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On the Use of the Mellin Transform to Generate Families of
Power, Hyperpower, Lambert and Dirichlet Type Series and
Some Consequences

M.L. Glasser ® and Michael Milgram P

ABSTRACT. This note is concerned with series of the forms > f(a™) and > f(n™%)
where f(a) possesses a Mellin transform and a > 1 or a < 0 respectively. Inte-
gral representations are derived and used to transform these series in several ways
yielding a selection of interesting integral evaluations involving Riemann’s func-
tion ¢(s), limits and series representations containing hyperpowers. A number of
examples of such sums are provided, each of which is investigated for possible new
structure. In one case, we obtain a generalization of Riemann’s classic relationship
among the Zeta, Gamma and Jacobi Theta functions.

1. Introduction

Although series of the form

(1.1) S=>f(a")
n=0

have been extensively studied as g—extensions of classical functions, specific examples
only appear sporadically in mathematical tables. Some examples appear in the exten-
sive tables of Prudnikov et.al. [2, Sections 5.4.11 -16], as well as Hansen [8] Sections
11-13 and 17.9. General relationships between representative sums of the form studied
here and similar products can also be found in [4, Section 17].

In this note we assume that f(x) possesses a Mellin transform

(1.2) F(s) = /000 257 f(x)de, R(s) >0,

and employ this property show how interesting identities, one of which can be con-
nected to g-identities can be easily derived. Throughout, j,n, k, N are non-negative
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20 M.L. GLASSER AND MICHAEL MILGRAM

integers, b € T, all other variables are complex unless specified otherwise, 7y is the
Euler-Mascheroni constant and 1),(x) is the g-extension of the digamma function. The
symbol := refers to symbolic replacement and we represent a frequently appearing sum
in terms of a Jacobi-type analogue theta function

(1.3) w(b,s) = Z e bJ

Basically, we utilize Lebesgue’s dominated convergence theorem
c+ico ds c+ioco ds o0
1.4 S = a"F(s) = — R
(4 > O Y e
n=0

for some ¢ > 0 and R(a) > 1, ensuring the convergence of the series. Therefore, we
have

THEOREM 1. If f possesses a Mellin transform F' and Re (a) > 1, then

c+ioco
(1.5) Zf 271'2/0 4 1€(;)_st.

—100

Pursuing this princ1ple of treating the free Mellin transform variable a as the
independent variable in a power series, we also consider its utilization in the form of
a Dirichlet series; specifically, if

c+ioco
(1.6) fla)= i/ a ¥ F(v)dv

21 Je—ioo
where f(a) and F(v) are related by an inverse Mellin transform, then,

THEOREM 2. If R(s) < 0 and the sum converges, we have
[e%s) 1 c+io0o
1.7 %) = — —sv) F(v)d —1/s.
(17) S = g [ s F@dv, o> s
=1
Remark: In another context [16], instead of summing or exponentiating (and
justified by the principle of analytic continuation), the variable a was treated as a
complex variable a = r expif, and the Mellin transforms were studied as a function
of #. For this work, unless specified otherwise, we set a € R.

In the following section 2, we present some examples based on Theorem 1. In the
subsequent section 3, we present some examples based on Theorem 2. From the first
of these sections, a few of the more interesting identities are listed below:

e see (2.13)
—~ e CIn(m) 1 a y — / x _ coth
Z sinh(a™) In(a) 2 + a—1 + In(a) + Z (a" — coth(a™))
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e see (2.27)
) a—1
Z 1 _ L V1 /42(1) +¢1/a(1) ln(a-irl)_
= 1- a?k+l g —1  21n(a) In(a) 2 In(a) ’
e see (2.48)
= 2mij ) =/ 15 Y 1 1 0
Re T == wo_q = )In() + L.
e; <1n(b)> 2 ;(e re¥) 4 (750 )0+
From the next section 3, interesting identities include
e see (3.13)
o] 1 - 2
1y
/0 M (cos(v In(27)) cosh(%v) —sin(v In(2 7)) sinh(%)) dv

— 1
= \/E Z ej 1 - 9
j=1
o see (3.35)
C(=bs)T(b) = / xb_lz e da, s <0,
0 =

reducing to Riemann’s classic identities [7, Eqs. (2.4.1) and (2.6.2)] when

s = —1 and s = —2 respectively;
o see (3.43)
lim i#fC(n)F(nJrl) -
oo | o el 1 2-2e’

REMARK 1.1. In statistical mechanics, the sum (1.3) can be used to represent the
partition function of a system where energy levels are distributed according to a gen-
eralized power law. Although the remaining examples are interesting as mathematical
identities in their own right, according to a Gemini Al, similar sums appear in appli-

o0

cations. Specifically, “In physics, sums of hyperbolic functions like % appear
n=0

in the partition functions of systems with hierarchical or fractal energy levels. If the
energy levels of a system are quantized as e,, = a™ , then the average occupancy or en-
ergy of the system at a certain temperature will involve sums of this exact structure.”
As well, similar series “appear in the analysis of recursive algorithms and digital data
structures.”. Further, “(t)he left-hand side of (2.48), specifically describes periodic
fluctuations (oscillations) that appear in the analysis of recursive data structures and
probabilistic algorithms.” And finally, “(t)he identity (3.35) has been used to define
complex dimensions as the poles of the zeta function. These complex dimensions pre-
cisely describe the geometric oscillations and the spectral density of ‘fractal drums’
(vibrating membranes with fractal boundaries).” We offer no opinion on the validity
of these observations; they are presented for the reader’s edification.
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2. Examples based on Theorem 1

2.1. Example 2.1. From [5, Eq. 6.6(2)] with f(z) = 1/sinh(ax), F(s) =
2a7%(1 —27%)T(s) ((s), we have the Mellin transform
[ee] xsfl
2.1 ———dxr=2a"°(1-2"%)T
(21) | st =20 (=27 T ¢
yielding, after differentiating with respect to the variable a,
 z* cosh(az) el _
2.2 ——————dr=a""° 1-275T 1 R 1.
e [ e = e (12 ) T+ D). Res>

According to (1.5), after summation, we find the inverse Mellin transform with
c>1

1 c+1i oo b—s—l (1_2—9)1“(3+1)C(8) o aj COSh((lj b)
2. - = s
(2.3) o 1—q—* ds 2::0 cosh(2ai b) — 1

c—1 00
giving the (possibly new) series

(2.4) i2j cosh(2/b) 2 +2§°: b2E=2¢(1 - 2k)

sinh?(29b) b2 L2k —1)

1
sinh?(b/2)’

1
j=0 k=1 2
by evaluating the residues (see Appendix A) as the contour is moved to negative
infinity when a = 2.

Cases like this, where the quantity 1 —a~® cancels from the denominator of (1.5)
are scarce. However since the factor 1 — a™° = 1 — e~*"® vanishes for complex s,
when the contour is moved into the left-half s—plane, further interesting residue sums
over the imaginary poles 2wki/Ina, k = 0,+1,+2--- can be found, especially when
F(s) is meromorphic as will now be demonstrated.

2.2. Example 2.2. Consider next [5, Eq. 6.3(7)]

(2.5) f@)= . Fls) =Ts)(s), R(s)> 1.
Thus,
s 1 1 etico T'(s)¢(s)
(2.6) nzzoﬁ_ﬁ - ﬁd& c>1.

The integrand has a double pole at s = 0, simple poles at s=-k, k odd, k € N and
s = 2kmi/Ina. Closing the contour to the left and summing the appropriate residues
yields

s 1 v—In(27Va) a > C(—2k —1)
(2.7) Z e —1  In(a?) + a—1 + kz:: (2k + 1)!(a?k+1 — 1)
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However, since

= —2k —1) R
(2.8) Z ok + 1 (a7 = -3 Z [coth (a=*/2) — 2a"]
=1

(see Appendix B) then

2mik 2mik alna ~ —In(27+/a)
2. T = _ _
(29) RZ (lna) <lna> 2(a—1) 4

Ina ~— Ina e kb
+7 eak_ TZ Oth /2 —2a)
k=0 k=1

Similarly [5, Eq. 6.3(6)], which, by analogy to (2.5), provides the Mellin transform
pair

(2.10) flz) = , F(s)=(1-20")T(s)¢(s), R(s) >0

leads to

(2.11)
- 1 1 2 1 _ B
2 e +1  2In(a) hl(?f \/6> 2 ; (coth(a™"/2) ~2 coth(a™"))

n=0
i (- ()

By adding (2.11) to (2.7) and taking (2.8) into account, we obtain

S = a (@)
212 7;) smh a”) Z:: (coth(a™/2) —coth(a™) —a") — 1—a In(a)

k=1
+ “i(l” i')FGnW(”;)C(?nt;) |

=1

and by subtracting we find
o~ e " n(m) 1 a
2.13 - - ~ coth(a
(2.13) Z sinh(a”) ~ In(a) 2 + + Z a* —co ))

4 > 2mwik 2wik\ _2xik
T mZC( ) (ln<a>>2

=1

Note that by taking the limit of (2.12) as a — 2, the first series on the right-hand side
telescopes giving

Ju—

(oo}

(2.14) Z (coth (27%71) — coth (27%) — 2¥) = 2 — coth (;)

k=1
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—27ik/In(2) _ 0

while the second series vanishes since 1 — 2 , yielding

oo

1 1
(2.15) ;m = coth(2> -1,

an identity that could also be obtained by evaluating the listed identity [8, Eq. 25.1.1]
N

1 x
2.1 _— 0 = t<7> — cot(2V
(2.16) nz::o (27 7) cot| 5 cot (2" z)
after setting x = ¢ with N — oo. See also [12, Eq. 1.121.2] and [1].

2.3. Example 2.3. In a more elementary vein, let us take
(2.17) fa) = (a®*+1)7Y, F(s) = (n/2)/sin(ns/2),a > 1, 0<R(s) <2
yielding the identity

o0

(2.18) Zéf i/Hm ! ds
' a?* +1 4 ), sin(rs/2)(1—a)

k=0

Except for the case s = 0, the residues from the zeroes of the denominator term
1/(1 — a—*) in the integrand of (2.18) cancel, and closing the contour by transiting
the poles s = =2k, k =1,2,3--- and the double pole s = 0, we obtain the known
[14, Eq. (2.1a)] Lambert series identity (originally attributed to Ramanujan)

[ 1 o) (_1)1+k
(2.19) ZanJrl:Zazk—l’ a>1

k=1 k=1
which, by letting a = exp(x), is equivalent to
(2.20) > (=D (1/tanh(kx) — 1) = > (1 — tanh(kz)) (x> 0)

k=1 k=1
because
> ekm e ekr

2.21 — 1) = ) — 1
(221) ; (2 cosh(k ) ) kz::l( ) <2 sinh(k ) )

using (2.19). The identity (2.19) provides an interesting connection to the ¢—digamma
function (see (2.26) below), by considering the odd and even terms of each sum inde-
pendently:

> 1 > 1 > 1 1
2.22 - - N I
( ) I;lfcﬂk*l ;1+ak+;lfa2k 1—a

and
oo o0 o0

1 1 1 1
(2.23) Zl_azkﬂzzl_ak_z:m_m-

k=1 k=1 k=1
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So, by equating the right-hand sides of each, we obtain

oo

(2.24) S L (14 1/a) — 61 ja(1) + e (1))

=1+ ak  1In(a)

employing the identity [9, Eq. (4)]

— 1 Y1/a(1) +1In(a —1)

2.25 = -1 1
(2:25) ; 1—ak In(a) ’ @5
where the g—digamma function ([9, Eq. (2)]) is defined by
(2.26) Ye(2) = —In(1 — q) + In(g Z T g lg) < 1.

k=0
Either of (2.22) or (2.23) further yields
1
=1 1 1 (1) (G
(2.27) 3 _ _ Yr/a2( )+ Y1/a(1) ( +1) ,
1—a?k*1  a—1  2In(a) In(a) 2 In(a)

k=1
the alternating version of which is the well-known identity [14, Eq. (5.1)]

oo 2k+1 9
(2.28) 42 1_x2k+1 =93(0,2)> -1 O<z<1
k=0

where 93(0, ) is the Jacobi theta function. Fundamentally, (2.24) reduces to the
elementary identity

oo o0

1 1 > 1
(2:29) DF e D e RO DY el

k=1

2.4. Example 2.4. We start by noting the identity

2sinh ¢

2.30 m —t\—1 m ty—1 _
(2:30) (a™ +e7) (a™ +¢) (a2™ + 2a™ cosht + 1)’

and, with (1.5) in mind, utilize

(2.31) fla)=1/(a+2), F(s)=ma*""/sin(rs)
to obtain

1 2t +In(a - —(k+1)t
o fte- e pea

o f o B ><>

k=1
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by evaluating the residues as before. Let t := —t, subtract, and with a := o™, after
comparing with (2.30) we have

oo

(233 ! % 27 coth(t) & 5 (ks

a2mn 4 2qmn cosh(t) + 1 B m In(a) Pt sinh( 211“;2)>

n=0

1 > (—1)* sinh ((k + 1)t t coth(t
Z( ) (( )t) (t)

7sinh(t) amk —1 m In(a)

k=1

By evaluating (2.33) in the limit ¢ — 0 and setting a™ := b, we find

o0

1 1 1 472 & 2k
(2.34) gmzi—m—mz kcsch(ln(b

k=1

? o k(1)
) g

k=2
However, by expanding the denominator and transposing the resulting series (e.g.
(B.2)), it is easy to write

X k(=D X 120
(2.35) (=) -y = b1
k=2 - oy (L+07)

so that (2.34) reduces to a transformation between similar generalized Lambert series

([19])

> 1 1 47?2 & gt
(2.36) 5 — =—=+ 5 . 5 b>1,
n; L+ 2M(b) 8 In(h)* = (g% 1)
where
(2.37) q=e2™ /)
Remarks:
e Because the sum on the right-hand side of (2.36) effectively vanishes expo-
nentially as b — 1, we obtain
Y 1 1
2.38 li — =——;
(2.38) bl ; (14b)°  21n(b) 8’

e By setting b = exp(2ma), a > 0, we arrive at

(2.39) Z sech (jma) o Z csch? ((j +1/2) ) 11

Ta 2’

a known result when a = 1, if one notes that the misprint I'(1/4)2, listed by
both Hansen [8, Eq. (43.8.12)] and Erdelyi et.al. [3, Eq. 5.3.7(13)], should
be I'(1/4)%.
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e In the case that a = exp(¢t/m), with ¢ > 0, (2.33) becomes

(2.40)
i 1 _ 1 cosh(t) i " sinh ((k + 1))
= e2mt 4 2ent cosh(t) + 1 2 sinh(?) smh k:l etk —1 '

2.5. Example 2.5. Here we consider the Mellin transform pair f(z) = e~%* and
F(s) =b°T'(s) giving

ad ; 1 efico T (s)
2.41 - -
(241) D e 27ri/c T

]:0 —171 00

with ®(b) > 1 and ¢ > 0. Shifting the contour such that —1 < ¢ < 0 produces

o e s ()

[\
S
[\)
S—
rDI

o

Z

l\')\»—l

CcC—1 00

by taking into account the residues of the poles at s = 0 and s = 274 j/In(b). Further
shifts of the contour N units to the left following an obvious change of variables, yields

;1 R 27miyg
2.43 =4 " N R —=
(24 Ze ERNURSTY (%))
. N k
1 [ I'(eny+iv -1
tlam [ gy
27 J_oo 1 —b7Pv=CN kZlF(1+I<;)(1—b/)
where again b > 1 and —N —1 < ¢y < —N. Since the terms enclosed in brackets (][..])
contain the only N dependence, if we consider the case that N — oo, the sum of the
enclosed terms must remain constant, and since the sum clearly converges, so must
the integral. Since the integral does not vary over the range —N —1 < ¢y < —N, this
allows us to choose ¢y = —N — 1/2 and note first that
I (-3 +iv)
(2.44) F<—N—2+w> =~ (=3 ,
I[I(-N+j—1+iv)
j=0

and second that

(2.45) lim ! ~ (3>N /N

S0, if the contour is moved such that ¢y — — oo, the integral vanishes, leaving

k

il (_)1()bk1 lnbg%( (27”9)).

N
In(b) Zer

L\')M—l

(2.46) i e
7=0



28 M.L. GLASSER AND MICHAEL MILGRAM

Further, since b > 1, we can expand the denominator term in the first sum on the
right-hand side of (2.46), interchange the two sums and eventually identify

e’} (_l)k B [e’e] B .
(2.47) T8 5 =) —Z(e 1/6 —1) :

k=1 j=1

in which case we find

(2.48) Z?R( (2“7» = @i( -6 _ e*bj) + (i;e) ln(b)+%.

Jj=0

3. Examples based on Theorem 2

3.1. Example 3.1. Continuing from the previous section, consider the transform
pair (2.5)

(3.1) F(v) = T(v)¢(v)

(3.2) fa) =1/(exp(a) — 1)

leading to the identity

(3.3) —/ C(=s(c+iv))T(c+iv){(c+iv)d ey —

1

J

after applying (1.7), where both sides converge if s € R, s <0, ¢>1 and ¢ > —1/s.
By shifting the contour left, variations arise by evaluating the appropriate residues as
follows:

||M8

/ ((=s(c+iv))T(c+iv){(c+iv)d
4)

(3.4)
0 ¢>1landc>—1/s,
I(-1/s)((—1/s) /s c¢>1land c<—1/s,
—¢(=s) 0<c<lande>-—1/s
- I'(—1/s)¢(=1/s) /s — ((—s) 0<c<lande< —1/s
T(=1/5)C(~1/5)/s — ((=5) - é <‘1)F(Cl(s+j)j) &) N-o1<e<-N,
where N =0,1,....

We also now consider the transform pair (2.10) leading to
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(3.5
/ ((=s(c+iv))T(c+iv)((c+iv) (1—2"7""7°) Z

exp(J

where we require s € %, s < 0 and ¢ > —1/s. Again, if the contour is shifted left, we
find that various residues must be incorporated depending on the relative values of s
and c. Specifically

%/jo ((=s(c+iv))D(c+iv)((c+iv) (2" — dv—|—z —
! c> —1/3,
I'(-1/s)¢(—=1/s) (—1 +21+1/s) /s c>0andc<—1/s,

[(—1/s)¢(=1/s) (-1 4 2'+1/3) /s

N j
-2 (r(2j+1) ¢((2j—-1)s)By;—1/4 —N-1<c<-—N,

where By; are Bernoulli numbers (see (A.2)). In the case of equality, half the residue
at that point must be included.

3.1.1. The case s = —1. By taking the appropriate limit in (3.4), let s — —1,
which, with ¢ = 1/2, gives

1 [~ /1 \*_ /1 >
(37) ﬁ OOC<2+ZU> F< +ZU> Ze]—l

j=1

which can be rewritten as

(3.8) 1/°°|C(;+iv)2cos(QOz@+iv)+9(é+iv))dv_i 1
’ VT cosh (7 v) = -1
where

1

(3.9) C(Q—l—iv) Eeza(1/2+w)|c( +ZU)|

and
Lo\ L ie(1/2+iv) L.
(3.10) r 5 Tiv)=e T 5 Hiv |

by writing both in polar form and employing the identity [10, Eq. 5.4.4]

r (; +iv>’ = +/7m/coshmo.

(3.11)
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From the identity ([17, Eq. (6.15)])

In(2 9l+' 9 t TV
(312)  o(1/2+4iv) =" né n -t 2 = ‘§W+%@),

(3.8) then identifies

(3.13)

ool (1 4 s\ (2 .
/0 m (COS(U In(27)) cosh(%) — sin(v In(2 w))sinh(%)) dv = /7 z_: 5 1 -

after applying elementary trigonometric identities and simplification. We now consider
(3.6) with the same limit s — —1, and, comparing with (3.7), arrive at

© /1 N /1 N\, S|

— 00

Applying the same identities as above, yields the equivalent form
(3.15)

h M sinh (=Y sin(v In(w)) — cosh Y cos(v In(m)) ) dv =—v27 | 2 oog %% -7+ In(2)
2 2 e 1
=1

\
—oo cosh(mo)
/

a companion to (3.13). See (2.25) for an alternative representation of the sum.
3.1.2. s = —2n.
e Case c =07

Consider the case s = —2n where n = 1,2,.... In that eventuality, all
poles in (3.4) corresponding to ¢ < 0 vanish as does the finite sum with
N > 1, so the original contour can be moved with impunity as far to the left
(where it does NOT vanish) as one wishes. Of more interest, with ¢ = 07,
since the pole at v = 0 is imaginary, by adding 7/4 = half the residue at
v =0, (3.4) becomes

(3.16)
/_OO R(C(2ivn) T(iv) C(iv)) dv = 2772 ej%l _ Z<<21n> r(;n) ~2¢@n)T -]
and the sum of of (3.4) and (3.6) becomes
(3.17)
50 4 0 1 2—1/271, 1 1
/ %(2—11) C(QiUN)F(iv)C(iU))dUZZﬂ'; e2j2n_1_7T C<2n>r(2n>_<(2n)ﬂ-_z-

—00
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If we now define the Riemann function

(3.18) T(s,b) = C(s)b™*/2T(s/2)
that is well-known to satisfy
(3.19) YT(s,m)="T(1—s,m)

due to the reflection property of I'(s/2) and the functional equation of {(s),
with n =1, (3.17) can be rewritten

oo 1 3 4/2 3 0
(3.20) /_OO R(Y(2iv,2) C(iv)) dv = —4(2)#[ - % n %»Zl ﬁ - %.
o

From (3.18) and(3.19) we have the more general form of (3.19)

(1/2-s)
(3.21) T(s,0) =7T(1—s,b) (b) v

™

so that taking (3.21) into account yields a very different form of (3.17), that
being

(3.22)

* 2\ 1 3 1 T 72 = 1
—00 Jj=1

Remark: Since |['(iv)|? = 7/(v sinh(7 v)), all integrals are convergent.
In the case that n — oo, (3.16) and (3.17) respectively become

] ] ) ] . ~ m(13—-5e)
(3.23) nl;ngo - R(C(2ivn)T(iv)C(iv))dv = ~lo—1
and
: > —iv . : . ™ (9 — 82)
(3.24) nll)n;o - R(27¢(2ivn) T(iv) ((iv)) dv = R
e Case c=1/(2n)
Other interesting cases arise when ¢ = 1/(2n) = —1/s when the poles

of the integrand appear only in the imaginary part and we must use the
corresponding half residues in (3.4) and (3.6). Specifically, and of interest,
the following are obtained by combining the two cases appropriately, to yield

(3.25) /_Z%(C(l—&-%vn)l“(;n+iv>((21n+iv>)dv

o0

=27y ej2"11_7T<<21n>F<1+21n> —27¢(2n)

Jj=1
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and
(3.26)
/008% (2*1/(2")*“’—1)((1—!—22’1}71)( i—&—iv T i—&—iv dv
oo 2n 2n
— 1 o 1 L 1 1
=me(2n) = 2w ; e _; 21| T (1 -2 2") C(2n> F(1+ 2n>
In contrast to (3.25), in the case that n — oo, the integrand (3.26) converges
at v =0, and we find
> ; 2-2e—1
(3.27) nhﬁnéo - R((27"" = 1) (A +2ivn)(iv)T(iv))dv =T w.
e Case c=1/nand c=1/(4n)
Other special cases abound, among which we consider ¢ = 1/n and
¢ =1/(4n) to respectively yield
(3.28)
Ooé)fec(2+2' )F1+' ¢ + d 22 2m((2
iun —+iv iv v=2T -
B : L orcen)

and

(3.29) /_Z%(C(;+2ivn)1“(41n+iv>§(41n+iv)>dv
727TZ Q,L_ << ) (21”>27rC(2n).

3.1.3. Other values of s. For other values of s, interesting cases also arise. For
example, if s = —n and ¢ = 1/(2n) we arrive at

(3.30) /OO%<C<;+ivn>F<21n+iv>C(2ln+iv>>dv
= 1 1 1
j=1

reducing to (3.7) if n =1 and (3.29) if n :=2n. If s = —1/n with ¢ = 1/2 we find

(3.31) /ZéR(((;ﬂ+:}>F<;+iv>§(;+iv)>dv
— 2772 ﬁ 2l T(n+1) —ng(;)

and, as n — oo the first factor in the integrand reduces to ((0) = —1/2 because most
of the integrand originates near v = 0 due to (3.11), giving
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s [Ca(e(bei)e(ein))a

. 1 1
:47rnhﬂn;o C(R)F(R—FI)‘FC(”) —;m 5
an identity whose right-hand side confounds numerical verification - however see (3.43)
below where this challenging sum is evaluated and tested.

3.2. Example 3.2. Here we again consider the Mellin transform pair f(z) =
e~% and F(s) = b=*T(s) as in Section 2.5, giving, with b > 0,

1 c+1 00 ] R
_— _ —v - —bj77 _
(3.33) i) C(—sv)b7"T'(v)dv ; e w(b, —s)
valid for —1 < s < 0 and ¢ > —1/s. After a change of variables, (3.33) can also be
written as
1 * . —c—iv . — —bj~*
(3.34) ﬂ/_oog(—s(c+w))b e+ iv)do =) et

j=1

Furthermore, since (3.33) is an inverse Mellin transform, by inverting, iff s < 0 and
b > 0, we find

(3.35) C(=bs)T(b) = /OO xb_li e ™ dx, 5 <0,

0 =

reducing to the classic results [7, Eq. (2.4.1)] and [7, Eq. (2.6.2)] if s = —1 (see (3.70))
and s = —2 respectively.

3.2.1. Case 0 < ¢ < —1/s. In the case that 0 < ¢ < —1/s, which allows s < —1,
we must include a residue term, so (3.34) becomes

(3.36) % /_00 C(=s(c+iv)b " D(c+iv)dv = w(b,—s) —b/*T(1—1/s),

where w(b, —s) is defined in (3.33); further, if ¢ < 0, by moving the contour N + 1
units to the left, (3.34) becomes

(3.37) /jo (=5 (en +iv)) =¥ """ (e +iv) dv

N . j
— o [ w(b,—s) — Jz::o W — BT —1/s) |,
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where ¢ has been replaced by cy such that —N — 1 < ¢y < —N, N € Z and always
5 < 0.

Case s = —1

In the case that s = —1, we find

(3.38) /j’o C(C+z‘v)bcmr(c+iv)dv27r<eb1_1)If)

where X =0if ¢ > 1 and X =1if 0 < ¢ < 1. In the case that ¢ = 1, the singularity
of the integrand only occurs in the imaginary part, and, with X = 1/2 we obtain

(3.39) /:” R(C(1+iv) b T(1 4+ iv)) do = 27b <eb1_1 - 2117) ,

Similarly, in the case that ¢ = 0, we find, in exactly the same way

(3.40) / R(C(i50) b T(=iv)) do = m (b, —s) — 7 bY/* r<1 - i) +2
0
so that, if s = —1 we obtain
(3.41) | wtioptraei = 2x (5 - 5+
. - iv io))dv=2m | 5=~ 2+ 1),

and, if ¢ =1/2, b =1 we find

e 1 1 1
42 —4v || =41 =2 — =1 .
(3.42) /_OOC(Q—l—zv) (2+zv)dv ﬂ(el )
Remark: Comparison of the right-hand sides of (3.32) and (3.42) identifies

oo

. 1
i=

2—2e

or, alternatively, for large values of n,

oo

1 A
(3.44) > e V2rnitie ™,

1/n
=1
This result can, with some difficulty, be tested numerically - see Figure 1.

Case s = —2 reduces to the Poisson-Jacobi transform.

Consider the case s = —2 with 0 < ¢ < 1/2 yielding the identity

wlw

(3.45) / C(2¢—2iv) b~ T(c—iwv) dszwZ e bi® - T
oo =

(=l

and, from (3.18) and (3.21) the left-hand side of (3.45) satisfies
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1/(2-2¢)=-0.291
—0.4-

—0.6

—0.81

FIGURE 1. Approximations to the left-hand side of (3.43) for increas-
ing values of n compared to the numerical value of the right-hand side.
For n > 15 an extraordinarily large number of digits was required.

(3.46) /OO ¢ (2¢—2iv)b T T(c—iv)dv

oo 2\ —tv
:bfcﬂ’%JrQC/ §(1—20+2iv)F(;—c+iv> (2) dv.

Now, consider a reflection of integration variables, replacements ¢ := 1/2 — ¢ and
b := 72/b, all the while retaining 0 < ¢ < 1/2, and find that (3.45) becomes

(3.47)

o 1 71'2 e 1 > 2 ;2
/ C(1—20+2iv)r(2—c+iv> (b) dv:27r2_20bc_5z e I/l g3/2m2e pe
—0o0

j=1
Comparison of (3.45), (3.46) and (3.47) eventually leads to

> . 1 & 2 1 /1 1
4 bej2_\/7 —-mj/b _ ~ [
(348) 2 e b;e 2\o 2

Jj=1

equivalent to the well-known Poisson-Jacobi transform [20, page 124]

(3.49) 05(0,b) = \/393 (o, 2) .
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3.2.2. Case s = —2n. In the case that s = —2n, the infinite sum in (3.37) vanishes
except for the term corresponding to j = 0, leading to

(3.50)
/oo R(CE2n(c+iv)b " T(iv+e))dv=m (X +2w(b,2n) —2Y b1/ F(l I ;))

oo n
where {X =1, 1/2, 0} if {¢ <0, ¢c=0, ¢ >0} and {Y =1, 1/2, 0} if
{c¢<1/(2n), c=1/(2n), ¢ > 1/(2n)} respectively. A family of interesting integrals
arises if we let ¢ = p/n, where p € R, yielding the following:

e if p<O
(3.51)

2 _ 1
/ C(2p+2ivn)b7“’F(% —|—iv> dv = 7w bP/" (1+2w(b,2n) —2b1/(2")F(1—|— 2n>) ;

o ifp>1/2

(3.52) /O; 9%(((2p+ 2ivn) b r(% + zv)) dv = 27 b"/"w(b, 2n) ;
o ifp=1/2
(3.53)

/Z%<<(1+2ivn)bivr(;l +m)> dv=m <2b1/(2")w(b,2n) F(1+ 21n>)

e if0<p<1/2
(3.54)
/ m(g(zpmmn) b*ivr(g +m)) dv =27 bP/" <w(b,2n) - b1/<2”>r(1 n 1))
n

—o0 2n
e ifp=20

(3.55)

/ R(C(2ivn)b " T(iv))dv=mr (; + 2w(b, 2n) — 2671/ r<1 + ;)) .

oo n
Remarks:

e The case (3.54) covers the interior of the critical strip.
e The above resolves a special case discussed in [11, page 4].
e In any of the above, if n = 1, we have the known [6, Eq. (3)] identity

o 7_‘_1/4 1
w(m,2) = r@E/4) 2 ¢

e The case (3.51) with b = 7 and n = 1, reduces to the known result [15, Eq.
(26)] (with s =1 and ¢ = —p — 1), that is
(3.56)

/ C@p+2iv) 7 T (p+iv)do =277y e ™ = P (95 (0,077) — 1).
e n=1

o Setting I'(p/n +iv) ~ I'(i v) will obtain valid numerical approximations for
the case of large n, but any attempt to equate them at the limit n — oo
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is incorrect, because that degenerates into the case p = 0 and p and n are
independent variables.

3.2.3. Case s=-1/n and ¢ < 0. Here we consider the case s = —1/n, with ¢ < 0,
allowing us to choose —n — 1 < ¢ < —n, so from (3.37) and without loss of generality,
let ¢ = —n — 1/2, leading to

(3.57) -
/_O;%(C(_l - % * Z:) bn+é_i“F<—n— % +w>) dv+27ri W

= 271-2 et 2767 "T(1+mn) .
j=1

If we now consider the limiting case n — oo, it is easy to discover that the integration
term vanishes by writing

1 m(=1)"
(3.58) P(—n—5+iv)=- !
( 2 > (3+n—j—iv)T(5 —iv)cosh(mv)

=2

J

and the left-side summation term becomes

s (=) (b 1
(3.59) lim_ Z (F(1)+ PEREETS

because as n — o0, ((—%) ~ ((0). The identity (3.59) can be numerically verified for
a large range of the variable b > 0. Therefore, we find

1

n—o00 2 eb )

(3.60) lim S e b (1 4n) | = -
j=1

or equivalently, as n — oo,

(3.61) 3 T LN (%)" .

Jj=1

The identity (3.60) can, as with (3.43), be tested numerically - see Figure 2 and
the remark following (3.63) below. See also [11, Eq. 2.5].

3.2.4. Case s = —2n and ¢ < 0. In this case, again we choose ¢ = —n/2 so (3.37)
becomes
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-1/(2e75)=—0.003370

FIGURE 2. Approximations to the left-hand side of (3.60) for increas-
ing values of n compared to the numerical value of the right-hand side

e 20 30 40

/ -1/(2¢/2)=—0.06765
I """"""""" ;';'__'.';_"_'_".'_';;'—o—”"':'-’o
il
I *
%
l 4
i/ ................. 1(2e9)=—01840 .
/ T i
] of
(S
I/
I,
, .
4
|4
I
!
|- — b=l ——b=2 — - b=5|

for three values of the parameter b.

38
—0.1-
—0.2-
—0.3-
—0.4-
(3.62)

b""‘%/ C(2inv—2n2—n)b_wf(—n—2+iv)dv:7r—|—27r

— 00

because only the term indexed by j7 = 0 in the infinite sum included in (3.37) does not

Jj=1

vanish. We now consider the limiting case n = 0, leading to

(3.63)

1

2m

b“’F(—z —|—iv> dv=b"1/? (1/eb —1)

— 00

by identifying 2n := 1/n in (3.60).

o0
—pj2n L
g et b7

(

1+ !
2n

)
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Remark: By a simple change of integration variables in (3.63), wrapping the
contour about the negative real axis and evaluating the residues so enclosed we arrive
at an equivalent representation of (3.63)

1 7 00
3.64 —
( ) 211

_ 1 g e= b (=1)"
bIT (==t )dt =012 2L
( 2+> ;F(Hn)’

recognizing that the equivalence of the right-hand sides of (3.63) and (3.64) is an ele-
mentary identity, yielding a validity check of (3.60) since it is the basis for (3.63).

— 100

3.2.5. Case s = —(2n+ 1) and ¢ < 0. As before, without loss of generality, we
choose ¢ = —=N/2, N > 0 in (3.37), whose general form becomes

(3.65)

/Oo C((n+1/2)(2iv—2N —1)) BN+t (=N — 1/2 + i v) dv

¢ ( 2n—1) /) (—b)’ N . 2n +2
2 =2 I _gpp /@) p( I 2
+ ”Z T(1+j) W;e i 2n+1

Notice that if the index j in the left-hand sum is odd, the next term in the series
vanishes when j is even and the left-hand side of (3.65) does not change. Therefore
the integral is invariant when N — N 4+ 1 if N > 0 is odd. That is

(3.66) /Zc((n+ ;) (2w4N+1)) b“’r(2N+ % +z‘v> dv
:b/i((<n+;) (2iv—4N—1)) b”r<—2N—;+m> dv

There are two interesting cases here, the first corresponding to n = 0 — see subsection
(3.2.1) — when N — oo so that

o 1 1 1
(3.67) lim C(—N——l—iv) bN+2_’”F<—N—+iv> dv
N—o0 o 2 2
¢(=4) (=b)"
3.68 2 =2
( ) + WZ 1 + 7 WJZ;
But, from [10, Egs. (24.2.1) and (25.6.3)]
C(— > 1 1
(3.69) Z 1+] bZF 1+] eb—1 b
and the elementary relation
3.70 =
(3.70) Set=

j=1
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we find

>0 1 4 1
(3.71) im g(—N—+m> bN+%—“T(—N—+m> dv=0.

1
N—oo J_ o 2 2
4. Summary

It has been shown by way of a limited number of examples that summing over the
free variable introduced by the inverse Mellin transform yields a number of interesting
identities, each of which can be studied and pursued on their own. Some of these
are possibly new and at least one (i.e. (3.35)) generalizes two classic identities due to
Riemann.

Of particular ongoing interest is the fact that the modified inverse Mellin transform
studied here yields a contour integral that can then be transformed in such a way
as to generate infinite series and integrals that can in turn be modified to produce
unexpected identities involving hyperpowers. It is suggested that further study along
the lines presented here is warranted. A cursory scan of [5, Table 6] finds a plethora
of Mellin transform pairs involving the fundamental functions of classical analysis and
the most common hypergeometric functions (e.g. [18]), each of which possesses known
transformations that could be invoked to generate new identities in the same manner
as has been done here. For the ambitious reader, here is a suggestion for further
emulation:

If f(x) =sin(z) and F(s) = sin(r s/2)'(s), from Theorem 2 we obtain
[e’s) oo . k s
(4.1) Z sin(k™°) = ( Ur(cg(z(ff;) 1 s) . R(s)>1,
k=1 k=0

reducing to

< /. /1) 1 (=) @2k +1)
42 ) ) =y L
(42) ; (Sm<k) k) 2 T(2k+2)
if s = 1. The possibilities are endless.
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Appendix A. Proof of (2.4)

By evaluating the residues in (2.4) as the contour is moved leftwards, we arrive at
the following sum and its representation

L v?R20(1 - 2k) 1N b2k 2By,
Al . 17
(A1) ; L2k —1) 244 kT(2k— 1)
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where [10, Eq. 25.6.3]

(A.2) ((—k) = (=1)" Bisx/(1 + k)

has been used, By, are Bernoulli numbers and we note that ¢((—2k) = 0. Following the
application of [10, Eq. 24.7.4]

oo t2k
A3 Boyp = (—1)* / - at,
(4.3) 2= (=17 0 sinh2(7rt)

we now invert the sum and integral (both convergent) and, since

(D n** _
(A4) E = —2sin(bt)bt — 2 cos(bt) + 2
— kI'(2k—1)

courtesy of [13, Maple|, we are now left with the following integrals

1 —cos (bt) b coth(é)
(4.5) /0 sinh(r t)° = T
and

* sin(bt)t .~ b—sinh(b)
(4.6) /0 sinh(rt)? 2w (1 — cosh(b))

both courtesy of [21, Mathematica]. Putting it all together yields (2.4).

Appendix B. Proof of (2.8)

From (2.8) we are interested in the summation

— 2k —1) - Boiog
B.1
(B-1) Z;)FQJer a2k+1 ZOF3+2k 11 a2k

employing (A.2). Noting the identity (A.3) and the well-known expansion

1 > 1y
(B.2) 1 _ag-2k1 => (a2k+1) ya>1
j=0
eventually leads us to consider
oo (_1)k7 (t/a)2+2k o t
(B.3) Zaj(2k+1)I‘(3+2k)_a 1 — cos s

k=0

after interchanging the order of summation. Now applying the identity (A.5) will
eventually yield (2.8).
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