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A special collection of definite integrals

Michael Henry and Victor H. Moll

ABSTRACT. A compiled list of definite integrals related to special constants is
presented. These include Riemann zeta function and the Dirichlet beta function.

1. Introduction

The goal of the current work is to present in a unified manner a collection of
definite integrals involving some classical function, such as
oo
1

ns’

(1.1) ¢(s) =

n=1

oo 1 .
(1.2) A(s) = nZ:o Gniiy (1—=27%)¢(s)

and their alternating counterparts,

(1.3 as) =3 T — e,

(="
n=0
These functions are named after Riemann and Dirichlet in view of their studies in
relation to the distribution of prime numbers. The reader will find in [5] information
on these functions.
These functions have corresponding finite counterparts. The notation used here
is meant to be suggestive. For instance,

N

e

(1.5) (v (s) =
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and similar for the other functions. A common notation for the harmonic numbers,
¢n(1), is Hy. Analogously, we have

Yo
(1.6) An(s) = va

n

o

N _1\n—1
(L.7) (=3 EUT

and .
N
_ (=1)"
(1.8) Bn(s) = n§:0: @nt1)e

There is a large variety of relations among these functions, for instance,
(1.9) 22N (1) = 2Gn (1) — (N (D).
The goal of the paper is to present the evaluation of definite integrals and express
them in terms of these functions.
2. Classical forms and [ sums

The first evaluation generalizes an identity appearing in [5, p. 55] we find the
double sum identity

D (), T¢(3)
; T

where G is the Catalan’s constant defined by
o (=n"
2.1 = —
(1) ¢=2 i1y
A well known classical result is:

THEOREM 2.1. The evaluation

/1 (arctanx)2dx e 7((3)’
0 xZ 2 8

holds.

Proor. This is classical and is obtained by expanding the integrand in power
series. Details appear in [2]. O

The next result presents a generalization.

THEOREM 2.2. Let o« > 1. Then

/1 (arctanxl/")zdx _ a/l (arctanx)de
0 0

xT xT
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PROOF. Here we write A\, (1) = A,. It is known that

o0
-1 n—l/\ _ 2n
Z (=1 no1t (arctan z)?.
n=1 n
Replace z by 2/ to produce

(=D I g (2/)?remt (arctan /)2
2.2 .
(2:2) ; - -

Integrate both sides, and evaluate the left side in terms of

-1 nfl)\n_ 1 )\n_ 1
(2.3) ()71/ (Il/a)znxfldx: 71/ p@n—a)/a g,
n o n ),
Now use
1/a\2n
(2.4) /33(27170‘)/0‘(11: _ oz(z:2n) ’
to obtain
(2.5) ° i (D" (D) /z (arctant!/®)?
. 2 n=1 TL2 = 0 t .
Therefore
[eS) e 1 )
@ (D" "Nt (arctan x)
(2.6) 5 ; 3 dr = a/o Tdm7
and this becomes
(2.7) /lmwdx:a/lwmx)?dx
. 0 x 0 T ’
The proof is complete. -

Example 2.1. An attractive special case is

2.8) /O (arctan /)

. dx = 47G — 7((3).

Example 2.2. The previous example is now compared with the evaluation
1 i 8/77)2
(2.9) / (aresin Vr)” /o or21082 — 7¢(3),
0 X
appearing in [2, p. 122], written in the equivalent form

/1 (arcsinz)?  7w?log?2 ~T¢(3)
0

dr —
T * 4 8

There is also an indeterminate form of these evaluations:

x i 2 0 4n—1
(2.10) / Mdt -3 220
0

t n=1 n3 (2:)

The previous examples are now generalized.
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PrOPOSITION 2.1. If a > 1, then

1 o el/a2 1 )2
/ (arcsinx /%) de — a/ (arcsin x) .
0 0

T T

PROOF. Use the series (2.10) and follow the proof of Proposition 2.2 to obtain
the result. O

NoOTE 2.1. The evaluation in Example 2.2 is connected to the integral

/2 2]og 2
(2.11) 2/0 xlnsinxdx:—(%—%(?’))

appearing in [7, p. 234].
NOTE 2.2. A direct application of the identity

(2.12) arctan z = arcsin ——e——
x? 41
combined with (2.10) gives
1 2 > n
(arctan x) 2 7¢(3)
2.13 4 ——dz = =21G — ——.
o T 2

The next results follow closely from the discussion presented in [2, p. 129-133].
Start with the classical expansion of the cotangent function (see [10])

= ¢(2
(2.14) xcotx = 1—22%302".
n=1
and use
sin x b T \2
o1 1 (4
and
d(lnsinz)
———— 2 =cotx
dzr

to obtain the series expansion (2.14) involving ((2n). The following expansions are
established next:

1 o 22" By g
(2.16) cotx = p —nZ::l(—l)"_1 (271)2' 2t
and
_ - n Eon o
(2.17) secx—;(—l) (2n)!x .
and this yields
4" 1By, .

E
and  B(2n+1) = (—1)"——2__g2nt1,

(2.18) ¢(2n) = (~1)"! 47+1(2n)!

(2n)!
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PROPOSITION 2.2. The expansion of the secant function is given by

4302 4+ 1)
(219) SecCr = Z Wx2 .
n=0

PROOF. Start from the right-hand side of (2.18) to produce

22D (2p)18(2n + 1)
7-‘-2n—&-1 :

(2.20) Eap = (1)

Now recall the expansion of the inverse Gudermannian (viz series no. 754 in [6]) to

obtain
oo

Eon
(2.21) gd~*(z) = log(secx + tanz) = x + 7;1 (Qniil)!mznﬂ

and by substitution of (2.20) produces

n 4n+1ﬁ(2n + 1) x2n+1

(2.22) log(secx + tanz) = x + Z(—l) T (20 1)

n=1

A simple calculation now gives the result. g

Proposition 2.2 yields the identity

(2.23) g sec % =2 7;) B(2n + 1)z*",

that is the even-series analogue of

(2.24) T ot = Z ¢(2n)2z*" L.
n=1

NoTE 2.3. In connection to the inverse Gudermannian used in the argument
above, note two interesting integrals that appear in the literature:

/2
(2.25) / log(secx + tan x)dz = 2G
0
and
/2 7C(3
(2.26) / xlog(secz + tanz)dx = %
0

These are connected to the present context by the identity
2

™2 ! (arctan z)
2.27 — —z)gd tads = —2d
(2.27) /0 <2 x)g xdx /0 . x

The next result appears in [11]. The ideas there are related to the argument in
[4].

THEOREM 2.3. (Yue and Williams) The Apéry constant ((3) is given by

- (2n)
¢B)=—-7 ; 22n=1(2n + 2)(2n + 3)°
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PROOF. This is just a reproduction of the proof given in the sources mentioned
above. It is given for completeness purpose.

Recall that
t . 2 oo -1
(arcsin z) 4=t
—dr = E ",
</0 x n3 (2n)

and therefore,

sint . 2 oo 471,—]
AR g I
0 v n(5))

The substitution x = sinu gives

t u2 t o0 4n71
/ —du = / u? cot udu = Z ﬁsin%t.
o Smu 0 n=1 n3(n)
Then (2.14) produces
- ¢(2n) u2ntl
u?cotu = —QZ =

and integrating the left side yields

2 oo 4n—1 - om
(2.28) / ( Z fﬂnﬁl 2n+1> du — Z m sin2" ¢

n=1 n

The series inside the integral converges uniformly, therefore

t oS} 9
(2.29) -2 Z (7;2n+1 / 2n+1 du) _ Z 7r2nﬂ(z)+1)t2n+2'
0

n=

Integrate a second time from 0 to ¢, to produce

_ Z ) $2n+3
m2ntl(p —|— 1)(2n + 3) '

and with ¢ = /2 this becomes

w/2 7_[_2 o]
2. —
(2.30) / / u? cotu du dt = 3 z:: ——y 2n+3)22”

n 1

Next use the notation
m/2
(2.31) / sin®" Mz dr = W,.
0

and use Wallis’ formula in the form

2.32 L __
(2:52) Wo — @2n+1)(3")

in the identity

4n 1 ) e 4n—1 P
2.33 sin "tdt = —_——————sin“"" " .
(233) / 2 n3(*")(2n + 1)

n=1
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to produce
12 SN sin® |
2.34 — —dt = - —.
(2:34) 4 /0 ngl n3W, 4 ngl n3
Combine (2.34) and (2.30) completes the proof of the theorem. O

A very similar procedure gives a companion result.

PROPOSITION 2. 3 The evaluation

> B(2n +1) TG 7¢(3)
2.35 = _
(2.35) z:: 2n 4+ 1)( 2n—|—2)(2n+3) 2 8
holds.
PROOF. Start with
tant 2 t
t
(2.36) / de = 2/ u? csc 2u du,
0 x 0

and use the elementary identity cscx = sec(xz — 7/2) to write

t t
(2.37) 2/ u? csc 2u du = 2/ u?sec <2u - f)du
0 0

Now use Proposition (2.2) to write

(2.38) 2/t u? sec (2u — 7>du = /t i w (2u — g)zan du.

0 0= 2n+l
Change the order of integration to derive
2n
(2.39) /t (2 7T)2n 24 (2t B %) (m — 4t)[Apt? + Bptm + 2] |t
’ u— =) uau= ,
y 32(2n + 1)(2n + 2)(2n + 3) .

where A, = (2n+1)(2n +2), B,, = 2n + 1. Thus, we have shown
(2.40)

0

x 8 7201 (20, 4+ 1)(2n + 2)(2n + 3)

2n t
/tant (arctan z)2 ] 1 > 4"B(2n+1) {(Zt - g) (m — 4t)(At? + Bptm + 7T2)’ }
> —
0 n=0

The special value t = 7 now gives

(2.41) /1 (arctan z)? L Z B(2n+1) _ G 7¢(3)
0 x (2n 4+ 1)( 2n+2)(2n—|—3) 2 8
and the evaluation is complete. O

NOTE 2.4. An outline of a general approach presented here can be found in [3].
In particular, it is shown that

B(2k +1)
(242) 2 Z 2k FD)k+2)

However, the relationship with C—values is not presented by these authors.
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3. Juxtaposing the logarithm and sine functions

This section begins with some standard notations for a group of special functions.
For what follows we remind the reader of some standard definitions.

DEFINITION 3.1. The cosine integral for —m < Arg(z) < 7 is given by

h 4 11— 4
Ci(m):—/ %dt:’y+logx—/o %dt.

Here v is the Euler-Mascheroni constant. The notation

xT 1 _ .
(3.1) cin(z) z/ %btdt
0

is used throughout.
The first result uses the notation T =1 — z.

PRroPOSITION 3.1. The evaluation

1 1
/ log zsinx = / logZsinZ dx = Ci(1) — .
0 0

holds.

PROOF. Start with the uniformly convergent series

0 x2n+1
3.2 inr = =
(32) sinz =3 (1" Gy
so that

> 22"t logx
3.3 1 inz = -
(3.3) ogzsine = 3 (1" TG

and the original integral is written as

oo

L loga > —1)" 1
(3.4) Z(fl)”/ (Qitg—&—l)!x%ﬂ Z(Z(n—li—)l)'/o 2" log z d.

n=0 0 n=0

Integration by parts gives

1
(3.5) / " logwdr = —
0

and then

! N (=1t N ()
(3.6) /0 logzsinz = | 2n+ 1)(2(n + D) n; 2n(2n)!"

n=0

o
4(n+1)%’

The classical expansion

(3.7) cin(z) = 3 W

n=1
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produces

1
(3.8) / log z sinz dx = cin(1).

0
The proof is complete. O

NoOTE 3.1. Proceeding as above and using

(3.9 logtsmt—/ / Cloity Y,

gives

cos(x
3.10 1 = d dyd
(3.10) /0 ogrsinx = / / / 1+7 ydz.

This integral is similar to well-known integrals for other special constants such as ((3)

and ~y. For example, o
1
3) :/ / / dxdydz
o Jo Jo 1—ayz

as shown in [1]. Other examples include

1ol g
2):// dxdy,
1—=zy
//1 ln:z:y
0o Jo 1—xy v
1,1 =
z
— ———— duzdy;
/0 /0 (1 —zy)Inzy

The arithmetic character of the value obtained above is discussed next.

and
for details see [9].

PROPOSITION 3.2. The number cin(1) is irrational.

PRrROOF. It has been established that

n 1

oo
cin(l 2_: 2n( 2n

The same argument used to show 1/e is irrational mutatis mutandis will work; see [8,

p.2-3]. O

The next result is a reformulation of Proposition 3.2. The authors remain skeptical
of its value toward showing ~ is an irrational number.

COROLLARY 3.1. One of the numbers ci(1) or v is irrational.

PROOF. Since
cin(1) = v+ ci(1)
and since cin(1) is irrational, the proof is complete. 0
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The next result is a reciprocity theorem for the function Ci, found to be of interest.
An immediate application to the study of ~.

PROPOSITION 3.3. Let m, n € N be such that m < n. Then
m/n _ _
Ci(l)—/ lnfsinfdm:Ci<n m) +1n( n )cos (n m)
0 n n—m n

PROOF. A similar argument as the one presented in the proof Proposition 3.1
gives

b oo b
- (—1)"/721 -

3.11 log T sinTdx = g —— | 7" logTdx.
(3:11) /0 & 2 2n+ 1)1 &
An elementary evaluation gives, for b < 1,

b 72(n+1) I

_ _ b (I-2(n+1)logd) —1

12 2t og 7 do =
(3.12) /0 T ogTdr Tnt )2 )
and the right-hand side is
) 1

(3.13)

An+1)2 2n+1) 4n+1)2
This yields

fe’e) =2n oo —2n oo
(=1)"'b - (D)7 (-pr*t
3.14 ———— +logb .
(3.14) ; onn)l 08 ; et " n; 2n(2n)!
Now let b = m/n to complete the proof. O

The next result follows from Proposition 3.3.

PROPOSITION 3.4. The limit

lim [Cl(%) + In(x) cos (%)] =,

Tr—r 00

holds.

PROOF. Start with
. 1 —cost
Ci(z) =~ +logz — fdt,
0
and restate the result as
"' 1~ cost

lim [7 +logzcosz™ +logz™t — / dt} =1.
T—00 0 t

The expression in brackets is now simplified as

—1
—cost

|
{'y—logaz(l —cosz™h) —/ dt}.
0 t

-1
R t

The limiting values logz(1 — cosz™1) — 0 and / %dt — 0asz — o0
0

complete the proof. O
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