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Integration Formulas Involving Fibonacci and Lucas Numbers

Kunle Adegoke® and Robert Frontczak®

ABSTRACT. We present a range of difficult integration formulas involving Fi-
bonacci and Lucas numbers and trigonometric functions. These formulas are
often expressed in terms of special functions like the dilogarithm and Clausen’s
function. We also prove complements of integral identities of Dilcher (2000) and
Stewart (2022). Many of our results are based on a fundamental lemma dealing
with differentiation of complex-valued Fibonacci (Lucas) functions.

1. Introduction

In a recent paper from 2022, Stewart [8] derived some appealing integral repre-
sentations for Fibonacci numbers F,, and Lucas numbers L,,. For instance, he proved
the representation [8, Theorem 2.1]

Fkn n !

1.1 mE R
(L.1) o)

n—1
(Lk + Fkx\/g) dz  (n,k€N).
The special case of this identity for k¥ = 1 is also discussed in Stewart’s paper [9] from
2023. Also, in 2015, Glasser and Zhou [4] worked out an explicit integral representation
for F,, involving trigonometric functions. Indeed, the main result in their paper is the
representation of the form
a™ 2 [ sin(x/2) cos(nz) — 2sin(nx) sin(x)

VAR T 5sin?(z) + cos?(x)

(1.2) F,

where o = (1++/5)/2 is the golden ratio and n € Ny. Another representation is given
by Andrica and Bagdasar in [2]. The last example for such representations comes from
the paper by Dilcher [3] from 2000 where he showed (among others) that

(1.3) Fop = g (;’)n_l /Oﬂ 1+ ? cos(z) " sin(z) dz.
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In this paper, we go in the same direction. However, we do not intend to prove
explicit integral representations for Fibonacci and Lucas numbers, but instead we deal
with integration formulas involving these sequences and combinations of trigonometric
functions. We begin by proving the following complements of Stewart’s and Dilcher’s
integral identities
(1.4)

! n=2 2" Lin  FrnLg
Ll (Lx+ Feavs) " (BB + L) da PG < T > . ng{0,1},

1 n—2 gn L _ 1k F,
1.5 Li+ FoaVs)  adr = ( (n-Dk _ Zn >
(1.5) /_1( o+ Flavs) (n—Dv5E, \ 2 nFy,

and

n—1
i 5 5
/ 1+£cosx In 1—|—£cosx sin z dx
(1.6) 0 3 3

6 2\" 1 2 2\" 3
=—— (2] Lyl ——4+In(= 2 ZFy,, VAR
i (3) et (< (3)) (3) Grn ne

Then, we prove a range of difficult integral identities of which we chose the fol-
lowing ones as a showcase:

1

T if r is odd

Tr Z , if r is odd;
/ /2 tan? do — 2 F/5(F/5+2)

2 4 - 1
0 1+ Lo, tan® x + tan* x gm7 if r is even;
/7r xsin® z d 1 " 27/5 Ly, 1
P rlna,

0 (4+5F% sin® x)2 10 Ff, 25 Fj,

/7T/2 1‘2 J 1 71.3 N T L 2 S5
= —7F""| — — L1 _— r =

o L2+ 4+4L, cos(2z) I2—4\24 2 *\L.))’

and

£ (12 (V) i (V7))
g 1\/57 (Cl2 (2 arctan (\/F)) +Cl <7r _ 2arctan (\/F)))
+ (; + 1) % arctan (W) In (ﬁ) . T > 2even;

where Cly(x) is Clausen’s function (see Lemma 5).

We note that most of the integrals derived in this paper cannot be evaluated by a
Computer Algebra System. We checked with Maple, version 18. Even in the few cases
where evaluation by a symbolic language is possible, the results are generally quite
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complicated and unwieldy. Finally, we think that some of the integrals derived in this
paper are suitable for addition in the table by Gradshteyn and Ryzhik [5], for instance,
in Section 3.61 dealing with rational functions of sines and cosines and trigonomet-
ric functions of multiple angles and in Section 4.38-4.41 focusing on logarithms and
trigonometric functions.

Our paper is particularly inspired by the following identities of Lewin [7, p. 308
309, Identities (4) and (7)—(13)]:

q
(1.8) /miaman(qx)d ST L () g, (e
)y T1rer TR T2 \01g) T2 U 11g)
w/2
(1.9) / arctan(Q csc z) dx = T _ Lis (m - Q) + Lip (—\/1 + Q%+ Q) )
0
(1.10)

T 2
/0 T arctan (1 a 3 sinx) dx = wLis(q) — 7 Lia(—q), ¢ <1

(1.11)

/2 22 dx 1+¢* ([ =« 2q
= aa 7L - ) 2 < ]-7 = )
/0 1—Qcos(2z) 1—¢? (24 3 iz( q)) 1 @ 1+ ¢?

(1.12)
T 2 1 3 4
/wdx_w(gﬂmﬂq))’ o<1, Q=_t1_
0

1—Qcos?2z =~ 1—gq (1+¢q)?’

B z? dx 14+¢* (73 2q
1.13 = — Li 1 S
1) [ 1_q2(3+w 12<q>), <1 Q-
(1.14) /“ 2% cosz dr 77W1+q2Lig(\/§)—Li2(—\/§) <1Q= 2q
’ o 1—Qcos(2x) 1—g¢q Va A= C14¢2

Obviously, the common feature in all these results is the appearance of the dilog-
arithm Lis(z) on one or both sides of the equations. This special function is defined
by

© L
. z
LIQ(Z) = E ﬁ’ |Z| <1
k=1

We proceed with a definition of the Fibonacci numbers F,, and the Lucas numbers
L,,, and with some lemmas which we be used later. Both sequences are defined, for
n € Z, through the recurrence relations F,, = F,,_1 + F,,_o,n > 2, with initial values
Fo=0Fi=1and L, = L,,_1 + L, 5 with Ly = 2,L; = 1. For negative subscripts
we have F_,, = (—1)""'F, and L_,, = (—1)"L,,. They possess the explicit formulas
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(known as the Binet forms)

Fn _ a” — 671’
a—p

with a = (14+/5)/2 and 8 = (1 —+/5)/2. For more information we refer to the books

by Koshy [6] and Vajda [11].

L,=a"+p", nek,

LEMMA 1. If z = 2arctan(8"/i") where r is an integer and i is the imaginary
unit, then

F./5 24" 24"

(1.15) cosz = , sinz = —, tanz =

L, L, FA\/5

ProoFr. This is a consequence of the fact that if z = 2arctan(p/q), then

Ccos z = M sinz = 204 tanz = 204 .
2+ p? @2 +p?’ g2 — p2
So, for instance,
cos s — (_1)7‘ _ﬂ2r _ a” _ﬁr B \/gFr

COe a s L

as aff = —1. The remaining relations also follow immediately. O

LEMMA 2. Let f(z) and l(z) be the infinite times differentiable, complex-valued
Fibonacci and Lucas functions defined by

(1.16) f(x):a;%gx, () ="+ 5", xR
Then

(1.17) F@)omjer = Fiy @) pmjer = Ly
and

d L, d .
(1.18) R (f(m) gc_jeZ) = 7 Ina, R ( d;vl( )

T=j€EZ B \/57 dx

PROOF. First, since 3 is negative, we write

(1.19) S (C;le(:z:)

B* = (=B) exp(in(2m+1)x), meEZ,
so that
%ﬁw = % (im (2m + 1) + In(—B)), me L.
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We have

d 1 d ., d .
d:rf(x):a—ﬂ(dxa _dx/g>

:aiﬂ(oz””lnoz—ﬂxln(—ﬁ)—i7r(2m+1)ﬂz)
:aiﬁ(azlna—kﬂxlna—lena—ﬂmln(—ﬂ)—iﬂ'(?m—l—l)ﬂz)
= aiﬂ (&4 %) Ina — % In (—af) —ir (2m + 1) 57)

1

a3 ((@® + %) Ina —ir (2m+1) 8%).

The first identity in (1.18) and the first identity in (1.19) now follow upon taking real

and imaginary parts. For the imaginary part, we used the principal value, m = 0.
The derivation of the second identity in (1.18) and the second identity in (1.19)

proceeds along the same line. O

LEMMA 3. Ifr is an integer, then
1 g = B EA5, T even; g B"L,, r even,
—B"L,, 7 odd; —B"F\/5, 7 odd.
PROOF. Let r be even. Then,
1— 527‘ — (_1)7‘ _ ﬁ?r — Br(ar _ ﬁr) _ /BT\/‘-;)FT'

The other cases are proved in exactly the same manner. O

(1.20)

LEMMA 4. If r is an integer, then

F._1L,41, dd; L.F, 14, dd,
Fp—1={ rtomin DO g 1= ot
L,_1F.{1, 7 even; F.L,.y1, 7 even;
(1.21)
L.Lyyq, dd;
Lopss — 1= +1, T o0
5F.F.y1, 7 even.
PRrROOF. Apply the Binet forms for F,, and L, respectively. O
LEMMA 5. If z > 0, then
1
(1.22) R Lig(ix) = 1 Lig(—2?) = RLig(—iz), [7, p.293, Identity (7)],
and

1 1
(1.23) SLip(iz) = arctanzInz + 3 Cly(2 arctan z) + 3 Cly(m — 2 arctan z)

= —Q Lig(—iz);
where Cly is Clausen’s function defined by [7, p.291] :

oo

Cla(y) = Z Sméigy) =— /Oy In |2sin(6/2)|d6,
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and having the functional relations

(1.24) Cly(m + 0) = — Cla(7 — 0),
(1.25) Cly(0) = — Cly(27 — 6),
(1.26) %CIQ(ZG) = Cly(0) — Cla(m — 0);
with the special values

(1.27) Cly(nm) =0, neZt,

and

(1.28) Cla(w/2) = G = — Cla(37/2),

where G = E;’;O(—l)j/(l—l—Zj)Q is Catalan’s constant. For more information on these
special functions see [10].

Identity (1.23) follows from (see [7, p.292, Identity (1)]) the fact that
) 1 1 1
SLig(re”) =wlnr + 5 Cly(2w) + B Cly(2y) — 3 Cly (2w + 2y),

where
rsiny
tanw = ——.
1 —7rcosy

LEMMA 6 ([1]). If s is a positive integer, then

1 2
1.29 arctan(f°®) = — arctan | ——= |, if s is even,
(1.29) () = goreran (22) i
and
1 2 g
(1.30) arctan(—3°) = 3 arctan (L> , if s is odd.

2. Complements of the integral identities of Stewart and Dilcher

To illustrate the importance and broad applicability of Lemma 2 we now de-
rive (1.4), (1.5) and (1.6).

THEOREM 1. For all integers n > 2 and k > 1 we have

(1.4) /1 (Lk + Fkx\/5>n_2 (Fk\/5+ Lwc) dr = 2 (Lk" _ F’mLk>

. (n—1)V5 \ Fx nF?
and
1 n—2 omn F,
_ __ 2 | _pn-DE_ fnk
(2.1) /_1 (Lk + Fkx\/g) (1—2z)dzx (n— D)5 ( B + an) .

ProoOF. The Fibonacci function form of (1.1) is

f s a2
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which by differentiating with respect to ¢ gives
(2.2)
d

-1) [ (10 + £00v5) " () + 2V5 3 10)) o = 2 St 2 HED £ ),

Evaluating (2.2) at ¢ = k and taking real parts using (1.17) and (1.18) and substituting

_ Lk

Lin d
— Ina, R It =
(t) Y

ik V5 dt
f(tn)|t=k = Fin, f(t)|t:k = Fy, l(t)|t:k = Lk’

d d
%%f(tn) = FV/51na, %%f(t) In o,

we obtain

(n—1) /1 <Lk +Fkx\/5)n_2 (Fk\/glnaJr:n\/g\L/kg lna) dx

from which (1.4) follows.
Similarly, evaluating (2.2) at ¢ = k and taking imaginary parts using (1.17)
and (1.19) and substituting

7T511/’@ d i Wﬂk
= - PR N = ﬂ—ﬂ ’ R} 7f t =TT =
B S, A R

f(tn)|t=k = Fkn7 f(t)|t=k = Fka l(t)|t=k = Lka

~ d
S Ef(m)

we have

(n—1) /11 (L + Fkx\/3>n_2 (wk +2v5 (%)) dz

205) T ()
B\ Vs nFy V5 )’

and hence (2.1) after dividing through by 73%. O

COROLLARY 2. For all integers n > 2 and k > 1 we have

! n—2 2n Lin—1)r  Fuk
1.5 Ly + FaV5 rdr = ( (n—Dk _ Tn )
(15) /4 ( S ) (n — 1)v/5F}, 2 nFy

ProOOF. Combine (1.1) with (2.1). O

The complement of Dilcher’s identity is given in the next theorem.

THEOREM 3. For all integers n > 1, we have

n—1
/ <1+\/5cosx> In <1+\/gcosx> sin x dx
0 3 3
6 2\" 1 2 2\" 3
“vals) e (5o (5)) (5) 2o

(1.6)
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ProOF. Differentiating the Fibonacci function form of (1.3), that is,

- t—1 t—1
/ (1 + é Cosx) sinz dx = 21(2t) <2)
0 3 t 3

with respect to ¢ gives

t—1
/ <1+\/5005x> In <1+\/gcosx> sin z dx
0 3 3
(2" d F2t) 2\ 2fw) 2\ /2

Evaluating (2.3) at ¢t = n and taking the real part gives

[ R .
6 il () 226 »6)
() 2 () () )

which simplifies to (1.6). O

(2.3)

Sk 3+

3. Results associated with (1.7)
THEOREM 4. Let v be an integer. Then

/2 In(F/5+2), if ris odd;
(3.1) / In (1+ Lo, tan® z + tan* z) dz = {ﬂ w(EV5+2), ifr s odd:
0

mln(L, + 2), if v is even;
/2 1+ a? +tan?z)’ mrina, if 7 is odd,
(32) / In ( 2 )4 dr = (1+a7‘)2 . .
0 1+ Lo, tan® x + tan® x 7r1n( ) ), if r is odd.
ProOOF. Differentiate (1.7) with respect to ¢ to get
/2
(3.3) / In (14 q¢° tan? z) dz =mln(1 +q).
0
Set ¢ = o” and ¢ = —f7, in turn, for the case when r is an odd integer. Use ¢ = a”
and ¢ = ", in turn, for the case when r is an even integer. Combine according to the
Binet formulas; addition gives (3.1) while subtraction gives (3.2). O
COROLLARY 5. If r is an integer, then
s 1
- — , if ris odd;
(34) / ! e do = 2 FVA(EVE+2) !
0 1+ Ly, tan® z + tan' 2 il 71 if v is even.
2 L.(L,+2)’
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PrOOF. Differentiate the Fibonacci and Lucas function form of (3.1) with respect
to r, making use of (1.18). O

COROLLARY 6. If r is an integer, then

(3.5)
/71'/2 i z m([,% ++/5F, — f%Fr)’ if v is odd,
o 1+ Ly tan?z +tan*z z m(l,gr +L,— Ll), if  is even.
3.

PRrROOF. Replacing ¢ by 1/q in (3.3) shows that

/2
(3.6) / In (¢* + tan®z) dz = 7n(1 + q).
0

This yields

71'/2 1 T
3.7 dr = .
(37) /0 @ ttan’e T 211 q)
From here, we can proceed like in the proof of Theorem 4 getting

/2 Lo, +2tanz 7 V5E, + Lo,
5 T dr=c—, rodd
0 1+ Lo, tan® z + tan* x 2 BF. +2

and

T = T 9
1+ Lo, tan? x + tan* x 2 L,+2
This completes the proof. O

T even.

/”/2 Loy, + 2tan2 x p 7 Ly + Lo,
0

LEMMA 7. If n is a non-negative integer and q is a positive number, then
(3.8)

/”/2 d SN (D o 71 1 q
i [ an“" r = — —

o (g% +tan?x)ntl poars q** \2k) 2k + 1 2n+1\ ¢ (q(g+1))n+1
PrOOF. Differentiate (3.7) n times. O

THEOREM 7. Ifn is a non-negative integer and r is a positive integer, then

/”/2 dz W N (“1)F (52 o
o (L2 +5F2tan?z)nt! £ 2k) 2k +1 \ L2

(3.9) =0
I 1 1
C2n+1LrEFa/6 \LETY (207)nH]
and
/”/2 dx [n/2] <n) (—1)k < L2 )kta 2k
2 1 [2tan2 g )+l 2 ner
(3.10) o (BF2+ L2tan®x) = \2k) 2k + 1 \5F;

w1 1 < 1 1 )
BN (Frx/g)"Lr (FT\/g)nH (2a7')n+1 .
Proor. Use ¢ = L,/F,/5 and ¢ = F,v/5/L, in (3.8). O
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In particular, we mention the special cases

(3.11) /W/2 da _r 1 (1 _ ! )
o (L2+5F2tan?2)2 4 Fy/5 \L2 4a?r

(312) [ =T (s 1)
o (BF2+ L2tan’x)2 4 Fy.\/5 \BF? 4da?r

with the special values

/71'/2 dr _ B
o (1+5tan?2)2 16

/2 dx T 7
=2+ .
o (b+tan®x)2 400 a?

THEOREM 8. If n is a non-negative integer and r is any integer, then

and

/71'/2 dr
o (14 3tan?z + tan® z)n+1

[n/2] k ok . n+1
—1)*tan** n+1 ~
(3.13) A () St (M) et
. n —2j+r+2
~o\2k) 2+l &\
™ 1 f r—1 n+1 p3n+r+2
= Gy (P V=7t (gt )
and
/2 dx
/0 (1 + 3tan®z + tan* z)n+1
Ln/2J k o2k n+1
—1)" tan** z n+1 ;
(3.14) X Z (n ) D) tanTe Z ( . ) tan® @ Foy ok —2j4r42
= \2k) 2%+l =\
™ 1 T— n n-—+r
= s n (Lanrsn = a7 (C)TETEE).
PrOOF. Use ¢ = o and ¢ = —f in (3.8) and combine the resulting identities in
accordance with the Binet formulas. g
In particular,
™2 L.tan?z+ L T
3.15 r 2y = - (FT 5—a ! — ”2) ,
(8.15) /0 (1+ 3tan? z + tan* z) ) nV5—a p

(316) (Lr+1 o ar—l + 57“-1-2) ,

/”/2 F.tan?z + F, I
o (14 3tan?z + tan*z) 25
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with the special values

/”/2 1—tan?z w33
d _e
0

1+ 3tan®z + tanx v 2’

/“/2 dz _nf
o 1+3tan’z +tanz /5’
/”/2 tan?x d — B3
0

1+3tan’z + tanta 25

REMARK. Setting ¢ = ", ¢ = £5" in (3.8) will deliver more identities of this
nature.

4. Results associated with (1.8)

THEOREM 9. If m is a non-negative integer and r is a positive integer, then

/OO 2t dg B /OO zdz
o (14+22)(1+ Fypx2)mtl — Jo (14 22)(Fy, + 22)m+!

(4.1) 1xm 1 1 1 In Fy, .
)2 Zj:l 3 FL (Fr L) i+t t S E Ly if ris odd, r # 1;
Tyl o1 1 1 In Fy,. . ]
2 2=1 S T (LR T T 3Ry T s evens

/°° x2mtl dy 7/00 xdz
o T BTy (5 2 + 2200

(4 2) 1 m 1 1 1 InForyq . .
: —= ) e : = L if v 1s odd;
_ 2 j=13 F2]T+1(LTFT+1)""’J+1 + 2 (LyFpyq)m™t f )
—Llsvm ol L 41 I if v is even,
)

2 j=1 jFQjT+1(FTL7-+1)m7j+1 §(F7‘L7‘+1)m+1’

/OO ™ dy B /Oo zdx
o (I+22)(1+ Loppaz®)™tt o (1+22)(Lopyr + 22)mt!

(4.3) 1y 1 1 1 InLoeyy e
. _lsvm o1 : 1 L if v is odd;
= 2 ZJ:I J LYy (LpLpyq)m=i+? ta (LrLpg)m+t? / ’

Lsom 1 L 41 Inlarp if r is even;

p)

T24u=15717

21 (BF Frgq)m—itt 2 (BF Fra)™ 1

ProoF. Differentiating (1.8) with respect to ¢ gives

/°° zdr _ 1 1Ing
o (+a3)(l+g2?) 21-—g¢

which writing 1/¢ for ¢ also means

/°° xdx _ 1lng
y Gxadg+a®)  21-¢
so that

(4.4) /°° rdz _ 1 1Ing _/°° xdz
' o (1+22)(1+qx?) 21-q Jo (1+22)(qg+22)
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Differentiating (4.4) m times with respect to g gives

o0 x?m gy 0 rdx
/0 (1+22)(1 + ga2)m+l - /0 (1+22)(qg+ a2)m+l
(45) 1 Z (—1)m—J 1 N (=)™t Ing
25 @t 2 (I—-gmtt

Using ¢ = F, ¢ = F3r41 and ¢ = Lo,41 in turn in (4.5) while making use of (1.21)

produces (4.1), (4.2) and (4.3).

THEOREM 10. If r is a non-zero integer, then

/°° 2+l dg B /‘X’ zdz
o BT mEys )y (4 a)GR 1 Ly

1 m (_1)r+(r+1)(mfj) 4 J 1) (mt1) 5F2
Jj=1 r

PROOF. Set ¢ = 5F2?/L? in (4.5) and use the identity L2 = 5F2 + (—1)"4.

THEOREM 11. If r is a non-zero even integer, then

/°° 2+l dy B /°° rdz
) (T T~ Jy [+ a2+ Ly

(47) - 2(5F;)m+1 i (_lim_j (F)ZQY )™ (;2>

Jj=1

PROOF. Set ¢ =4/L? in (4.5) and use the identity L2 = 5F2 + (—1)"4.

THEOREM 12. If r is a positive odd integer, then

/°° 2+l gy B /°° xdz
) T+ DGR+ 2~y (1T 221 SEE)

1 O (—)md 2y mo1y, (4

j=1

PROOF. Set ¢ =4/(5F?) in (4.5) and use the identity L2 = 5F?2 4 (—1)"4.

THEOREM 13. If r is a positive integer, then

/°° 2t gy B /°° zdx
o (42214 Fypa?)™t  Joo (14 22)(Fippr + a2)m 4

1 1 F2TL2T+1)j
4.9 =— | InF r — =\ —
(4.9) 2(Fyy Loy i)™ t! e ; J ( Firpa

PROOF. Set ¢ = Fy,41 in (4.5) and use the identity Fy,11 — 1 = FapLopi1.

O

O
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5. Results associated with (1.9)
LEMMA 8. If0 < g <1 then

1+¢° .
/2 5 + sinx
/ In qzi dx = 2Cly (2arctan q) + 2 Cly (m — 2 arctan q)
—sinzx
2q
+ 4 arctanglngq.
PROOF. Replace q by i(1+ ¢?)/(2¢q) in (1.9) and take the real part. O
THEOREM 14. If r is an even integer, then
(5.2)
™2 (L, +2si 2 2
/ In (Tm> dr = 2Cly (arctan ()> +2Cly <7r — arctan <>)
o L, —2sinzx F.\/5 F/5
2
—2rarctan | ——= | Ina
(7)
while if T is an odd integer, then
(5.3)

/2 [ F\/5+2sinx 2 2
1 T T ) de = 2C1 t — 2Cl — t —
/o n(FT\[—Qsinx T Cg(arc an(Lr)>+ Cg<7r arc an(LT>)

2
— 2r arctan (L) In .

T

PRrROOF. Consider r an even integer. Set ¢ = " in (5.1) and use (1.20), (1.23)
and (1.29). Consider r an odd integer. Set ¢ = —S" in (5.1) and use (1.20), (1.23)
and (1.30). O

In particular,

71'/2 1 s
(5.4) / In (”Lsmx) dr = 4G,
0 1—sinz

which can be compared to other integral representations of G like

1 1 1
G:—/ Inx dx:/ tan chx.
o 1+ a? 0 x

Differentiating (1.9) gives

(5.5) /W/Q ST LI 1-Q+ V140
' o sinfr+@2 T V1+@ \1+Q-1+Q)

THEOREM 15. If r is a non-zero integer, then

/”/2 sinx e — V2 n V28" + /Loy
o BbEF2+ L2sin’z  2L,.\Io, V2a" — /Lo,

(5.6)
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and
(5.7) /W/Qsmxdx: VIO, <_‘/§BT+‘/LT'“>,
o L245F2sin’z 10F, /Lo, V2ar —/Tar
PROOF. Set Q = F,.v/5/L, and Q = L,./(F,+/5) in (5.5) and simplify making use
of L2 + 5F2 = 2Ls,. 0

THEOREM 16. Ifr > 2 (r = 1) is an integer, then

(5.8) / sinx do — 1 n <FT—2 + \/F2r_1>

1+ F2 | + F2sin’z Foy/For_y Frp1— v Fora
and

(5.9) /”/2 sinx do — 1 In Ly_o++/5F5._1
‘ o L2+ L2sin’z Lyr/5F3_1 Lyy1 —\/5Fs_1 )

PROOF. Set Q@ = F,._1/F, and Q = L,_1/L, in (5.5) and simplify making use of
the Catalan identity. O

REMARK. We mention that identities (5.8) and (5.9) can be generalized further.
For instance, we record that for each k > 1 and each odd r > 1 we have

(5.10) /m MY = ! Y (L Ve AN
o FZ+F? sin’z Fito/FrFoksr  \ Frgr + Fo = /Fr Fagr

which contains (5.8) and

(5.11) /”/2smx do = — 1 1n<F2T_FT+VFTF3’“)
' o F24+Fisin’z B EF  \Fo+ F, —F.F,

as special cases.

THEOREM 17. If r is a positive odd integer, then

/2 sin x

(5.12) /o It Zsn’s T = N8 Ina

PROOF. Set @ =2/L, in (5.5) and simplify. O

COROLLARY 18. If r is a positive odd integer, then

/2 sin® x 1 2r Lo,

(5.13) /0 TENEErr dz = 07T (\/5;2 Ina — 1) :

PRrOOF. Differentiate the Fibonacci and Lucas function forms of (5.12) and take
the real part, using (1.18). O

REMARK. Noting that
/“/2 sinx L (ievi+e?
—_—ar = n .
o sin®xz+ Q2 V14 Q? Q

it is clear the results presented in this section can be stated in a slightly different form.
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6. Results associated with (1.10)
We can write (1.10) as

(6.1) /7r zarctan(@ sinx) dz = 7 Lia(q) — 7 Liza (—q),
0
where
— () = 24 _.
(6.2) Q=Q(q) = 1—g
so that
(6.3) @:2(1+q2): 1 1

+ .
dg  (1—-¢)* (1-¢? (1+¢q)?
Differentiating (6.1) with respect to ¢, we have

ﬂ-ln<l+q)
T rsinz 1—g¢q
6.4 dr = ;
(64) /0 1+ Q2%sin’x v d@
qd7q
that is
m( 1+q’)
T xsinx T 1—gq
6.5 / de = —————4-.
( ) 0 2q 2 L 2 q 1+(]2
1+ — g sin” x 1—q271—q2

We now proceed to derive from (6.5) a couple of identities involving Fibonacci and
Lucas numbers.

THEOREM 19. Ifr is a non-zero integer, then

us . FT 2
(6.6) / JSSm.:zc2 g T 1 5+ o
o L2+4sin’x 2F\/5 I
T xsinx' T FT\/g
6.7 _wsinx oW |
07 /0 L2 —4sin’x v 2L, D<LT_2>, r even
PROOF. Set ¢ = 8" in (6.5) and use (1.20). -

COROLLARY 20. Ifr is a non-zero integer, then
& i Fo/5+2
(6.8) / T dr=—— V5t + = 7 odd
0 (L2+4sin’2) 20v/5F? Ly 103,

™ rsinx T FT\/g 7T
6.9 I | |
(6.9) /o (L2 — 4 cos? x)2 v 4L3 . <LT _ 2) + 10F2° T even

Proor. Differentiate the Fibonacci and Lucas function forms of (6.6) and (6.7)
and take the real part, using (1.18). 0
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THEOREM 21. If r is a non-negative integer, then

g rsinz 21rv/5
6.10 dr = Ina
( ) /0 4+ 5F22T sin? x 5Fy
PROOF. Set ¢ = F,v/5/L, in (6.5). O
COROLLARY 22. Ifr is a non-negative integer, then
™ 203
1 275 Ly,
(6.11) / i 2dacz——lz-l- /5 Zérlnoz
0 (4+5F% sin®z) 10 F, 25 kg,
Proor. Differentiate the Fibonacci-Lucas function form of (6.10) and take the
real part, using (1.18). O
Next write (1.10) as
(6.12)
™ VITFQP—1 ~V1+@+1
/ x arctan(Q sin z) do = 7 Lis Vit@-1 —7 Liy —VI+eT 4l , Q€ER,
0 Q Q
which by writing i@ for @ also implies
(6.13)

4 1+ Qsinz
zln | ———— ) dx
0 1—-@sinz
(=) (=)
= 2im Liy ZT — 2im Liy —iT )
and which upon differentiation gives

g rsinz T
(6.14) /01+Q2Sin2msz 17+Q21n<Q+\/1+Q2), Q €R.

REMARK. By setting Q = 2/L, and Q = 2/F\/5, in turn, in (6.13), similar
results to those in Theorem 14 can be derived.

Q* <1,

THEOREM 23. Ifr is a non-zero integer, then

(6.15) /W LLL - V2 In FV2+ Via
: o 2Ly, — L2cos?x 2L,\/La, a2 — Iy |’
' o 2Lg, —5F2cos?x 10F,v/Lo, a2 — Ly |
PROOF. Set Q = L,/(F,\/5) in (6.14) to obtain (6.15) and Q = F,.v/5/L, to
obtain (6.16). O

Writing i@ for @ in (6.14), we have

(6.17) Q) . Q%<1

/ i sine dr = il arctan
0o 1—-Q2sin’z  Qy1-Q2 V1=Q?
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THEOREM 24. If r is a non-zero even integer, then

T xsinz T 1 2
6.18 ———dr = — arctan [ ——= |,
(6.18) /0 L2 —4sin’z 2 FV5 (F\@)
while if r is an odd integer, then
T xsinx w1 2
6.19 ————dr = —— arctan | —
(6.19) /0 5F2 — 4sin’x 2L, (LT
PROOF. Set Q =2/L, and Q = 2/F,+/5, in turn, in (6.17) . O
In particular,
T  xsinz T
6.20 ———— dx = — arctan 2.
( ) /0 5—4sin’z 2
COROLLARY 25. Ifr is a non-zero even integer, then
4 xsinx T 2 T
6.21 / dx = arctan () + —,
(62 0 (L2 —4sin’z)’ 20v/5E3 F.\5) 10F%
while if r is an odd integer, then
i xsinx T 2 s
(6.22) / dz = arctan ( ) + .
o (5F2 —4sin® x)2 AL} Ly 10F3,
ProOOF. Differentiate the Fibonacci-Lucas function forms of the identities in The-
orem 24. O

REMARK. More identities can be derived through the following identities, valid for
Q? < 1, obtained from the addition and subtraction of (6.14) and (6.17):

(6.23)
/w&dx—Larctan Q
o 1-Qsin'z T 2Qy/1- Q2 V1-@? 2Q\/1+Q2

(6.24)

n (Q+ VIT Q).

/TrxSinSxdx:Warctan @ — il 1
0 1—Q4sin*z 2Q3/1 - Q2 V1-Q? 2Q3/1+ Q2

REMARK. Replacing Q with 1/Q in (5.5) yields

/2 sinx
(6.25) /O T oras = Q\/W In (Q +/1+ Q2)

which upon comparison with (6.14) proves the following relation valid for all Q

/2 . 1 g .
626) R i
o 1+@%sin”x m™Jo 1+ @%sin”zx

In fact, (6.26) implies that

/2 s 2m—1 1 T s 2m—1
(6.27) / S 2m mdw:f‘/ T 230  dx, meN, QeC.
o (14 @?*sin*z) T Jo (1+Q?*sin’z)

n(Q—l—M).
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7. Results associated with (1.11)

THEOREM 26. If r is a non-zero integer, then

/2 2 3
(7.1) / ac dx = ! (W +Z Lig(ﬂ’“)) , T even;
0

L, + 2cos(2x) VBE, \24 2
/2 x? 1 (n® =
2 dr = — | — + = Lio (8" dd.
I T e (3 +58a6n). ro
In particular,
/2 z? 1 (3% =
7.3 S S— [V (A N
(7:3) /0 3+ 2cos(2x) “ NG ( 0 2" a)
and
/2 x? A
7.4 —  dt=-—+-Ina.
(74) /0 V5 — 2 cos(2x) 120 4

PROOF. Set ¢ = —f" in (1.11) and use (1.20). The special cases follow from the
evaluations
2

. w2 ) 72 Ina
(7.5) Luuﬂ):ig—hfa and mﬂﬁ):—15+ 5
O
THEOREM 27. Ifr is a non-zero integer, then
(7.6)
/2 x? L T mIn(l — B")
do — i n "L r _ min{l —po") .
]g (L, +2cos(22))? (VBF,)? (24 + 5 La(f )) 2" sp2z U
(7.7)
/2 x? VBE,. (73 T mIn(1— ")
dr = —L | — + = Li 7’)—, T odd.
/0 (V/5F, —2cos(2x))2 L3 <24 2 2(8") 2 L2
In particular,
/2 x? 3 (3 o« m
7.8 — __dr=——("——=-1n? —1
(7.8) /O Bt2c0s20)2 " T 55 < 0 2" 0‘) TR
and

/2 z? 3 T T
7.9 dr =5 +1n2a>—lna.
(7.9) /0 (v/5 — 2 cos(2x))? (120 4 2

ProOF. Differentiate the Fibonacci-Lucas function forms of (7.1) and (7.2), and
take the real part, using (1.18). O

THEOREM 28. Ifr > 2 is an even integer, then

ik 2 3 5F,
(7.10) / ’ de =" + T, V5 )
0 Loy +\/5Fs, cos(2x) 48 4 L,
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In particular,

/2 2 3
(7.11) / P T T (V5
o 7+3V5cos(2x) 48 4 3
PROOF. Set ¢ = —/5F,/L, in (1.11) and keep in mind that ¢ < —1 for r being
odd and —1 < ¢ < 0 for r being even. g

THEOREM 29. Ifr > 2 is an even integer, then

/”/2 22(\/5Fy, + Lo, cos(2z)) d LA NGI
xr = 1 — .
0 (LQT + \/gFQ»,- COS(Q.I))Q 2\/5F27- Lr

(7.12)

In particular,

(7.13) /Oﬂ/2 w*(3vh+7cos(22) _ m ( 2 )

(7+3vV5cos(20)2  6v5  \3a2

PrOOF. Differentiate the Fibonacci-Lucas function form of (7.10) and take the
real part, using (1.18). O

THEOREM 30. Ifr > 2 is an integer, then

/2 x? 1 o 2
.14 dx = — + —Lis | — .
+ 4+ 4L, cos(2x v — 2 2 ! r
(7.14) /0 L2 +4+4L Z—a\m 2\ 1
In particular,
/2 z? A

7.15 - _dr=———1In%2.
(7.15) /0 5+4cos(2z) T 36 12

PROOF. Set ¢ = —2/L, in (1.11). The special case follows from the evaluation
1 21
Lip (= ) = o= — ~In®2.
2 12 2

THEOREM 31. Ifr > 2 is an integer, then
(7.16)

/2 2 . 3
/ x?(L, + 2 cos(2x)) do — L, LS 2 —z;ln 1—
o (L2+4+4L,cos2))? " (L2-42\24 2 P\L,)) 4 L(L2—4)

In particular,

s
(7.17) = g2+ g 2

/2 .2 3
/ x4(2 + cos(2z)) o T 2o
o (B+4cos(22))? 54 18

Proor. Differentiate the Fibonacci-Lucas function form of (7.14) and take the
real part, using (1.18). O
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8. Results associated with (1.12)

THEOREM 32. If r is a positive integer, then

2

! 3 I e dx, ifr is even;
8.1 — + 7 Li 27 ) — 07r L2—4cos?x
& For /5 ( 3 2(67) {fo ﬁzm%dm, if  is odd.

In particular,

(8.2) /7T x? 213 rwln’a
0

— s dr=—F% — ———.
1+ 4sin’z 5v/5 NG
PROOF. Set ¢ = 32" in (1.12) and use (1.20). Note the use of the Fibonacci-Lucas
fundamental identity L2 — 5F? = (—1)"4. O
COROLLARY 33. Ifr is a positive integer, then
(8.3)

" ‘rQ 773\/5112 7T\/5L2 e
dr — r TV Lor o 2ry 1 ( TR 5)7 ,
/0 (12 —dcos?z)® 75 F3 ' 25 Fj i2(67) 5FZ BTFAS), 1 even
(8.4)
™ 2 3 5L ” 5L . »
/ - z dv = VB - V5 2 Lis(8%") — sy In(=B"Ly), 1 odd.
0 (L2+4sin®2) B OFy. 25 F, 5F3.

In particular,

/’T 22 do — 6735 B 375
0 (1 + 4sin? x)2 125 25

(8.5)

In? o + "Tha.
5
Proor. Differentiate the Fibonacci-Lucas function forms of (8.1) with respect to
r and use (1.18). O

Identity (1.12) can also be written as

" g 1 (2-Q-2T=0 |
(86) /olczcoszzd“m(:a”hz( Q ))’Q<1’

from which we can obtain more results.

THEOREM 34. Ifr is a non-zero integer, then

T 2 1 7T3 . T Q2r
(8.1) /0 L2 - 4(f1)r cos? do = FoV/5 (3 iz (21757 )) .

2

PROOF. Setting ) = sin® z in (8.6) gives

T x? 1 73 (1 — cos z)?
8.8 da = T rLip (8282 )
(88) /0 1 —sin? zcos2 x cos z ( 3 TR ( sin? z >)

from which (8.7) follows upon use of (1.15). O
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COROLLARY 35. If r is a non-zero integer, then

T 2 3V/5 Lo, 5 Loy . or
/ x . de — m \[ 23 7'1'\/>723 Lis ((_1)7527)
(8.9) o (L2—4(-1)"cos?x) 7 F3. 25 F3
™
- —In(1-(=1)"8%).
5F22r Il( ( ) 5 )
Proor. Differentiate the Fibonacci-Lucas function form of (8.7), using (1.18). O
THEOREM 36. If r is a non-zero integer, then
(8.10)
[ e S S £ G
0 (L2—4(=1)" cos?z)* 10 FrFpfr 20 Fo,
3V5 5
LB VS ().
150F5, F2 ' 505, 2
O

Proor. Differentiate (8.8) with respect to z and use (1.15).

REMARK. FEquivalent/similar results to (8.10) can be obtained directly by substi-
tuting q = %" in the following identity obtained by differentiating (1.12) with respect

to q:
™ 22cos’x 14+ ¢)*In(1 — 1/14q\®[(n®
/ ﬁdx:—z( Q)Q ( Q)+7 —Td £+TI'L12((]) .
o (1—Qcos?z) 4(1—-gq) q 2\1—g¢q 3
9. Results associated with (1.13)
LEMMA 9. Let ¢ <1 and let
2q
1 = .
Then
i 22 dx 1+¢* (7
9.2 = — Lis(£ .
(92) /0 1+ Q cos(22) 1—q2(3 o Liz( q))
THEOREM 37. If r is an integer, then
. 22 dx . .
7_‘_3 ' ) FT\/gfo m7 ZfT 18 €ven;
(9.3) — + 7w Lis (£67) = 2
3 - x®dx o
L, [, , ifris odd.
F,\/5 £ 2cos(2x)

PROOF. Set ¢ = " in (9.2) and use (1.20).
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In particular,

T z?dx 473 9
9.4 —_— = + - ln «
0.4 V5 + 2 cos(2x) 15 2
™ 2 d 1 3
(9.5) vdr BT e,
V5 — 2cos(2z) 30
T 22 dw 1 [2m3
9.6 e e |
(9:6) /0 3—2cos(2x) /5 ( 5 ¢ a)
where we used (7.5) and also
(9.7) Li (—5)—12—111204 Lip(B) = —+71n a.
‘ T T s

THEOREM 38. If r is a positive even integer, then

g x? dx L, 3 . -
(9:8) /O(LT:FQCOS(QLB))Q 5F2 (155 + 5F3/5 <3+WL12(M )>’

while if v is a positive odd integer, then

g 2% dx T
9.9) /0 : d ;=T (F )+ FL\{<3 +7TL12(15T)>

F,/5 £ 2 cos(2z)) T
ProOF. Differentiate the Fibonacci-Lucas function forms of (9.3).
In particular,
T 22 dw 0 673 3
9.10 / — S =—lha+ —— — n? o
(9-10) o (3—2cos(2x))® 5 25[ 5[
™ 2
0 (\/5+2cos(2x)) 3\/5 2
T 2d 137
(9.12) / T s =2rlha+ —= —W\[ln a.
0 (V5 —2cos(2z)) 6V5
COROLLARY 39. Ifr is an even integer, then
(9.13)
™ (L% +4cos?(2z)) 22 L, 473
L dr = — ln(TF\[) ( +mLi 2T)
/0 (L2 — 4COS2(2x))2 10F2 g 20F3\f 2 (ﬂ )
(9.14)

T 22 cos(2x) o 1+p" T Camy Ta (L ar
/0 (L2 — 4 cos?(2z))? = 40F2L, = (1 - 5T> " 40F3/5 (L2 (87) — Liz (=5")
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75
while if T is an odd integer, then
(9.15)

™ (5F? + 4 cos?(2x)) o T F./5 (47r3
L T = — In(—B"L,) + — — +nLi 2T>,
/o (5F2 — 4cos?(2z))? 2L2 (=5"L) 4L3 3 2 (5%)

(9.16)

T a?cos(2z)dx T (1—ﬂr>_7r e
/o (5F2 — dcos?(2z))? _SLEFM/BIH 15 ) " srp Lz (8) —Liz (=57)).

T

PRrROOF. Identities (9.13) and (9.14) are obtained from the respective addition
and subtraction of the two identities contained in (9.8) while (9.15) and (9.16) follow
from (9.9).

In particular,

(9.17) /0 ™ (54 4cos’(22)) 2

dr = ﬁlna—i—l-3 - 7r—51112&
(5 — 4cos?(22))* 2 4v/5 4 7
™ 2 2 3
(9.18) / 2 cos(2z) 5 dx 5 Ino+— — 3—7T1n2 o
0o (5—4cos?(2x)) 8v/5 48 16

LEMMA 10. If 0 < g < 1, then

T 2% dx 1+ q2 ;-
1 _ ™o
(9 9) A 1— QQ COS2(2$) 1— q2 < 3 + 4 12((] )) s
(9.20) /Tr #?cos(2z)dz 7w 14¢°
0

1—Q2%cos2(2x) @ 1—¢q2 (Liz(q) — Liz(—q)),
where Q is as given in (9.1).

PRrROOF. Immediate consequence of the identities in Lemma 9. We also used

. . 1_.
le(y) + LIQ(_y) = 5 ng(y2)
O
THEOREM 40. If r is a positive integer, then
g 1'2 dx . .
1 3 fo T RPN TR if v is even;
(9.21) - (= + ELig (ﬁ%) _ L2 42COS (2z)
Far/5 1 3 ! fﬂ & if v is odd,
0 L2 +4sin*(2z)’ ’
and

9.22)  T¢

x? cos(2x) dx
T (Lia (57)  Lia (7))

2

, if 7 1s even;
1;3 + 4sin?(2x) /
x x-cos(2z)dx .
L, , dd.
Jo 5F2 — 4 cos?(2x) ifriso
PROOF. Set ¢ = " in (9.19) and (9.20).

FB Iy -
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In particular,

g 2% dx IAC SR S
9.23 _re - (2T :
(6.23) /0 1+ 4sin®(2z) V5 ( 20 4 O‘)
T 2%cos(2z)dxr W 3w,
9.24 —_— = — — —1 .
(9:24) /0 5—4cos?(2x) 24 8 e

COROLLARY 41. If r is a positive even integer, then
(9.25)
T x?cos’x 1 o7 0
dr = o ZLi 2r Li ™ i, (—B"
/0 L2 — 4 cos?(2zx) ! Fy\/5 ( 6 * g 2 (ﬁ )> N 8FT\/5( iz (67) i2(=87)),
(9.26)
T 22 sin? 1 m™ o7 0
de = —+ <L (7)) - Lis (87) — Liz (8"
/0 L2 — 4cos?(2z) ! Py /5 ( 6 + g 2 (8 )> 8FT\/5< iy (B") — Liz (=f"))

while if v is a positive odd number, then

(9.27)
T 2%sin’x 1 SR S ™ . o . .
/0 Lt asi? () " s (6 Tyl (f )> * 5z, (L2 (F) — Li2 (=87)),
(9.28)

T z2cos?x 1 ™ ox T
de = — 4+ =Ly (7)) — Liy (87) — Lip (—87)).
\/(; L,,% + 4Sin2 (2x) x FQ»,-\/g < 6 + 8 12 (/8 )> SLT ( 12 (ﬁ ) 12 ( ﬂ ))

PRrROOF. Addition and subtraction of corresponding identities in (9.21) and (9.22).

In particular,

T g2sin’x NG 9 75 1
9.29 _wmswer o[ Ve 8 w51
(9.29) /0 1+ 4sin(20) 20 "16) " 00 T w)

i 2 2 5 3 7v/5 1
(9.30) /de:_<f+>m2a+<f+>ﬂs.
0

1+ 4sin®(2x) 40 ' 16

THEOREM 42. If r is a positive integer, then

Lo, R 9 us 9
—+-L ")) - —=—=In(1—- 8"
5F§’T\/5<3 Fat (@ )> 20F3, n(1=5%)
p x2dx
9.31 , if r is evem;
(6.31) _ J (L2 — 4cos?(22))?
- 2% dx

Jo

5, if T is odd,
(L2 + 4sin*(22))
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and
(9.32)
v (1)
In
S-FQT\/5 1- ﬁr
0 »  2%cos(2z)dw
— 5 (Lia (87) — Liz (=6")) + F/5 . T oevem;
_ ) 4or? Jo (572 + 4sin®(2))
x* cos(2x) dx
Lis (8") — Li , r odd.
8L2 (L (87) - Liz Lol (5F2 — 4 cos?(2z))*

PRrOOF. Differentiate the Fibonacci-Lucas function form of (9.21) to obtain (9.31);
differentiate the Fibonacci-Lucas function form of (9.22) to obtain (9.32). O

In particular,

T 22 dx 21 73 3
(9.33) / =—— a4+ —lnoz
0 (1+4sin?(2z))>  100v5 205 "
Toax? 2z)d 3
(9.34) / 2" cos(2z) x2: 371 a—|—l—3—7rlna
0o (5—4cos?(2z)) 8v5 48 16
LEMMA 11. Let 0 < g < 1. Let
2q
R= g
Then
T 2% dx 1—¢?

9.35 "L 2
(9:35) /0 1+R2COSQ(2$) 1+ ¢2 <3 oyl (e ))
and

/ " _atcos(u)dy
(9.36) 7° 1+ R?cos?(2x)

. L ) 1
= % o 32 <arctanqlnq + 3 Cly (2 arctan q) + 3 Cly (7 — 2 arctan q)> .

PrOOF. Write iq for ¢ in (1.13) and take real and imaginary parts to obtain

B x2dx lfq
R Li
A 1+ R2cos?(2z) 1+ ¢2 <3 L (ZQ)>

/w z?cos(2z)dr w1 -—g? S Lia (ig),
o 1+ R2cos?(2z) R1+ ¢

from which (9.35) and (9.36) follow upon using Lemma 5. O

THEOREM 43. If r is a positive integer, then
f % dx
1 (T 0 5F? 4 dcos?(2)’
9.37 —+=Lib (-87) ) =
(9:37) Fzr\/5<3+412(ﬁ)> [
0 2+ 4cos?(2z)’

if r is even;

if r is odd.
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PROOF. Set ¢ = 8" in (9.35) and use (1.20). O

THEOREM 44. If r is a positive integer, then

L2r 7T3 ™. 2r 4 2r
SF B <3+4L12(—B ))—20F22T1n(1+5 )

2
(9.38) Iy v dv 5, ifris even;
_ (5F2 + 4 cos?(2z))?
o 2d
N rar 5, if ris odd.
(L2 + 4 cos?(2x))
Proor. Differentiate the Fibonacci-Lucas function form of (9.37). O

THEOREM 45. If r is a positive even integer, then
(9.39)

/Tr 2 cos(2¢) du Cl rctan L + Cl — arctan 2
s BEZ 1 dcos?(2z) 4L 2\ B 5 2\ BB

- arctan <2> In o
4LT }F'r‘\/5 '

while, if r is a positive odd integer, then

(9.40)
™ 2% cos(2z) dx 7r 2 2
/0 [2 ¢ dco(22)  AF5 (C 2 (arctan <Lr)> + Cly (7r arctan (L)))
2
arctan Ina.
ren(z,)
PROOF. Set ¢ = 0" in (9.36); use (1.20) and Lemma 6. O

10. Results associated with (1.14)

THEOREM 46. If r is a positive integer, then
2

(10.1) /077 I f 20258?256) dx = ;T\_/Z (Lig (—\/67) — Liy (ﬁ)) , if r is even,
(10.2)

i x?cosz dor — T/ =pB" (Lig (—\/TW) ~ Liy <\/_7ﬁr>) ., if T is odd.

o Fv/5 —2cos(2x) 1+

In particular,

T 2%cosw 3 3m, .,
10.3 ——dr=——+ —1 .
(10:3) /0 3_2cos(zr) © T 6 T2 ™

PROOF. Set ¢ = " in (1.14) to obtain (10.1) and ¢ = —fB" to obtain (10.2).
Use (1.20). O
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THEOREM 47. If r is an even positive integer, then

/7r z?cosx
5 dx
o (L, —2cos(2x))

(10.4) _ T (;+ £ )(Lig(W)Liz<ﬁ))

PRI F T
B Wm(””)
2F.\/51— 03" 1-+p" )’

while if r is an odd positive integer, then

/0 (F,,\/g—Qcos(szz))2 o
(10.5) — L (5105 ) (L (V) - 1 (V7))

L, 14" 14 pr
o —Brln<1+\/—7ﬁr>
oL, 1+ 87 \1—=p" )"

In particular,

™ 2 o
(10.6) / Ty T
o (3—2cos(2x)) 4

where we used (9.7).

Proor. Differentiate the Fibonacci-Lucas function forms of the results in Theo-
rem 46 and take the real part. O

The next results involve the Clausen function.

THEOREM 48. If r is a positive even integer, then
/ T x%cosw
———dx
o Lr+2cos(2z)

(10.7) _ T <2arctan (\/ﬂ7> ln<\/57))

T
_ ;T_F%TT (Clg (2 arctan (\/E)) + Cly (7r — 2arctan (ﬁ)))
while if r is a positive odd integer, then

(10.8)

/” x2cosx
dzx
o F.A/5+2 cos(2x)

= —7T1 —_ﬂb:”r (2 arctan (\/—75T> In (\/Tﬁr))

_ 7; __;: (Clz (2 arctan ( —BT)) + Cly (7r — 2arctan (ﬁ)))
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In particular,
T x%cosx 7r
/0 m dr = % arctan 2In «
— % (Cly(arctan 2) 4+ Clg(7 — arctan 2)),
1

where we used arctan(—3) = 5 arctan 2.

(10.9)

PRrROOF. Use of ¢ = —f" in (1.14) produces
2

g % cosx CmiB (e i (. Jar )
(10.10) /0 I, T 2cos(22) 3 cos(22) dx = T+ 5 (ng (z\/ﬁ ) Lis ( i/ )) , T even;
and hence (10.7) in view of (1.23). Setting ¢ = 5" in (1.14) gives
T 2% cos x T/ BT
10.11 dx = Lio (/8" ) —Lis (—v/B") ), 7 odd,
( ) o F\/5+2cos(2x) 1*ﬁr( 2( B) 2( ﬁ))
which, since /3" = iy/—p" for odd r, can also be written as
4 2% cosx wi\/— "
10.12 dr = Lis (in/—B" ) — Lig ( —t/—=5") ) ;
( ) o FvV/5+2cos(2x) 1-p"7 ( 2 ( 8 ) 2( B ))
from which (10.8) follows on account of (1.23). O

THEOREM 49. If r is an even positive integer, then
(10.13)

™ 2

/ T7cosT _do

o (L, +2cos(2z))
B 2m 6r (1 8" - -
T (b e (V) ()

T JF (1 _ .
RN 371 +5T> (Clg <2arctan (\/ﬁ )) —Cly (7‘(‘ — 2arctan (\/,6’ )))
T i arctan ( 2V )

2F.A/51+ " 1—p")°
while if  is an odd positive integer, then

(10.14)

=
S

/7r 2% cosx d
5 dx
0 (Fv54 2cos(2z))
_ _%7: 1@;’; <; . ifﬁr> arctan (/=5 ) n (V7"

_ Llr . :?: (; + : frﬁr) (Clz (2 arctan (ﬁ)) —Cly <7r — 2arctan (ﬁ)))

. 7 arctan 2V
2L,.1— 3" 1+p" '
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ProOOF. Differentiate the Fibonacci-Lucas function forms of (10.10) and (10.11)
and take the real part in each case.

O
LEMMA 12. Ifr is a positive integer, then
1 T 22 cos x 1 4 22 cos x
dx + dx
(10.15) 2F:V5 Jo Frv/5 =2 cos(22) 2F,V5 Jo F\/5+ 2cos(2x)
. _ /Tr z2cosx e
o BE? —4cos?(2x)

and

L[ z? cos 1 (" z? cosx

2 Jo Fr/5 —2cos(2x) d$+§
(10.16) o Fr 0

dz
F,\/5 + 2 cos(2x)
_ /Tr i x? cos:z:2 d;zc—s-/w 2332 cos(39§) de.
o DF?—4cos?(2z) o DF?—4cos?(2z)

PRrROOF. Identity (10.15) is obvious while (10.16) becomes clear once the elemen-
tary trigonometric identity 2 cosx cos (2x) = cos (3z) + cos x is employed.

O
THEOREM 50. If r is a positive odd integer, then

(10.17)

g x?cosz
5 5 dzx
o DF?—4cos?(2z)

™

4

T2R51 (1 (V) 1 (V7))
_ QF:T\/E I/_ig: (C12 (2 arctan (\/W)) + Cly (7r — 2arctan (ﬁ)))
T ()
and
(10.18)

™ 2
/ x* cos(3x) de
o DF?—4cos?(2zx)

_ (1 ~ 1) il
s )21
+ (Frl\/g + 1) gl _gr (Clg (2 arctan (\/iﬁr)) + Clp (7T — 2arctan ( *5T)))

(1 (V) - 1is (7))

h
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PRrROOF. Use (10.2) and (10.8) in (10.15) to obtain (10.17). From (10.15) and (10.16)

we have
/Tr ;2 COS(3:§) dr — <1 B 1 ) 1 /ﬂ xz COST da
o BF2 —4cos?(2z) F\/5) 2 Jo F/5—2cos(2x)

<1+ 1 )1/7r z? cosx i
F/5 o F/5+2cos(2z)
and hence (10.18) upon using (10.2) and (10.8). O

LEMMA 13. If r is a positive integer, then

1 /7r x?cosx d 4 1 /” x?cosx d
— — " _dr+ — —  —  _dx
2L, Jo L, —2cos(2x) 2L, Jo Ly +2cos(2z)

10.19
( ) B /” z2 cosx p
~Jo L2 —4cos?(2x) v
and
1/” 2 cos T dm—&-l/ﬁ 2 cosx da
(10.20) 2 )y L,—2cos(2z) 2 Jo L+ 2cos(2z)

T ax2cosx ™ 2%cos(3z)
= | e T | i
o L2?2—4cos?2x o L% —4cos?(2z)
THEOREM b1. If r is a positive even integer, then
/7T x?cosx
———————dzx
o L2?—4cos?(2x)

- 22 1@7‘ (Liz (\/57) — Liz (“ﬁv))

(10.21)
22 1\_/|_ﬁ;T (Clg (2 arctan <\/67)> + ClL, <7r — 2arctan (ﬁ)))
— L17 1 _f;r arctan (ﬁ) In (\/B7>

and

(10.22)

R e
( + 1) % 012 (2 arctan (ﬁ)) + QL (w — 2arctan (ﬁ)))
(g > ~arctan (V3 ) n (V).

7’
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In particular,

/7r r?cosx d 7 (72 31 20) 4 " arctan 21
—— —dr=—|——-In“a ——arctan2In
o 9—4cos?(2x) 6\6 2 6v5

T
— —— (Cly (arctan 2) 4+ Cly (m — arctan 2)) .

7 (Cla (axctan2) + Cl )
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