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A note on Solvable Equations including De Moivre’s quintic

M.L. Glasser

ABSTRACT. In this note we examine a simple algorithm for producing solvable
polynomial equations and study the solutions of the quintic equation with real
coefficients

z° + 5az® + a2z +b=0
solved in radicals by De Moivre. the result is used to sum a hypergeometric series
for several arguments.

Introduction

It is common knowledge that there are no elementary formulas for the solution
of polynomial equations of degree higher than 4. However, specific equations of any
degree exist which have algebraic solutions. In the n-th degree case of a trinomial
equation it is known that the roots are expressible in terms of hypergeometric functions
and one of the aims of this note is to show by example that solvability can lead to the
exact evaluation of such functions in elementary terms..

In the last twenty five years attention has been devoted to determining all sextic
equations which are solvable in terms of radicals in the sense of Galois; we mention [1],
(2], [3] in particular. These studies were group-theoretic and little attention was paid
to explicit solutions. We begin by presenting an elementary procedure for generating
multiple-parameter solvable equations of arbitrary degree, which is illustrated here for
degrees 5 and 6.

Let

F(x) = Zn:Akxk =0 (1.1)
k=0

be an algebraic equation with A, = 1, but otherwise having arbitrary complex coeffi-
cients. Then, for a # 0,

Gu) =u"F(u—aju)=0 (1.2)
is a 2n-th degree equation. Next, select the coefficients Ay so that (1.2) reduces to a
solveable equation with respect to some power u"™ (where m|2n). For example, in the

2000 Mathematics Subject Classification. Primary 33C05, 65H04.
Key words and phrases. Polynomial equation, quintic equation hypergeometric function, solvable
equation.

29



30 M.L. GLASSER

case n = 6, let us choose As =0, A4 = 6a, Ay = 9a® and A; = 6aAs resulting in

u'? + Azu® + (Ag — 2a®)u® — Azau® +a® =0 (1.3)
a quartic equation in w3, which therefore has twelve algebraic roots, half of which are
roots of the three parameter sextic

25 + 3az® + Azz® + 9a%2? + 3Azax + Ag = 0. (1.4)
As an example, A3 =a =1, Ay = 2 gives

u? 4w’ -2 +1=0 (1.5)

having root

1 /3 1 /3 3iv3
3 _ = Ve = e
u’ = 4—|— 1 5\/3 5 (1.6)

Therefore, the irreducible sextic
2%+ 32 +2° + 972 + 32 +2=0 (1.7)

has the root

2
5iv/3 1 3 5iv/3
\/_ + L i, /2 _ 2
De Moivre’s Solvable Quinti(:

We start with the general quintic equation (over the real numbers)

5
> ajal =0 (2.1)
j=0

with a5 = 1. Using Vietd’s substitution, = u — a/u with a # 0 real, expanding and
multiplying by u®°, the resulting 10-th degree equation is solvable (in radicals) only for
a1 = aas = 5a?, as = a4 = 0, in which case
0 4 aou® —a® =0. (2.2)
By solving this quadratic equation (in u®) and extracting the fifth roots, after elimi-
nating duplicates, we see that the roots of the De Moivre equation| (writing b in place
of ap)
25 + 5ax® + 5a*2 +b=0 (2.3)
are
€, = 2_1/5[6_3”/5(\5— b)/5 & e—zm'/5ﬁ+ b)1/5]
Zg = _2—1/5[€—wi/5(ﬁ_ b)1/5 + e—4m‘/5(ﬁ+ b)1/5]
T3 = 271/5[6727”-/5(\/’?7 b)l/s + 673#1‘/5(\/7)/+ b)l/S]
T4 = _271/5[671'1'/5(\/»_ b)1/5 + €4Wi/5(f+ b)1/5]
=27y =)+ (v + )Y
v = 4a® + b (2.4)
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(The asterisk denotes the complex conjugate.)

By means of the Tschirnhausen transformation [5] y = ? + ax + 8 any quintic
can be reduced to “principal” form y® + Ay? + By + C = 0. This can be carried out
efficiently using Mathematica by means of the command

Resultant[z® + 5az® + 5a’x + b,y — (22 + az + B), z] which returns y° + (10a —
58)y* + (35a% + baa? — 40a3 + 1082)y3 + ... from which we easily determine o = \/a
and 8 = 2a. Thus, the principal form for the De Moivre quintic is

¥ + (5v/ab — 10a®)y? + 15a*y — (9a°/%b + 22a° + b%) = 0. (2.5)

Jerrard[4] found that by means of a quartic Tschirnhausen transformation a prin-
cipal quintic can be further reduced to the trinomial Bring form

2 —24+t=0. (2.6)

The details can be mechanised to some extent[5,6], but are still quite cumbersome. To
present the result it is convenient to introduce the further abbreviations: a = 8a°/2—b,
B =2a%? —b, § = 176a° + 36a°/2b— b2. Also dy = 675(8/a)(2a%/% +b)a®b, d; = A/a,
dy = 25(8/a)(8a® — 3a°/2b — b?), ds = 75(B/a)a’/?(16a%/? 4 3b) and dy = 75Ba'/?,
where

oy 2a
A= 25[W(ﬂ\/3a3/2(11a5/2 —b)— 9(12,Y1/2)1/:3Jr

1 16a'%/2 + 4a°b 4 4a°/?0 + b°
3L/3a91/2 (B, /3a372(11a5/2 — b) — 9a2y1/2)1/3
(800a'7/2 — 318a5b + 227a7/%0% — 12ab%)]. (2.7)
The quantity A has six possible values, due to the choice of branches in the square

and cube roots, so it takes a bit of experimentation to select the appropriate one.
Next, we require the coefficients

653 2 2
co =2 aﬁ [56254° f1(a, b) + gﬁﬁfz(avb) +3a"/2A%(1880° + 86a%/%b + 9b°)] (2.8)
552, ,1/2 9
er = 2 562561 (a,D) + 2 BAga(a,b) + 9° A2 (407 1 1)
where

fi(a,b) = 262246442 — 1339776a*°b 4 1038284%°/2b? + 21821046 —
17365a'%/2b* — 2858a°b° + 297a°/26° — b7
fa(a,b) = 209024a°/% — 30616a°b — 34508a%/2b*—
98a°b% + 530a°/2b* — b°,
g1(a,b) = 13312042 — 83520a'°b + 268044%>/2b? + 1789a'°b* —
1082a%/2b* + 3864°b° — 484°/%b5 + b7, (2.9)
g2(a,b) = 11200a*/? — 3656a'°b — 754420 + 62a°b> — 38a°/2b* + b°.

The result is that the roots of the Bring-Jerrard quintic
25— 24t=0 (2.10)
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with
t= —e_i”/4cocl_5/4 (2.11)
are
4
zj = efi”/4c1_1/4 Z dk(:c? +Vaz; + 2a)F. (2.12).
k=0

Now it has been shown by James Cockle[7] ( the first Chief Magistrate of Queens-
land, Australia) and others[8] that one of the roots of (2.10) is

3125

z0 =t 4F5(1/5,2/5,3/5,4/5;1/2,3/4,5/4; %t‘l). (2.13)
Therefore, it has been shown that
3125 ¢4
4F3(1/5a 2/57 3/574/5a 1/2a 3/47 5/4a _ﬁ%) =
€1
o A
— =" di (@ + Vazo + 2a)" (2.14)
€0 =0

where g is one of the five values in (2.4). (Which one it is can be determined numer-
ically).

As a very simple example, let us take the case b = 2a%/2. Then the principal
quintic (2.5) is already in Bring form, which is easily scaled by y = ¢"™/*15"/4az into
(2.6) with t = 44e~""/41575/4, Therefore, from (2.13) we find

14641

a3 )
ﬁ[(ﬂ + 175+ (V2 - D)5 - (V2 )Y 1 (V2 - )V, (2.15)

At the other extreme, the algorithm described here produces formulas such as

4F3(1/5a 2/57 3/574/57 1/27 3/47 5/4a -

1F3(1/5,2/5,3/5,4/5:1/2,3/4,5/4;2) = Z (2.16)

where

z = ((13+V/182)%/3((78913%/3 + 24713'/6/14) (13 + V/182) /3 + 2275(13 + V/182)%/3 —
13/3(6799 + 542v/182))%) /(1521 ((—713%/% + 313'/6y/14) (13 + /182) /3 —
161(13 + v/182)%/3 4+ 13Y/3(133 4 10V/182))°) %2.17)

and
Z = (5((—713%/3 + 313Y/6/14)(13 + V182)1/3

161(13 + V182)%/%+
131/3(133 4 10v/182)) (—3(—5 + v/26)*/%(13 + v/182)/3(1103 + 3465(5 + v/26)/°+
5355(5 + v/26)%/° + 3780(5 + v/26)%/°)+
3(—5 + V26)3/°(13 + v/182) /3 (8872 + 1485/26 + 4412(5 + /26)/°+
6930(5 + v/26)%/° + 3780(5 + v'26)*/%) + (—5 + v/26)'/5(—~14213%/3 4
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142131/3(13 + V182)%/% + (13 4+ V182)/3(34114 + 5355v/26+

13236(5 + v/26)(3/5) + 10395(5 4 v/26)*/°—
9(5 + V26)%/°(—2797 + 180v/26))) — (=5 + V/26)%/5(—14213%/3+
1421313 (13 + V182)%/% + (13 + V182) /(33742 + 6480v/26+
20790(5 + v/26)>/° + 16065(5 + v/26)4/°+
9(54+v/26)'/°(2797+180v/26)) ) +(5+v/26) /5 (14213%/3 —3309(5++/26)%/° (13+1/182) /3 +
3(5 + v/26)%/5(—8872 + 1485v/26) (13 + v/182)/3+
(—34114 + 5355v/26) (13 + v182)"/% — 14213"/3(13 + V182)*/3+ (2.18)
2(5 + v/26)'/5(7113%/3 4+ (—16871 + 3240v/26) (13 4+ V/182)'/3 — 7113'/3(13+
V182)2/3)))) /(568(13 + V182)1/3((78913%/3+
24713Y61/14) (13 4 V182)1/3 4 2275(13 + V/182)%/% — 131/3(6799 + 5421/182)))

Acknowledgement I am grateful to Prof. Victor Adamchik for help with the neces-
sary Mathematica routines.
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