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The integrals in Gradshteyn and Ryzhik.
Part 36: Integrals containing hyperbolic functions

Julian Huddell and Victor H. Moll

ABSTRACT. This paper is part of a series created with the goal of providing proofs
for all the entries in the table of integrals by I. S. Gradshteyn and I. M. Ryzhik.
Entries containing hyperbolic functions in the integrand are considered here.

1. Introduction

The hyperbolic functions form part of the class of elementary functions. The work
presented here is part of the project consisting of proving all entries in the table by
I. S. Gradshteyn and I. M. Ryzhik [4]. In the current paper we provide proofs of some
entries containing hyperbolic functions in the integrand. This is a continuation of [2]
where some of these evaluations were discussed.

The two fundamental functions, hyperbolic sine and cosine are defined by

1 1
(1.1) sinhz = 5(693 —e ™) and coshz = i(egE +e™ ).

In particular this suggests that the hyperbolic part of the integrand in any of the
entries discussed here can be expressed purely in terms of the exponential functions.

2. Some reduction formulas

The first entry appears as 2.411:
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46 JULIAN HUDDELL AND VICTOR H. MOLL

inh? ! he ! -1
/ sinh? z cosh? z dx = s x_:os x + 4 n / sinh? z cosh? ™2 dx
pbT4q pT4q
sinh? ' zcosh?®™z  p—1 9
= n T / sinh?™“ z cosh? dx
bpTq pTq
inh? hett —1
_ s z_f(is rt_Pp oy / sinh? 2 z cosh?*? dz
q q
sinh?™ zcosh? 'z ¢g—1 9 9
— T ~ T /sinhp+ z cosh?™“ dx
p p
H hp+1 hq+1 9
_ s xf(is L p+j—4l_ /sinhp+2xcoshq dx
p p
o 1ptl 41
= _ sinh” x_:(iShq Ry 4 +j_—; 2 /sinhp x cosh?™? da.
q q

PROOF. First identity. Begin with the expression
d
(2.1) d—(sinh”+1 xcosh? ' z) 4 (¢ — 1) sinh? z cosh? 2 z
T
that simplifies to
. p+1)simh” xcosh*z + (¢ —1)s1n T coS T+ (g — 1)smmh” x cos x
2.2 1) sinh” x cosh? 1) sinh” ™ 2 cosh?~? 1) sinh” z cosh? >
= (p+ 1)sinh” xcosh*x + (¢ — 1) sinh” x cos r(smn” r +
1) sinh” z cosh? 1) sinh” z cosh? ? z(sinh® x + 1
= (p+ 1) sinh® z cosh? x + (¢ — 1) sinh? 2 cosh? z
= (p + q) sinh” z cosh? x.
This leads to the identity

d
(2.3) (p+ q)sinh? z cosh?x = ﬁ(sinh"'|r1 xcosh?™ ' z) + (¢ — 1) sinh? z cosh?™? z..

The first identity above now follows by integration.

Second identity. The proof is similar as the one above, this time starting with

d
(2.4) d—(sinhp_1 zcosh?™ ) — (p — 1) sinh?~? z cosh? & =
x
(p + ¢) sinh” x cosh? z

and then integrating.

Third identity. The result follows by integration by parts with u = sinh? 1z and

_ 1 q+1
V=T cosh?™" z.
Fourth identity. The result follows by integration by parts with u = cosh?™! z and
v= p% sinh?*! z.

Fifth identity. This follows by integrating the identity

d
(2.5) d—(sinhp+1 z cosh?™ ) = (p+1) sinh? 2 cosh?™" 24 (p+¢+2) sinh? 2 z cosh? z.
x
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Sixth identity. This follows by integrating the identity
d
(2.6) d—(sinh”“ x cosh?™! z) = (¢ + 1) sinh? z cosh? z + (p+ g + 2) sinh? x cosh?™? z.
x

O

3. Combination of three terms
3.1. Entry 3.511.5.

/°° sinh axz cosh bx i T sin ma
0

3.1 Sk —
(3.1) sinh x 2 cosa + cos h

provided |a| + |b] < 1.

PRrROOF. Rewrite the integrand in terms of exponentials gives

I /°° sinh ax cosh bx 1 /°° e~ (e — e7%) (el 4 e~
0 0

d p—
sinh z v 2 1—e 2=

(3.2) dz.

Interpret the denominator as the sum of a geometric series of ratio r = e =27 to produce

o _ /oo (_6_(a+b+2n+1)aﬁ +e—(—a+b+2n+1)x _ e—(a—b+2n+1)x +e—(—a—b+2n+1)x) dx
0

where the series converges uniformly if |a| + |b| < 1. Evaluating the integrals yields

= 1 1 = 1 1
QI:T;)(_(ZJFZ)JF(QTL].) _a+b(2n+1)>+§<_ab+(2n1) _ab(2n+1))

and the partial decomposition of tangent

(3.3) gtan(?):7§<_z+(21n+l)_z(2171+1)>

gives the result. U

3.2. Entry 3.511.6.

(3.4) /°° cosh ax cosh bx cos 75t cos %b
0

v P2 P e
coshx coswa + cos b

provided |a| + |b] < 1.
Note. The entry in Edition 8" has an error. It was stated as

(3.5) /°° cosh ax cosh bx d sin % cos %b
0

r=nT—"=—=_
cosh x cos a + cos b

This was corrected in edition 9t".
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PRrROOF. Write the integrand in terms of exponentials as

1 0 ax —azx bx —bx
(3.6) 7 o— 7/ (e™ +e )(67 +e )da:
2 Jo e* e %
_ 1/00 - (eaz + efaz)(ebz + efba:) .
2 Jo 1+e 2
Now identify the integrand as the sum of geometric series with ratio r = —e™2% to
obtain

1 [
(37) I=3 / D (=)t (e 4 e ) (e + e )e P da
0 _

oo
_ %/ooz (67(a+b+2n+1)x—|—67(7a+b+2n+1)x +67(a7b+2n+1)x +67(7a7b+2n+1)x) dr.
0

n=0

The condition |a|+|b| < 1 guarantees that the integral and the series can be exchanged
leading to

(3.8)

I— 1 Z(*l)n /oo (67(a+b+2n+1)w +67(7a+b+2n+1)x +67(a7b+2n+1)m +67(7a7b+2n+1)m) dx

n=0 0

1 1 1 1
_]_n
n:O( ) <a+b+2n+1+—a+b+2n+1+a—b+2n+1+—a—b+2n+l>

1 — N 1 1
257;(_1) (a+b+(2n+1) - a+b(2n+1))

1 & N 1 1
+§nz:%(_1) (a—b+(2n+1) _a—b—(2n—|—1)>'

Now use the identity

(3.9) gsec (%) - 2(—1)” (z + (21n 1) z- (21n + 1))
to obtain
(3.10) I= % {sec (7T(“2+b)> + sec <7T(a2_b)ﬂ .

In order to simplify this, let

(3.11) u=Z(a+b), and v=F(a—Db)
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to write

4 \cosu cosv
T COSU ~+ COSV

1 1
(3.12) %(secu—i—sec v) = T ( + )

4 cosucosv

_ Ecos(%) + cos(%t — %b)
4 COS U COS V

7 cos( %) cos( L)

cos(ma) + cos(mb)

O
3.3. Entry 3.511.7.
(3.13) /°° sinha:csinhbxd - sin 75 sin%b
0 coshz cos a + cos b
provided |a| + |b] < 1.
PRrROOF. Write the integrand in terms of exponentials as
1 oS} (eax _ e—ax)(ebx _ e—bx)
(3.14) I = 7/ dx
2 Jo et e %
1 ') axr _ ,—ar b _ —bzx
R G
2 Jo 1+e 2
Now identify the integrand as the sum of geometric series with ratio r = —e™2* to
obtain

1 [
(315) I = 5/ E (_1)”'671(6‘117 _ e*af)(ebl’ _ e*bz)672nm dx
0 —

oo
_ %/oo Z <6f(a+b+2n+1)x - ef(fa+b+2n+1)a: 7 67(a7b+2n+1)a: + 67(7a7b+2n+1)m) d.
0 n=o
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The condition |a|+|b| < 1 guarantees that the integral and the series can be exchanged
leading to

(3.16)
I = %Z(_l)n /‘X’ (e—(a+b+2n+1)gg _ e—(—a+b+2n+1)x _ e—(a—b+2n+l)x + e—(—a—b+2n+l)m> dr
n=0 0
1 & 1 1 1 1
= _ —1)" — _
27;0( ) (a+b+2n+1 —a+b+2n+1 ab+2n+1+ab+2n+l>

1 & N 1 1
:inz:%(_l) <a+b+(2n+1) _a+b—(2n+1)>

1 — . 1 1
757;)(71) (a—b+(2n+1) a—b—(2n—|—1)>'

Now use the identity

oo
™ T2 1 1
3.17 —sec|— | = 1" —
(3:.17) 25“(2) T;( ) <z+(2n+1) z—(2n+1)>
to obtain
b —-b
(3.18) I= % {sec <7T(a;)> + sec (7r(a2)ﬂ .
In order to simplify this, let
. u=+4(a+0), and v=5(a—
3.19 5 b d 5 b
to write
s T 1 1
.2 —(s = -
(3.20) 4(secu+secv) 1 (cosu+cosv>

T COSU + COSv
4 cosucosv

ma
m cos(5) + cos(
4 COS U COS V

7 cos( %) cos(%b)

%_ﬂ'b)

2

cos(ma) + cos(mwb)

4. Rational linear expressions

This section contain integrands that are quotients of linear expressions in sinh z
and cosh z.
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4.1. Entry 3.513.1.
/°° dz 1 1 a+b++va?+ b2
0

a+bsinhz /a2 + b2 na+b—«/a2+b2

(4.1)

provided ab # 0.

PROOF. The classical Weierstrass substitution, u = tanxz/2, used to transform
rational functions of sin z, cos x into rational functions of u, has a hyperbolic analogue.
Make the change of variables

(4.2) t = tanh g
and observe that
2t 2dt
(4.3) sinhz = T2 and dx = e
This yields
> d ! dt

(4.4) / 7:1: = —2/ _

o a-+bsinhzx o at? —2bt—a
Integrating the partial fraction decomposition

-2 1 1 1

4.5 = _
(45) at? — 2bt — a c(t—bgc t—bjl'c>
with ¢ = va? + b2 gives the result. O

5. Combinations of hyperbolic functions and algebraic functions

The evaluation of the next entries uses a standard method in complex analysis to
evaluate real integrals. The original integral is over a part of the real axis, usually
a half-line, it is then extended by symmetry of the integrand to the whole line. A
contour on the complex plane is now constructed containing a finite part of the real
axis and closed by lines to form a rectangle of finite size. The theorem of residues is
then used to evaluate the integral over the boundary of the contour. Passing to the
limit to recover the real line is done by using estimates on the integrand. Complete
details are given only in the first example in this section.

5.1. Entry 3.522.5.

o xdx 1
5.1 — =2 - -
(5-1) /0 (1+ 2?) sinh 7z " 2

PROOF. The integrand is even and the evaluation of the entry will come by inte-
grating the function
z

(52) 1) = (14 22)sinh 7z

around the contour T'(N) being the rectangle with vertices at +v/N and £vN +
(N + %) i, where N is a positive integer.
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To use the residue theorem, we identify the poles of the integrand: these come
from the zeros of sinhmz, located at z = ni, with n € Z and the zeros of 1 + 22
occurring at z = +i. It follows that the integrand has simple poles at z, = ni with
n € Z and n # £1 and double poles at z = +i. As N — oo, the contour will enclose
the double pole at z = i and the simple poles at z = ni, for n = 2, 3, --. The residue
theorem yields
(5.3)

zdz

lim — =27 (Res(f(z), z=1)+ Z Res(f(z),z = m)) .

N—oo Jp(ny (1 + 22)sinh 7z

To evaluate the residue at z = i, let w = z — ¢ and consider the expansion of the
function g(w) = f(w +¢) at w = 0. This is

_ _ w1
(54) a0 a4 = (2iw + w?) sinh(7i + 7w)
_ —i—w
(26w + w?) sinh(7w)
—i—w
w2(2i + w) [r — O(w?)]’
From here a_s = —1/27 and a_y = i/4x. This gives
(5.5) Res[f(2),i] = —

=

For n > 2, f has a simple pole at z = ni. Recall that, for a simple pole at z = z,

(5.6) Res (9(2) B ) _ 9(20)

h(z)"™) "~ W(z0)

This gives
N (=1)"ni
(5.7) Res(f(z),ni) = pr gL

The right-hand side of (5.3) becomes
i = (=)™ 1 = (=1)"n
53) 2m<4ﬂ+;m_n2)>_ 2<4+,§1—n2 |

Now we examine the left-hand side of (5.3). The vertical segments are located at
x = £+v/N and have length (N + 3). Observe that

(5.9) |sinh(z + iy)| = \/sinh? z + sin?y > | sinh z|,

and integrating over the vertical segment with = VN, 0 < y < (N + %) and
z = x + iy, one has the bound
/ zdz (N+3) { z
- < max-< |——=
(14 22)sinh 7z sinh(W\/N) 1422
and this goes to 0 as N — oco. The same analysis works on the vertical segment over
z = —V/N. For the estimate on the top of the rectangle, observe that if Im z = N + %,

:z—\/ﬁ—i-iy,Oéyg(N%—é)}
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then |sinh7z| > 1 and for z on top of the rectangle |z| < 2N which implies |1 + 22| <
4N? 4+ 1. The length of the segment is 2v/N. Therefore the integral over the top
segment is bounded by 4N3/2/(4N? 4 1), so it vanishes as N — oo.

The identity (5.3) now produces

o xdx 1 (=)™
1 2 — =2 -
(5.10) /0 (1 +2?)sinh 7z <4+nz_:2 1—n2> ’

and evaluating the series by partial fractions completes the proof. O

5.2. Entry 3.522.6.

o dx ™
5.11 —_— =2 - =
(5:11) /0 (1+ 22) coshmz 2

PROOF. Let f(z) =1/(1+ 2?)coshmz. As in the previous example construct the
rectangle with vertices =N and =N + Ni. The integrand now has simple poles at

z=1iand z = 2%t for n € Z. A direct calculation gives

2

(5.12) Res[f(z),i] = %, and Res[f(z), 25Hi] =

This produces
5.13 de o o
(1) /0 (1 + 22) coshz 2+7§1_W

Using partial fractions on the summand gives a telescoping series that gives the final
result. 0

5.3. Entry 3.522.7.

e xdx T
5.14 —_— = ——1
(5.14) /0 (14 22) sinh 5F 2

PROOF. The proof proceeds as in the previous two examples. Let

(5.15) f(2) =

z
(14 22)sinh &2

and compute the residues at the poles of f (all are simple)

4ni

(5.16) Res(f(2), 1] = —3} Res(f(2), 2mi] = (-1)" T — oy

The series appearing from the residue theorem is again a telescoping sum. This com-
pletes the proof. O
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5.4. Entry 3.522.8.

o dx
5.17 ——————— =1In2
(5.17) /0 (14 22) cosh TF .
PrROOF. The proof proceeds as in the previous examples. Now let
(5.18) f(z) = é

(1+22)cosh Z2"

This function has a double pole at z = 0 and simple poles at (2n + 1)i. A direct
calculation produces

) 21 "
(5.19) Res[f(2), 1] = —% and Res[f(2), (2n + 1)i] = —7:1_((2&1)2
The residue theorem produces a series that can be identified to In2. This completes
the evaluation. O

5.5. Entry 3.522.9.

o rdx 1
2 ey [ryem(v241)| -2
520 e ]

PROOF. Proceed as before creating a rectangle with vertices £v/N and +v/N +
(4N + 2)i, with N € N. The function

z
5.21 -z

( ) 1@z (1 + 22)sinh 77
hass poles at z =i and z = 4ni, with n € Z. These poles are all simple with residues

: 16ni
(5.22) Res[f(z),i] = —%, and Res[f(z),4ni] = (—1)"r71%712).
Now use the residue theorem and let N — oo to obtain
o xdx v = 1 1

5.23 —_—— = — 42 -l —+—).

( ) A (1—|—x2)sinh% \/§+ ngl( ) <4n—1+4n+1)
The evaluation of the series is obtained by the analysis of the function

o0 :Cn
5.24 = o
(5.24) Fe0) =3

To simplify the computations, replace z by z* and then

n

(5.25) f-(x)= i v = /x i 4" da.
n=1 4’/7, + 1 0 n=1

The last series is a geometric series. Elementary methods now yield

(5.26) fo(x) = g (—arctan(z) + arctanh(z)) .

Similar arguments for f_(z) give the final evaluation. O
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5.6. Entry 3.522.10.

(5.27) /Oo e onEe 1)}
. = ™ —
o (1+a2)coshZt /2
PROOF. The proof is similar as the use presented in Entry 3.522.9 above. O

6. Combinations of hyperbolic functions and rational functions

6.1. Entry 3.526.1.
/°° sinhazcoshbx dx 1 { (a+b+c)m
—_ In 4 tan
0

(6.1) cot (b+ca)7r}

cosh cx r 2 c 4c
provided ¢ > |a| + |b].

PROOF. Let I = I(a,b,c) be the integral to be evaluated. Then

0 *° ginh ax sinh bx
6.2 9, sinhazsinhbr
o b /0 cosh cx r
The next step is to use Entry 3.511.7,
(6.3) /oo sinh ax sinh bz e sin 2% sin Zb .
0 coshz cosa + cos h

To prove this identity use the representation of the incomplete beta function

(6.4) s = [ S

appearing as entry 3.541.6 and proved in [1]:
e dx a+1
6.5 = .
(6:5) /0 coshz g ( 2 )
Expressing the integrand in (6.2) in terms of exponentials, using the change of variables
t = cr and the identity
(6.6) Bla) + Bl —a)=

gives

™

sinma

ol Asin ’27—;’

6.7 777 2%
(6.7) 0b B—&—cos%b

with the notation

(6.8) A="sin™ and B =cos 2.
c 2¢c c
Now integrate with respect to b to obtain
Asin T
6.9 I(a,b,c) = | ———2_db+ w(a,c),
(6.9) ( ) B + cos ’%” (@)

where w = w(a, ¢) is the constant of integration.
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To evaluate the integral, call it K = K(a,b,c), let r = wb/2¢ and make the change
of variables © = cosr, to produce

1 du

with C = /(1 — B)/2 (recall that |B| < 1). Use the method of partial fractions to
evaluate this form of K, this yields

1 cos Z2 + sin Z¢&
(6.11) I(a,b,c) = 5 In <72T§20
™ _

- m) + w(a,c).
sin 2

COs 2

To evaluate the constant w(a, c), take b = 0 to obtain

/oo sinh az dz 11 <1+Sin%)+w(a,c)
0

6.12
( ) 1 —sinZ2%

coshcx 2 5
C

and use Entry 3.524.23, proved in [2],

°° sinh ax dx Ta T
6.13 = —mtan (T2 +7)
(6.13) /0 cosher = RV + 4
and this determines w(a, ¢). From here it follows that
1 cos 2 + sin 7¢
(6.14) Ia,be) = =In|-—2e 02
2 cos 52 —sin 72

flnt (77a+7r) 11 1+sin 52
ntan (— + —) —=In|{ ———=< | .
M\ 1) T2\ —sinze
Therefore, the proof of the statement in Entry 3.526.1 has been reduced to a trigono-

metric identity. Introduce the angles

b Ta
(6.15) a=o, and (= 50

then we need to prove that

(6.16) {W} « tan? (ﬂ + )

cosa — sin 3 2 4
{1 +sin5} S35 +a+B)] -cos[3(Z +a— B)]
1 —sinp3 cos[3(Z + a+ B)] -sin[3(5 + a — B)]

The identity
sin(x + y) + sin(z — y)

(6.17) sinx cosy = 5
transforms the required identity to
g = 1+4sing
6.18 tan® (= 4+ = ) = ————.
(6.18) o <2+4 1—sinf3

This follows directly from the addition theorem for the tangent function. The proof
is complete. O
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Several entries in the table can be evaluated by the methods presented in this
section. Here is a small sample:

6.2. Entry 3.529.1.
(6.19) / (.1 _) e _ 1
0 sinhz z/) x

6.3. Entry 3.529.2.

(6.20) /°° coshaxfldac Ta
0

B | e
sinhbx =« 11cos 2b

6.4. Entry 3.529.3.
o a b dx
6.21 - b—a)ln2
(6:21) /0 (sinh ar  sinh bx) x =(b—a)

7. Combinations of hyperbolic functions and exponential functions

7.1. Entry 3.545.1.

°° sinh 1
(7.1) / PINAT 4z = —cosec = — —
0

err + 1 2p P 2a
provided p > a, p > 0.

PROOF. Write the hyperbolic sine in terms of exponentials, expand the term
1/(eP® + 1) as the sum of a geometric series and integrate term by term to produce

* sinh ax 1 & (—1)k )P
7.2 ———dr = —

(7:2) /0 err + 1 o 2ka:0k‘+1—a/p 2pzk+1—|—a/p
The next step is to transform the series above in order to use the expansion
s mZ = 1 1

. — — ) = -1)" —
(7.3) 2sec(2> Z( ) (z+(2n—1) z—(2n—1))’

n=0
appearing as entry 1.422.1 in [4].
Some elementary arguments yield

sinh az —1)k
[ ey 5 )
o e+ (1+2a) (2k+1 pf <1+2“)—[(k+1)+1]
and from the second sum one sees that the change k + 1 +— j is a natural one. This
gives

> ginh ax 1 )k 1
dr = —- -
| S = 2

“(”p) (2k+1) J:1(1+2“) (2 +1)

T Z(1+2“) 2

j

j

k=0 (2k+1) = (1 + 2“) (25 +1)
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The only remaining thing to fix is to start the second series above at j = 0, instead of
j = 1. This extra term gives the extra —1/2a appearing in the formula. U

7.2. Entry 3.545.2.

(7.4)

/°° sinh ax 1 T Ta
dx C
o €err—1 2a  2p P

provided p > a, p > 0.

PRrROOF. The proof is very similar to that given for Entry 3.545.1. The identity

(7.5) gtan(gz)=§<_z+(;n+1)_z(2171+1)>

is used instead of (7.3). The details are left to the reader. O

8. Combinations of hyperbolic functions and quadratic exponential
functions

8.1. Entry 3.546.1.
e 1 /7 a® a

8.1 / e P sinhardr = =, [ = exp —erf <>
(8:1) 0 2V B 4B 2VPB
provided Re 5 > 0.

PROOF. Write the integral as
(8.2) / e sinh az do = f/ emPrtaz gy f/ e~Br ez gy

0 2 Jo 2 Jo
Introduce the notation
(8.3) J(B,a) = / Bt tar gy
0

then the entry states that

(8.4) AOO e™5%" sinh az do = %(J(ﬂ,a) —J(B,—a)).

Evaluate J(f8,a) by completing squares as

(8.5) —Ba?taz = —f Kx = a>2 = “2]



so that

Therefore
(8.6)
Also,

(8.7)
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J(B,a)

pa?/48 /  —Bla—a/28)? g,
0

= 6“2/4[3/OO e~ B dt
—a/2p

_ e L [T ey
= € e U
\/B —a/2V/B
a/2+/B
— 602/4,3i ﬁ+/ e—u2 du
VB \ 2 0

= eV (1t (25)).

J(Bra) = /48 YT (1 +erf (“))

2B 2B

and this gives the result.

8.2. Entry 3.546.2.

(8.8)

00 2
—,8;1:2 _1\/? a

e coshaxdr = =,/ = exp —
/0 2\ B 4B

provided Re 5 > 0.

59

ProoF. This entry is J(8,a) + J(8, —a), with the notation in (8.3). The result
follows directly from (8.6) and (8.7).

8.3. Entry 3.546.3.

(8.9)

0 2 1 /= a2> ]
—Bx° i 1.2
e sinh“azdr =—,/= |lexp| = | — 1
/0 4\/ﬁ{ p(ﬁ

provided Re 8 > 0.

PRrROOF. The relation

(8.10)

_ 2
o edT _ p—aw
sinh“azx = _

gives, with the notation in (8.3)

(8.11)

e 1 1 [ 1
/ e=P ginh? qx dx = -J(8,2a) — f/ e P dr + - J(B, —2a).
o 4 2/ 1

0
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The result now follows from (8.6), (8.7), and the gaussian integral

(8.12) /OOO e dp = 2\\75

8.4. Entry 3.546.4.

> 2 1 m a2
8.13 / e P cosh? ax dx = \/7 [exp <> + 1]
(8.13) 0 4V B B
provided Re 8 > 0.

PROOF. The proof is the same as that in Entry 3.546.3, but now using

ax —ax 2
(8.14) cosh?ax = (eJ;e)

_ 1 2ax 1 1 —2ax
-3¢ T3l

8.5. Entry 3.562.3.

e’} 2
8.15 ze P2’ sinh va dr = 7\/?@{ (7>
(8.15) / yedo = 1 [F e (35

PROOF. Expressing the hyperbolic function as exponentials and completing the
square in the new exponents gives

I = %e”QHB /Oo peBE=v/28)% 4o _ 3672/45 /OO reBE+1/28)* g
0 0

1 2 o0 0% a2 1 2 o y 542
~e? /45/ <t+>e P dt — —e /43/ (t—)e A at
2 /28 N 2B 2 vee N 28

/28
= 16'72/45 /’Y te P dt + %e’yz/w /OO e P dt.

2 —v/28 —o0
This completes the proof. The first integral vanishes since the integrand is odd. The
second integral is evaluated using the change of variables /8t = r. O

8.6. Entry 3.562.4.

8.16 2e P coshya dr = = | 2 ex (7) @ (7) + 53
(8.16) /0 ! 48\ B P\ 4p 2/3) " 28
PROOF. Starting as in the proof of Entry 3.562.3 one obtains

1 2/48 > i —Bt? L 2 /48 > g —Bt?
I =-¢" t+— e dt + =¢e” t—— e dt.
2 —v/28 28 2 v/28 26

The terms with the integrand ¢ exp(—t?) contribute

1 o0 oo
(8.17) Zen /4B (/ te= Pt dt+/ te Pt dt)
2 —v/28 v/28
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and this evaluates to 1/28 since the integrand admits a simple antiderivative.
The other two terms contribute

/28

/28 /Oo o8 gy _ /28 /OO e gp — L /28 /7 0B gt
4p —/28 4p ~/28 28 0

The change of variables /Bt = r and the expression

2 z 2
(8.18) erf z = —/ e " dr
v Jo

now gives

(8.19) I= Zﬁ\/gerf (2\7/3> .

This is the answer stated in the table, provided one replaces ® by erf. This replace-
ment issue has been addressed in [3]. O

Similar arguments yield the evaluation of the next two entries.

8.7. Entry 3.562.5.
[e’e) 3 ) 2/8 +72) ,72 7y v
9 2,82 G h v do — VT26+77) T Yo e
(8.20) /0 x“e sinhyz dz NG exp 13 NG +452
8.8. Entry 3.562.6.

o 2 2 2
(8.21) [ e coshwdo - Wexp (ZB)

9. Combinations of hyperbolic functions, exponentials and powers

9.1. Entry 3.551.1.
(9.1) [ e e s s do = 40 [(8- ) = (3 +) ]
provided Rep > —1, Re 8 > |Re~|.

PROOF. Expressing the hyperbolic function in terms of exponentials gives

(9.2) == /OO x/t—le—(ﬁ—'y)x dr — l/oo x,u—le—(ﬁ-i-'y)x de.
2 Jo 2 /o

Now make the change ¢ = (8 — )z in the first integral and ¢ = (84 p)z in the second
one to obtain
1 e 1 e
9.3 I = 7/ thletdt — 7/ thletdt.
) 23" Jo 2B+ 7" Jo

The proof concludes by identifying the integral in the last line as I'(u). O
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9.2. Entry 3.551.2.
(9.4) / zH e P coshya da = AT [(B=7)"+(B+7)"]
0

provided Rep > —1, Re 8 > |Re~|.

PROOF. The evaluation of this entry is identical as the one given for Entry 3.551.1
with the only change that now coshyx = (e"”” + e 7). O

9.3. Entry 3.551.4.

* " ()
9.5 ne=(PEMOT Gnh™ g dor = 270! —
(9.5) /0 x"e sinh™ gz dx n Z (k)

n+1
P (p + 2kq)
provided p > 0, ¢ > 0, m < p+ gm.

PRrROOF. Write the hyperbolic sine in terms of exponentials to obtain

1 [ m
(9.6) I = —/ z"e P (1—e )" da
0

= Lm ( )/Downe—(pﬂqk)x
0

2.
1 & 1 ~
) Tn]; < )p+2qk)"+1/o et

using the change of variables t = (p + 2¢gk)x to get the last step.
The gamma function, defined by

(9.7) I(a) = / t*le7tdt, for Rea >0,
0
interpolates factorials in the form
(9.8) I'n)=(n-1), ifaeN
This completes the proof. O

9.4. Entry 3.551.6.

o0 €7ﬁx
(9.9) / sinhyz dx =
0

+
=2

X

N |
—

|

=2

provided Re 3 > | Re .

PROOF. Introduce the notation
oo —fBx
(9.10) I(B,v) = / ¢ . sinh yzx dx
0

and differentiate with respect to 8 to obtain

oI /OO B
— = e "*sinh vz dz.
o8~ Jy !

(9.11)



THE INTEGRALS IN GRADSHTEYN AND RYZHIK. PART 36 63

This last integral is elementary: simply express the hyperbolic factor in terms of the
exponentials to produce

ol 1 [~ 1 [~
12 -~ — _Z —(B=vz g ,/ —(B+Mz g
(9.12) 5 5 /0 e v+ 3 ; e x
1 1
— + .
28-7)  208+7)
Integrate back with respect to 8 and use the fact that I(5,v) — 0 when 8 — oo to
confirm that the constant of integration vanishes. This completes the proof. O

9.5. Entry 3.551.8.

[e'S) ’/T2
(9.13) / ze Pcothzxdr=— —1
O 4

PRrROOF. Use cothz = coshz/sinhx = (e* +e~7)/(e” — e~ ") to produce

. 1_’_672$ e T + 673z
(9.14) e Pcothx = P e T

and then

[ee] [ee] —x —3z
(9.15) / ze “cothzdr = / x (e+e2‘> dzx.
0 0 1—e===

Expand the denominator of the previous integrand in a geometric series to obtain

(9.16) / ze *cothxdr = / (Z pe— (2k+)z + Z xe—(2k+3)x> de.
0 0

k=0 k=0

Integration by parts yields

i 1
(9.17) / ze “dx = —, for a>0,
0 a
and replacing in (9.16) gives
(9.18) /OO ze *cothxdr = i L + i L
' o N (2k +1)2 (2k + 3)2
k=0 k=0
= 1
5 1
2
= (2k+1)
The evaluation now follows from the classical value
o0
1 w2
9.19 —_— = —,
( ) Pt (2k +1)2 8
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10. Some entries producing finite sums

10.1. Entry 3.558.1.

1 —e® 2nm? "l k
(10.1) / x dz = —4
i >

sinh? 5 3

PrOOF. The change of variables t = /2 and writing the hyperbolic function in
terms of exponentials give

o) —2t —2nt
(10.2) I:/ 16te==*(1 —_e )dt.
o (@-cmp
Now use the power series expansion
1 — . i1
(10.3) =i ;ju
to produce
00 [
(10.4) I = / 16t (1 —e72") Y " je 20Dt dt
0 =
[eS) ) oo 00
= Zl6j/ te_thdt—Zlfij/ 165~ ("t gy
j=1 0 j=1 0
oo 0o et 00
= ZlGj/ tetdt — 16(j—n)/ te= 2t dt
j=1 0 j=n+1 0
= ZlGj/ te ' dt +16n » / te= 2t dt.
= 0 jomt170

(Note. A rigorous proof requires to cut the sum at j = N > n and then pass to the
limit as N — oco. The reader is invited to check the details). Integration by parts
gives

2jt 1
10.5 te Htdt = —
(10.5) /o ‘ 452

and this gives

I = 4il+4n i ig
jzlj j:n+1‘]
"1 =1 "1
= 4 - +4n -5 Ty
;J ;yz ;ﬂ
2 n _
= 4n 7;4Z<n_2j>
Jj=1 J

This completes the proof. O



THE INTEGRALS IN GRADSHTEYN AND RYZHIK. PART 36 65

10.2. Entry 3.558.2.

] (=1)re n—
10.6 r—— 2 " dr= +4 )k
(106) / fE Z

ProOOF. Make the change of variables ¢ = z/2 and write the hyperbolic function
in terms of exponentials to write

oo t€72t [1 _ (71)n672nt]
10. I=1 dt.
(10.7) =

Now use the expansion

oo

1 . )
(10.8) =) (—1)
(ETERY
to produce
oo oo
(10.9) I:/ te—2t [1 )" —2nt Z - —2(j Dt gt
0

This impies
(10.10) I:Zlﬁj(q)j*l/ te~ 27t dt7216j(71)””*1/ te 2+t gy
j=1 0 j=1 0

This can be written as

s 00 s o]
I= Z16j(—1)j—1/ te2hdt — 16(—1)k_1(k—n)/ te~ 2kt
j=1 0 k=n+1 0

and this yields

(10.11) I = 216] / te~ 2t dt
0

-y 16k(—1)’f-1/ te 2kt dt

0

k=n+1
+ 16n Z Y= 1/ te= M qt.
k=n-+1

The values ’
(10.12) /O Oote*%tdt 4]12
and

< (_1)i-1 2
(10.13) jz_:l( j)2 =5

give the evaluation of this entry. O
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10.3. Entry 3.558.3.

fo%e) n—1
1—e™™ n—=~k
2
(10.14) /0 T — 2z dx = 8n((3) — 8 ,;:1 =

S111 2

PROOF. The change of variables ¢t = /2 and writing the hyperbolic function in
terms of exponentials give

o] 1— e—2nt
_ 2 _—2t
(10.15) I= /0 32t% <<1 — ezt)z) dt.

Using the expansion (10.3) produces

I = / 32t3(1 — e~ Z —2t gt
0 j=1
[e’e] ] o0 e e]
= 3223'/ tPetdt —32 (k—n)/ t2e 2k dt.
j=1 “0 k=n+1 0
Now
10.16 el dt = —
( ) /0 € 453
yields
(10.17) I = 82——8 Z
k=n+1
g > g
k= n+1
n 1
j=1 k=1 k=1
n—1 0o
(J—n) 1
S o
j=1 k=1
= SZ +8 ¢(3).
This completes the proof. O

The proof of the next four entries are similar to the one given for Entry 3.558.3.
The details are left to the reader.

10.4. Entry 3.558.4.

> 1 — e=2nT) it G
10.18 2 I(i =8 —8y A E
(10.18) /0 G "Z 2k—1 ;(%-1)3
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10.5. Entry 3.558.5.

n—1
e’} 1 + (_1)ne—nw n — k
(10.19) / w? o dw =6n((3) — 8>  —
0 cosh” £ =k
10.6. Entry 3.558.6.
n—1
® L1 —e"® 4 n—~k
10.20 P dx = —nr*— 24 —_
(10.20) /0 sinh® 2 15 ; k4
10.7. Entry 3.558.6.
L1 —e"® 4 ik
10.21 3 de=—nrt—24
(1021 /0 ! sinh® 2 T 2 k4
k=1
10.8. Entry 3.558.7.
n—1
< S+ (=1)"e "] 7 n—k
10.22 3[—d = _—nrt424) (—1)*
( ) /0 v cosh2§ T30 * ;( ) k4
REMARK 10.1. The entry 3.561
e} —29ct hZ
(10.23) / € Y gr=2m
0 x coshx 2v/2

can be evaluated with the methods used in this work. This will be included in a future
publication dealing with the generalization

e "® tanh £
- T m

x coshzx

(10.24) A(n,m) = /000
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