

p
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3.3. Pascal-like recurrences. As proven in [3, Thm. 10], for nonnegative inte-

gers n and k,
(n) ( n ) (n + 1)
k), k-1, kE J,

holds when (”zl) , 7 0. The next proposition shows that for negative entries, the
recurrence holds similarly, under an indivisibility restriction.

PROPOSITION 3.3. Let n = (ny_1---ng) >0 and k € Z. If bt n, then

R )
(32) < k), + k-=1/, k b
PROOF. Since b{n < ng # 0, we have —n +1 = ((—ny_1) - (—=(ng —1)),. It

follows that

N-1

foniian@) = @+2) T (1402) 7 = 0+ 2) (@),

=1

This recurrence gives (3.2) by expanding both sides and comparing coefficients of the

two expansions in (3.1). O
REMARK 3.2. If ny # 0 for some s € {0,...,N — 1}, then a similar calculation
yields

(3.3) (—:)b + <k;__nbs>b - (_nlj bs)b‘

Now, in the next proposition, we consider the case b | n.

PROPOSITION 3.4. Let n be positive with ng = -+ = ns_1 = 0 and ng # 0, for
some s € {0,...,N—1}. For anym € {0,...,s =1}, if k 2 b° or k < —n+b™, then

—n+b° b5 — o™ —n+b"
o (V0)-x (057),00),
b b <i<bs, b5 J b J b

PROOF. Since n —b™ = (ny—1---(ns —1)(b—1)---(b—1)0---0),, we see that

s—1

N 1-b
(1+)

— 142"

l=m

fensomp(x) = N1 = — Jonp(@),

b
(14 byt H (1+az0)™ (1 + xbl>
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or equivalently,

(1 + 33b5> fonp(@) = <S_1 (1 + mbl)b1> J—ntvm p()

1

s—1 b—
b—1 .
(E < 7 >$Jlbl f—n+bm,b(aj)

J1=0
bs — pm )
( . )Ij fentom p(2),
b

where in the last step, j = (jn—1 - jo), runs over all integers between b™ and b° with
j1=0,1=0,...,m—1, which is equivalent to b™ | j. Comparing coefficients and
applying (3.3) to the left-hand side complete the proof. O

I
1
:
A
S,
n
<
<
3
<

3.4. Chu-Vandermonde identities. Observe that (3.4) is similar to the Chu-
Vandermonde identity, but with a restriction on the summation index. To obtain
identities that are more closely resemble the Chu-Vandermonde identity, suppose both
n=(ny_1---ng), and m = (my_1 ---mg), are positive, and n+m in base b is carry-
free. Then, by definition,

(35) f*(ner),b(x) = ffn,b(x)f*m,b(x%
which, by way of series expansions, gives
o] oo k
S ()= (), ()
¥ = ) R
k—O( k b k=0 j=0 k—3j b\ J /Jp
This leads to the following generalized Chu-Vandermonde identities.

PROPOSITION 3.5. Let n and m be positive integers such that n +m in base b is
carry-free. Then, for k > m, we have

k
—-n—m —n —m
( k >b _;0 (k—j>b< j )b’
—n—m i A —-m
( —k )b - ; (—kﬂ')b(—j)b'
REMARK 3.3. The second identity is obtained by the inverse power series of (3.5),
which requires both —k 4+ j and —j to be negative.

and for k = n+m,

Next, we consider the mixture of positive and negative cases. Let both n,m be
positive such that n > m and m+ (n —m) is carry-free in base b. Then, by definition,

(3.6) fn—mp(x) = fn,b(x)ffm,b(x) and ffner,b(m) = ffn,b(w)fm,b(m)-
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From the first identity in (3.6), we have

which leads to

(), %60,

Alternatively, if we apply the expansion on the right-hand side of (3.1) to f_,, »(z) in
(3.6), we obtain

which yields

n—m " /n —-m
< k )b_s_zk;rl (3)1)(]“_5)1).
A similar argument can be applied to the second identity in (3.6) to obtain additional

generalized Chu-Vandermonde identities, which we summarize in the next proposition’

PROPOSITION 3.6. Given positive integers n and m, such that n > m and m +
(n —m) is carry-free in base b, we have

(1) for0<k<n—m,

(3,750,007 2, 0,67,

(2) fork >0,

()5 G0,

4. other possible generalizations

Naturally, we can generalize the b-ary binomial coefficients by defining, for positive
integer n

@ (-1
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However, this definition is not equivalent to (2.1) and yields different values. For
instance, comparing the following values with those in Example 2.1:

(7)== e (R),- G -

We have also attempted to extend (1.2) by expanding its left-hand side as follows:

N-—-1 N—-1 ny
X+ =TT x+"=T1] [ X <7Z>X’”ﬁw
1=0 i=0 \ji=o0 \J!
while in the negative case,
N-1 Yy —ny —1 e} “n ) )
(X +y)" 0 = JT x—™ (1 + X) =11 (> ( ‘ Z)X—”l—ﬂlwz
: Ji
=0 =0 71=0

When Y has power jy_1 + -+ jo = Sp(k), X has the power —Sy(n) — Sp(k). Using
the inverse power series leads to similar results. Thus, by equating coefficients with
the right-hand side of (1.2), we obtain the generalization

(n) :: [YSb(k)XSb(fn)be(k)} (X+Y)—Sb(n)
b

k
N-1
= Z ( H (m))
4,20 for 1=0,...,.N—1 \ [=0 Ji

IN—1t " +iog=Sp(k)

and

(—n) = [Xsb(_n)_sb(_k)ysb(_k)] (X +y)—5b(")
b

—k
N-1
. (H(‘m))
jy=ng for 1=0,...,.N—1 \ [=0 i

IN—1++io=Sp(k)

Again, this generalization is not equivalent to (1.2). For instance, the following values
(obtained using the two series expansions of (1 + )73, since Sy(—6) = —3,) do not
agree with those in Example 2.1:

<_6> =15 and <_6> =0.
7 4 -8 4

Moreover, this generalization does not seem to correctly extend (1.2), since when
Sp(k") = Sp(k), the definition above implies (7‘"):* = (;?)Z* However, in the positive
case, one of them can be zero while the other is not, due to the carry-free condition.

For example, when b = 2, S5(3) = 2 = S(6), and

(0,1~
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In the positive case, from the two expansions

Sb(’ﬂ) n
3 (Sb(n)>Xijb(n)j — (X 4Y)H) = (n> (k) y Sy (n—k)
. k 9
k=0 b

)=z G

0<k<n, Sy(k)=j

we should have

Note that the finite sum on the left-hand side becomes an infinite series in the negative
case, which makes the extension of (1.2) unclear.

Although the two aforementioned extensions do not satisfy basic properties studied
in Section 3, they satisfy similar Pascal-like recurrence, for positive k.

PROPOSITION 4.1. For positive integers n and k, if btk and bt n, then
= n = .
k/, k-1), k b k/, k—-1/, k b

PrROOF. We shall make use of the result [4, Prop. 4.4] that the generalized bino-
mial coefficients also satisfy the Pascal-like recurrence:

-n + -n\ [(-n+1
k k-1, k '
Note that bt k and b1 n are equivalent to both ko and ng are nonzero, so that

k—1=(kn_1---ki(ko—1))y and —n+1=((—ny-1) - (—n1)(—no+1)),.
(1) Directly, we have

* * N—-1 N—-1
(), 6, = G () TC)
k) \k-1), " Ly ko—1) 1Lk

(2) By definition,

o N-1
() > o
k—1 b §{20 for 1=0,...,N—1 [=0 N

Jly gt +ig=Sp(k—1)

*k N-—-1
k b 4y =0 for 1=0,....N—1 [=( Ji
IN_1+ - +io=Sp(k)
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Jjo>0,4; 20 for I1=1,..., jp=0,4; =0 for 1=0,..., N-1 =0 J
IN—1++io=Sp (k) IN—1++io=Sp(k)

Note that Sp(k — 1) = Sp(k) — 1 and if jo > 0, there is a one-to-one corre-
spondence

N-1 N-1
(N—t1s--0d0) 1 i = Sb<k>} — {(jﬁv_l,.-.,j()) DY g =Sk - 1)}

=0 =0
jN—la---ij) = (jN—la"'ajOf]-)'

Thus, we can rewrite

n . n N—-1 n
SR S AR A O
(k - 1)1) 30>0,4; >0 for I=1,...,N—1 <]0 o 1) =1 ( J

IN—1++io=Sp (k)

In addition, when j; = 0,

TherefOI‘e,

“n **+ n *%
k), T \k-1/,

B 5 (—no + 1) N (—nl>
J0=0,5; =0 for I=1 N-—1 jO 1=0 jl

IN—1+ " +io=5y(k)

N—1
T (EDEE)
§0>0,4; 0 for 1=1,...,N—1 Jo jo—1 ey i

IN—1++io=Sp(k)

N-1 *k

_ 1 — — 1
- (T, =
j; >0 for 1=0,...,N—1 Jo =1 Ji K b

IiN—1++io=Sp (k)

REMARK 4.1. (1) Note that by definition, if k¥ — 1 has more digits than n,

(2)

recurrence for (;")Z holds vacuously, since all the three terms vanish.

When k < 0, for “most” values of k, Prop. 4.1 holds for (_k”)z For instance,
if b4n and k =1 (modp), then there are cases where Prop. 4.1 fails to hold.

However, these are not all the exceptions. Please see Table 1, which lists

values of
—n\" -n \" —n+1\"
(), (), - (G,

for 1 <n <10 and 1 < k < 20. Non-zero values occur where the Pascal-like
recurrence fails. We shall leave it as part of our future work, to understand
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0 0 1 0 0 O 0 0 0 O 0 0 0 O 0 0000
oo -3 000 O O0OO0OO O OOO OOOOO
oo 3 000 O OOO O OOO0O OO0OO0DTOOSO
oo o 100-1-100 1 100 00O00O0O0O0
oo 2 100 O0-100 0 100 10000
0 0 -2 0 00 —4 0 0 O 4 000 -3 00UO0O0
oo 4 000 2 00O0-2 000 30000
o0 -1 -1r00 0 200-1 -300-1200°00
co 1 o000 1 100-1 -200-2200°00
oo -3 000 1 0O0O0OS-5 000 60000

—n\" —n \" —n+1\", 1<n<10

TABLE 1 (—k)4+(—k—1>4 <—k—1)4 f0r1<k<20

why these exceptions occur and resolve differences between the three gener-
alizations that have been presented.
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