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Review of some iterative root—finding methods from a
dynamical point of view

Sergio Amat*, Sonia Busquier, and Sergio Plazat

ABSTRACT. From a dynamical point of view applied to complex polynomials, we
study a number of root—finding iterative methods. We consider Newton’s method,
Newton’s method for multiple roots, Jarratt’s method, the super—Halley method,
the convex as well as the double convex acceleration of Whittaker’s method, the
methods of Chebyshev, Stirling, and Steffensen, among others. Since all of the
iterative root—finding methods we study satisfy the Scaling Theorem, except for
Stirling’s method and that of Steffensen, we obtain their conjugacy classes.

1. Introduction

Before formulating the problems we choose to investigate, we recall some basic
notions of complex dynamics. Let R : C — C be a rational map on the Riemann
sphere, that is, R(z) = 523 , where p(z) and ¢(z) are polynomials without common
factors. The degree of R(z) is defined as deg(R) = max{deg(p),deg(q)}. In what
follows, we will consider only rational maps of degree greater than or equal to two.

Let R be a rational map. For z € C we define its orbit as the set

orb(z) = {z,R(2),...,R°"(2),.. .},
where R°F stand for the k—fold iterate of R. A point z, is a fixed point of R if
R(z0) = zp. A periodic point of period n is a point zg such that R°"(z9) = 2z
and R (z) # 2o for 0 < j < n. Observe that if zg € C is a periodic point of
period n > 1, then it is a fixed point of R°". A fixed point zg of R is attracting,
repelling, or indifferent if |R'(zg)| is less than, greater than, or equal to 1, respectively.
A superattracting fived point of R is a fixed point which is also a critical point of
R. A periodic point of period n is attracting, superattracting, repelling, or indifferent
if it is, as a fixed point of R°", attracting, superattracting, repelling, or indifferent,
respectively. The Julia set of a rational map R, denoted J(R), is the closure of the
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set consisting of its repelling periodic points. Its complement is the Fatou set, denoted

F(R).
Let ¢ be an attracting fixed point of R. Its basin of attraction is the set B({) =
{ze C : R"™z2) — ¢ asn — oo}. The immediate basin of attraction of an

attracting fixed point ¢ of R(z), denoted B*({), is the connected component of B(()
containing (. Finally, if 2y is an attracting periodic point of period n of R, then the
basin of attraction of the orbit orb(zg) is the set B(orb(zp)) = U?;olRoj (B(z0)) , where
B(zp) is the attraction basin of zy as a fixed point of R°™, and its immediate basin of
attraction is the set B*(orb(zg)) = U?;&R"j(B*(zo)) . If R has an attracting periodic
point zg , then the basin of attraction is contained in the Fatou set and J(R) = 9B(zo),
which is the topological boundary of B(zg). Therefore, the chaotic dynamics of R is
contained in its Julia set.

For an extensive and comprehensive review of the theory of iteration of rational
maps, see [13] and [14]. For a general treatment of the theory of iteration of rational
maps, see [38], [39], [32], [10], [53]. For a more advanced approach to the theory of
iteration of rational maps, see [40] and [37]. As far as the history of complex dynamics
is concerned, the book by D. Alexander [1] (and references therein) is a quite valuable
source.

Newton’s iterative method associated to an analytic function f(z) is Ny(z) =

z— ]{,((zz)) . Now if p(z) is a complex polynomial, then the function N,(z) defines a

rational map on the Riemann sphere C, and hence defines a discrete dynamical system
Zn+1 = Np(zy,) . If o is a simple root of p (that is, p(a) =0 and p’(a) #0), then «
is a superattracting fixed point of N, and, generically, N, (a) # 0. Consequently, if
the initial guess z( is chosen near «, then the sequence of iterates (z,)nen converges
quadratically to a, or in other words |z,+1 —a| < ¢|z, —|? for some constant ¢ > 0.
This fact makes Newton’s method one of the most widely used methods for approxi-
mating the roots of polynomials. In [30], F. v. Haeseler and H-O. Peitgen discuss the
dynamics of Newton’s algorithm and give a description of the basins of attraction of the
roots. In [57] and [58], the dynamics of the families of iterative methods of Schroder
and of Konig is addressed, and the parameter spaces of both families of methods asso-
ciated to the one-parameter family of cubic polynomials p4(z) = 2% + (A — 1)z — A
are described in the case the order of convergence is either three or four. An analogous
study for Newton’s iterative method associated to the one-parameter family pa(2)
above was begun by J. H. Curry, L. Garnett and D. Sullivan. In this work, parameter
regions in which extraneous attractive periodic cycles exist are described. (See [20].)
A similar feature is also observed for Schroder’s family of iterative methods associated
to pa(z), as well as for Konig’s family associated to pa(z). (See [57], [58].) For a
more recent study on the subject for higher orders of convergence, see [8] and [7], as
well as [22]. Another well known iterative root—finding method is Halley’s iterative
method; for a study of its dynamics for real functions, see [12] and the references
therein. In [51], the geometry of Halley’s method is studied. In [16], recent advances
in a description of the conjugacy classes and the dynamics of Konig’s family of itera-
tive root—finding algorithms applied to complex polynomials, which reduce to Newton’s
and Halley’s methods for order 2 and 3, respectively, are given. Advances on the study
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of the dynamics for the super-Newton method, as well as for Cauchy’s and Halley’s
methods are carried out in [35].

2. Basic definitions and results

In what follows, we will assume that f : U — C is an analytic function, where
U c C is an open set. We focus on the case U = C and f(z) a polynomial function.

DEFINITION 2.1. We say that a map f — Ty carrying a complez—valued function
f(2) to a function Ty : C — C is an iterative root—finding algorithm if Ty(z) has a
fized point at every root of f(z), and given an initial guess zo , the sequence of iterates
(2k)k>0, where zgi1 = Ty(zx), converges to a root v € C of f(z) whenever zy is
sufficiently close to r.

Cayley’s Problem

In his study on the convergence of Newton’s iterative map, A. Cayley poses the
following question: Let p(z) be a polynomial. What is the set consisting of the initial
guesses zy € C for which the sequence of iterates z, = Np(zp—1), with n > 1,
converges to a root o of p(z). In other words, what is the basin of attraction of « ¥
(See [17], as well as [18].)

We can ask the same question for an arbitrary iterative root—finding method 7, :
C — C. Now it is clear that F(T},) D U?ZlB(rj), where r1,...,ry are the roots of
p(z). It is natural to ask the following questions. Let p(z) be a polynomial. What
is the set consisting of the initial quesses zg € C for which the sequence of iterates
Znt1 = Tp(zn), with n > 1, converges to a root o of p(z). In other words, what is
the basin of attraction of a? What is the set consisting of the points zy such that
the sequence of iterates zp+1 = Tp(2,) does not converge to any root of p(z) ¢ Now
since J(T,) is an invariant set, we have that if z9 € J(T}), then its orbits will be
contained in J(T},). Since J(T},) is the closure of repelling periodic points of T},
and since in computer experiments we only use arithmetic of finite precision, we have
that if zp € J(T,), then z, will eventually be thrown off J(T},) due to roundoff
error (even if small). Now if there is an (super)attracting periodic orbit of period
greater than or equal to two, denoted orb(w), then its attraction basin is a non—empty
open set contained in the Fatou set F(T,). Thus for any zy € B(orb(w)), we have
orb(zg) C B(orb(w)), and the sequence of iterates will never converge to a root of
p(z) . Therefore, the following question becomes important to answer. Is it possible for
the sequence of iterates zp+1 = Tp(zn) to converge to a fized point of T, which is not
a root of p or to an (super)attracting periodic orbit of T), ?

In [9], B. Barna studies the behavior of Newton’s method on the real line, and
his classical result asserts that if p(z) is a polynomial of degree greater than or equal
to 4, which only real roots, then N, has periodic orbits of any period which are non—
attractive. He gives examples of such polynomials, as for instance the polynomial
p(z) = 32° — 1023 + 23z for which {—1,1} is a superattracting periodic orbit for
Newton’s iterative function N, . Extensions of these results are obtained in [19] and
[31].
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DEFINITION 2.2. (Order of convergence) Let z,i1 = zn — ¢(2n) be an iterative
root—finding method such that for every simple root v of f(z), we have ¢'(r) = 1,
d'(r) = - = ¢*V(r) = 0 and ¢ (r) # 0, then we say that the root-finding
algorithm is of order at least k convergent.

DEFINITION 2.3. Let Ry,Rs : C — C be two rational maps.. We say that R,
and Ro are conjugated if there is a Mobius transformation ¢ : C — C such that
Ry ot)(z) = o Ry(z), forall z.

An important feature of conjugation of rational maps is given by the following
classical result.

THEOREM 2.1. Let R; and Ry be two rational maps, and let b be a Médbius
transformation conjugating Ry and Ry, that is, Ry = o Ryovy~t. Then F(Ry) =
P(F(R1)) and J(Rz) = (T (R1)).

From a dynamical system point of view, conjugacy plays a central role in the
understanding of the behavior of classes of maps in the following sense. Suppose we wish
to describe both the quantitative and the qualitative behavior of the map z — Ty(z),
where T is some iterative root-finding map. Since a conjugacy preserves fixed and
periodic points as well as their type, and the attraction basins as well as, the dynamical
data concerning f is carried by the fixed points of T, as well as by the nature of
such fixed points which may be (super)attracting, repelling, or indifferent. Therefore,
for polynomials of degree greater than or equal to two, it is worthwhile to build up
parametrized families consisting of polynomials p, which are as simple as possible so
that there exists a conjugacy between T, and T),, for a suitable choice of the complex
parameter .

DEFINITION 2.4. (universal Julia set) We will say that an iterative root—finding
algorithm f — Ty has universal Julia set for polynomials of degree d if there exists
a rational map R such that for every polynomial f of degree d, J(Ty) is conjugated
to J(R) by a Mébius transformation 1 , or in other words J(Tf) = ¥ (J(R)).

The next result, which is due to A. Cayley and to E. Schroder, has great historical
importance. (See [17], [18]),and [52].) In an attempt to understand the dynamics of
Newton’s method in the complex plane, they investigated the dynamics of Newton’s
method applied to polynomials of a particularly simple form. Cayley realized that
major difficulties would arise when attempting to extend this result for quadratics to
cubics and beyond. It is believed that this circumstance motivated further work of P.
Fatou and G. Julia along these lines.

THEOREM 2.2. (A. Cayley [17], [18], and E. Schréoder [52]) Let

_ 22 —ab

22— (b+a)

be the rational map obtained from Newton’s method applied to the quadratic polynomial
f(z)=(2—a)(z—b), with a#b. Then Ny is conjugated to the map z — z> by the
Mébius transformation M(z) = =%, and J(Ny) is the straight line in the complex
plane corresponding to the locus of points equidistant from a and b.

Ny(z)
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We have extensions of this theorem which are due to K. Kneisl. Recall that Halley’s
method associated to f is given by

T (CILE)
B == o i)
THEOREM 2.3. (Kneisl [35]) Let

B 23 —3abz+ab(a+b)

- 322-3(a+b)z+a2+ab+b?

be the rational map obtained from Halley’s method applied to the quadratic polynomial
f(z)=(z2—a)(z—b), with a #b. Then Hy is conjugated to the map z — z> by the

Mébius transformation M(z) = 2 and J(Hy) is the straight line in the complex

z—b "’
plane corresponding to the locus of points equidistant from a and b.

Hyg(z)

Recall also that Chebyshev’s method, also known as the super—-Newton method,
associated to a map f is defined by
2 £
Sy — o 1) SRS
frz) 2f(2)°

THEOREM 2.4. (Kneisl [35]) Let
$i(2) = 3z* —2(a + b)z® — 6abz? + 6ab(a + b)z — ab(a® + 3ab + b?)
823 +12(a+b) 22+ (a+b)2 2z + (a + b)?
be the rational map obtained from the super—Newton method applied to the quadratic
polynomial f(z) = (z —a)(z —b), with a # b. Then Sy is conjugated to the map

S3(z) = Z;jﬁs via the Mébius transformation M(z) = Z=¢ .

Here we extend the results due to Schroder, Cayley, and Kneisl to the set consisting
of the iterative methods under discussion.

By definition, any iterative method 7'y associated to a function f has the property
that the roots of f are fixed points of T, which are, in general, superattracting fixed
points. Note that there may exist other fixed points of T which do not correspond
to any root of f, and which we call free fized points. These points can be either (su-
per)attracting, or repelling, or indifferent. Therefore, the following three questions are
natural. Do there exist free fixed points for the iterative methods under consideration?
If so, we may ask whether or not they are (super)attracting or indifferent fized points.
We may also ask the following question. Do there exist (super)attracting or indifferent
periodic orbits for the iterative methods considered in this paper?

Concerning the problem on the existence of (super)attracting periodic orbits, a
general method for constructing polynomials with a (super)attracting periodic orbit of
any given period for Newton’s iterative method is given in [44]. For similar results for
other iterative-root finding methods, see [4] as well as [5]. Now for other iterative root—
finding methods, we may formulate the following problem. Construct specific examples
of polynomials so that when a given iterative map studied in this paper is applied to
them, the resulting rational map has attracting periodic orbits of period greater than or
equal to 2.
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On the other hand, if for some iterative root—finding method there are attracting
fixed points which do not correspond to the roots of f or there are attracting periodic
orbits, we have the following problem. Describe attraction basins of (super)attracting
fixed points corresponding to roots of polynomials, as well as to those corresponding to
attracting periodic orbits. For example, study their topological properties. For which
iterative maps is the Julia set connected? locally connected? Concerning this problem,
it was proved independently by M. Shishikura [50] and F. Przytycki [46] that the Julia
set of Newton’s method applied to polynomials is connected. Actually, Shishikura
showed that the Julia set is connected for every rational map having only one weakly
repelling fixed point, or in other words a fixed point zy of a rational map R such that
|R'(z0)] > 1 or R'(z)=1.

As we note, for most iterative root—finding methods, the roots of f are superat-
tracting fixed points. The critical points that do not correspond to roots of f are
called free critical points. The reason why free critical points are important is due to
the following classical result.

THEOREM 2.5. (Fatou-Julia) Let R be a rational map. Then the immediate basin
of attraction of each attracting periodic point contains at least one critical point.

Consequently, the existence of attracting periodic orbits places an obstruction to
actually finding a root of f because, in such a case, the immediate basin of attraction of
each attracting periodic point contains at least one critical point. Note that the search
of the roots of f is not only interfered by the existence of attracting periodic orbits;
in some cases there may exist additional fixed points, or in other words fixed points
which are not roots of f, which may be either attracting, or repelling, or indifferent.

When we apply any of the root—finding iterative methods studied here to complex
polynomials, we obtain rational maps on the Riemann sphere. In order to study affine
conjugacy classes of these iterative methods, we mention the following relevant result.

THEOREM 2.6. (Scaling Theorem for Newton’s method, [20]) Let T(z) = az+ 3,
with a # 0, be an affine map on the complex plane, and let X € C be a non—zero
constant. Let f(z) be a polynomial; define the polynomial g(z) = A(f o T)(z). Then
Newton’s methods Ny and N, are affinely conjugated by T, that is, NyoT(z) =
T o Ny(z) (scaling equation), for all z.

In [47], this result is generalized for Halley’s method, and in [43] for the families
of iterative root—finding methods of Konig and of Schroder. Moreover, in [16] this
theorem is also shown for Konig’s family of iterative methods. We extend the Scal-
ing Theorem for the remaining iterative methods considered in this paper, except for
Stirling’s method and that of Steffensen, that do not satisfy the scaling equation.

If the Scaling Theorem holds for the iterative methods considered here, applying
these methods we reduce the study of the dynamics of the rational maps obtained.

Let R be a rational map on the Riemann sphere. The postcritical set of R, denoted
P(R), is the closure of the strict forward orbits of the critical points of R. In other
words, if we denote the set consisting of the critical points of R by C(R), we have
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that

P(R)= |J R(o).
0

We have R(P(R)) C P(R) and P(R°") = P(R). In other words, the postcritical
set is the smallest closed set containing the critical values of R°", for every n > 0.
A result in the line of this work is the following.

THEOREM 2.7. (See [37].) Let R be a rational map on the Riemann sphere.
Then the postcritical set P(R) of R contains the attracting periodic orbits of R, the
indifferent periodic orbits which lie in the Julia set of R, the boundary of every Siegel
disk (a k-periodic component U of the Fatou set of R, which is a disk on which R°F
acts by an irrational rotation) or the boundary of every Herman ring (a k—periodic
component U of the Fatou set of R, which is an annulus on which R°* acts by an
irrational rotation,).

The importance of the description of the postcritical set of a rational map is given
by the following.

THEOREM 2.8. (Characterization of hyperbolicity, see [37]) Let R be a rational
map. Then the following three conditions are equivalent:
(1) The postcritical set P(R) is disjoint from the Julia set J(R) .
(2) There are neither critical points nor parabolic periodic points (an indifferent
k-periodic point zy such that (R°%)'(z9) is a root of unity) in the Julia set.
(3) Ewery critical point of R tends to an attracting periodic point under forward
iterations.

DEFINITION 2.5. A rational map is hyperbolic if any of the three preceding equiva-
lent conditions are satisfied.

Concerning the size, from a measure point of view of the Julia set of a hyperbolic
rational map, we have the following well known result.

THEOREM 2.9. The Julia set of a hyperbolic rational map has zero measure.

Remark. The measure considered in the preceding result is Lebesgue’s measure on
the Riemann sphere.

We now have the following problem. For any iterative root—finding map considered
in this paper, study the parameter values for which when we apply them to the quadratic
family pe(2) = 22 + ¢, as well as to the cubic family pa(z) = 2> + (A —1)z — A, the
resulting rational map is hyperbolic.

3. Numerical Methods

In this section, we will show that the Scaling Theorem holds for all of the itera-
tive root—finding method that we consider. Therefore, we may consider the simplest
representative rational map obtained through conjugacy and attempt to describe the
dynamics of the conjugacy classes. Concerning the description of parameter spaces, a
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study for Halley’s iterative map has already been done. (See [16] as well as [47].) Fur-
thermore, Chebyshev’s iterative map appears as an element of the family of Schréder’s
iterative maps S, ; indeed, it corresponds to the iterative map S3 (we note that for
o = 2, the iterative map Sy is Newton’s iterative map). In general, some progress
has been made on the study of the parameter space for cubic and quartic polynomials.
(See [22].) Finally, for the remaining iterative maps presented here, almost nothing is
known about the parameter spaces for polynomials of degree less than or equal to four.

Let f: C — C be an analytic function. We define two maps associated to f.
Let us(z) = % and let Lys(z) = %ZI;Q(Z), which are analytic functions in every
subregion U of C in which f'(z) #0.

Define a new function g(z) by g = foT, where T : C — C is the affine map
T(z) = az+8, with a # 0. Then (goT 1) (2) = ¢ (T (2))(T7)(2) = L ¢ (T7'(2)),
that is, ¢'(T7'(z)) = af/(z), and similarly (9o T7')"(z) = L ¢”(T7'(2)), that
is, ¢"(T7*(2)) = o® f"(2). Proceeding similarly, we may show that ¢ (T~'(z)) =

a'f(z), for each i > 1. Now we have uy,(T71(z)) = gg,((?ill(é)))) = al}(,z(i) =Lug(z),

that is, auy(T1(2)) = us(z) and Ly (T (z)) = 2L ;,((Z%);%/EE,)T);(Z)) =L¢(z).

Note that if ®(z) = z — ¢(z) is an arbitrary iterative root—finding map, then T o
ST Hz) = (T H2)—p(T71(2)))+8 = z—agp(T~1(2)) . Therefore, to show that an
iterative method satisfies the Scaling Theorem, it suffices to prove that a¢(T~1(z)) =

¢(2) .

3.1. Newton’s iterative map. Let f:C — C be an analytic function. New-
ton’s map associated to f is

f(2)
Ni(z)=2z—-u =z—
1) =2 —upe) = 2= 5
1
Since Nj(z) = JE(2) = Ls(z), we have that the critical points of N, are

(f'(2))
either roots of f or solutions of the equation f”(z) = 0. We have N;(z) = z if and
only if f(z) = 0, or in other words the fixed points of N, are the roots of f. Also,

we have that Ny(oco) = 0o0,a s well as that z = oo is a repelling fixed point of N .

-1
On the other hand, if 2 is a fixed point of Ny, then N}(zo) = m—, where m is
m

the multiplicity of zy as a root of f. Thus if zy is a simple root of f, then zy is a
superattracting fixed point of Ny, that is, N ]’c(zo) = 0. Therefore, the convergence
of the iterated N7 (z) is at least quadratic in a neighborhood of zy. The next three
pictures show the basins of attraction of the roots when we apply Newton’s iterative
map to the corresponding polynomials.
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f(z)=2%—1 f(z)=2%—=z f(z)=234052—-15

It is well known that Newton’s iterative method satisfies the Scaling Theorem. (See
20].)

The parameter space for cubic polynomials is studied in [20]. The topology of the
basins of attraction of the roots for cubic polynomials was studied by P. Roesch in her
Ph. D. Thesis, which is an extension of previous work of Tan Lei. (See [48], as well as
54].)

Newton’s method applied to the polynomial f(z) = (z —a)(z —b), with a # b,

2
z“—ab
ields V =
yields Ny (z) 2z—(b+a)
transformation M(z) = 2=% . Consequently, J(Ny) is the straight line in the complex
plane corresponding to the locus of points equidistant from a and b.

, which is conjugated to the map z — 22 via the M&bius

3.2. Newton’s map for multiple roots. Newton’s map for multiple roots ap-
pears in a work of Schréder and is given by

f(2)f'(2) )
f'(2)2 = f(2) 1" (2) 1—Ly(2)

(See [52].) This method is an order 2 iterative map, including the case of multiple roots.

f(2)

f(z)’
which has simple roots in each multiple root of f.
The next two pictures show the basins of attraction of the roots when we apply
Newton’s iterative map for multiple roots to the corresponding polynomials.

My(2) =z —

It may be obtained applying Newton’s iterative map to the function uy(z) =

fiz)=2%-1 f(z)=2%—=z
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For advances in the description of the parameter space for cubic polynomials see

8].

Schroder’s method applied to the polynomial f(z) = (z —a)(z — b), with a # b,
yields

(a+0b)2z> —4abz +ab(a+b)
222 -2(a+b)z+a?+b?
2

My (2) =

)

which is conjugated to the simplest map z — —z° via the Mdobius transformation

M;(z) = = . Consequently, J(My) is the straight line in the complex plane corre-

sponding to the locus of points equidistant from a and b.

3.3. Halley’s iterative map. Halley’s iterative map was presented on or about
1694 by E. Halley who is well known for first computing the orbit of the comet that
carries his name. This algorithm is one of the most rediscovered iterative functions of
the literature. (See [51], [24] and references therein.) From its geometric interpretation
for real functions, it is also known as the method of tangent hyperbolas. (See [49].) This
iterative root—finding method is given by

0 - o 2EIE 2w

2f'(2)? = f(2)f"(2) 2—- Ly(2)

It is well known that Halley’s map is an order three iterative map in neighborhoods
of simple roots.

One way to obtain this iterative map is applying Newton’s method to the function

_ _fz)
90 =775

The next three pictures show the basins of attraction of the roots when we apply
Newton’s iterative map to the corresponding polynomials.

f(z)=23-1 f(z)=2%—=2 f(z)=24052—15

Halley’s method applied to the polynomial f(z) = (z —a)(z — b), with a # b,
yields

B 22 —3abz +abla+b)
322-3(a+b)z+aZ+ab+b?’
3

Hy(z)

which is conjugated to the map z — z° via the Mébius transformation M(z) = =% .
Consequently, J(Hy) is the straight line in the complex plane corresponding to the

locus of points equidistant from a and b.
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3.4. Convex acceleration of Whittaker’s method. Convex acceleration of
Whittaker’s method is an order two iterative map given by

/() 1
s 2 L) ==~ gus()2 - Ls(2)).

The next four pictures show the basins of attraction of the roots when we apply
Whittaker’s iterative map to the corresponding polynomials.

Wy(z) =2~

—z -1 —z -1
—z —z —z + 0.5z —1.5

From its geometrlcal interpretation for real functlons, Whittaker’s method is also
known as the parallel-chord method. ( See [41, p. 181].)

For the quadratic polynomial f(z) = (z —a)(z — b), with a # b, Whittaker’s
iterative map is conjugated to the map

2t 4223 4222

2—
22242241
via the Mdbius transformation M(z) = =5 .

3.5. Double convex acceleration of Whittaker’s method. The double con-
vex acceleration of Whittaker’s method is an order 3 iterative map given by

War(z) = 22— iuf(z) <2 — Lys(z) + 9 _Li;)igfle)/f(z))>

For the quadratic polynomial f(z) = (z—a)(z—10), with a # b, the iterative map
Wa, s is conjugated to the map

28 + 427 4+ 820 4+ 825 + 424
424 + 823 + 822 + 42+ 1

z—a
z—b

Zz —

via the Mobius transformation M(z) =
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The next picture shows the basins of attraction of the roots when we apply the
iterative map Ws ¢ to the polynomial f(z)=22—1.

3.6. Chebyshev’s iterative map. This iterative map is also known as the super—
Newton method. Tt is an element of Schroder’s family of iterative maps S, . (See Section
7.1.) In fact, this method corresponds to the iterative map Ss. Therefore, it is an order

3 iterative map given by

Chebys(z) = z—uy(2) <1+%Lf(z)) .

The next four pictures show the basins of attraction of the roots when we apply
Chebyshev’s iterative map to the corresponding polynomials.

—z —z —z + 0.5z —1.5

Chebyshev’s iterative map is also knovvn as Eulerfchebyshev s method. From its
interpretation for real functions, it is furthermore known as the method of tangent
parabolas. (See [55].)

Chebyshev’s method applied to the quadratic polynomial f(z) = (z —a)(z — b),
with a # b, is conjugated to the map
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24223
S3(2) = ——
)=
via the M&bius transformation M(z) = 2= .

3.7. Super—Halley iterative map. The super—Halley iterative method is also
known as the conver acceleration of Newton’s method. It is an order 3 iterative map
given by

i) = 200 (14 28

The next three pictures show the basins of attraction of the roots when we apply
super—Halley iterative map to the corresponding polynomials.

—z —1 y=23—2 )=234+052—1.5

For the quadratic polynomial f(z) =(z—a)(z — b), with a # b, the super—
Halley iterative map is conjugated to the map z — z* via the Mdbius transformation
M(z) = =5 . Consequently, J(SHy) is the straight line in the complex plane corre-
sponding to the locus of points equidistant from a and b.

3.8. Midpoint iterative map. The midpoint iterative map is an order 3 iterative
map given by

— Y~ = T -
7 (== £%5) fr(z = 5us(2)

The next three pictures show the basins of attraction of the roots when we apply
midpoint iterative map to the corresponding polynomials.

—z -1 —z -z —z +0.5z—1.5

Mapy(z) = =~ — T e
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For the quadratic polynomial f(z) = (z—a)(z—b), with a # b, midpoint method
Mdpy , yields

Midpoint applied to the polynomial f(z) = (z —a)(z —b), with a # b, yields the
rational map

2% —3abz+ab(a+b)

322 —3(a+b)z+a?+ab+ b2’
3

Mdpy(z) =

which is conjugated to the simplest map z — z° via the Mobius transformation
M(z) = 2%, . Consequently, J(Mdpys) is the straight line in the complex plane

z—b"
corresponding to the locus of points equidistant from a and b.

3.9. Traub—Ostrowski’s iterative map. Traub-Ostrowski’s iterative map is an
order 4 iterative map given by

flz—us(2) = f(2)
2f(z —uys(2)) — f(2)

The next three pictures show the basins of attraction of the roots when we apply
Traub-Ostrowski’s iterative map to the corresponding polynomials.

TOs(z) = z — ug(2)

fz)=23-1 f(z)=224052—-15

For the quadratic polynomial f(z) = (#—a)(z—b), with a # b, Traub—Ostrowski’s
iterative map is given by

B 24 — 6abz? + 4ab(a + b)z — ab(a® + ab + b?)
423 -2(a+b+2)22+2(a+b+a+b2)z— (a3 +a2b+ ab? 4+ b3)’
4

TOy(2)

z—a

which is conjugated to the map z — z* via the M&bius transformation M(z) = =% .
Consequently, J(T'Oy) is the straight line in the complex plane corresponding to the
locus of points equidistant from a and b.

3.10. Jarratt’s iterative map. Jarratt’s iterative map is an order 4 iterative
map given by

B —lu ; f(z)
Ji(z) =z 2 £( )"‘f/(z)_gf/(z—%uf(z)).

Jarratt’s method applied to the polynomial f(z) = (z —a)(z — 1), with a # b,
yields
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2 — 6abz? + 4ab(a + b)z — ab(a® + ab + b?)
28 —2(a+b+2)224+2(a+b+a?+b2)z— (a3 +a2b+ ab? +b3)’

Jy(z) =

4

z—a

which is conjugated to the map z — 2z .
Consequently, J(J¢) is the straight line in the complex plane corresponding to the
locus of points equidistant from a and b.

via the Mobius transformation M (z) =

3.11. Inverse—free Jarratt’s iterative map. The inverse—free Jarratt’s iter-
ative map is an order 4 iterative map which is obtained as follows. Let h(z) =

f' (2 = 3up(2)) = f'(2)
f'(z)

. Then this algorithm is given by

1) = )+ Jung ) (1- 5

Inverse—free Jarratt’s iterative map applied to the polynomial f(z) = (z—a)(z—b),
with a # b, yields the rational map

2t — 6abz? + 4ab(a + b)z — ab(a® + ab + b?)
423 =2(a+b+2)22+2(a+b+a?+b?)z— (a3 +a?b+ ab®> +b3)’

IJp(z) =

4

z—a

which is conjugated to the map z — z* via the Mébius transformation M(z) = =% .
Consequently, J(IJ;) is the straight line in the complex plane corresponding to the
locus of points equidistant from a and b.

4. The Scaling Theorem

Concerning the conjugacy classes of the iterative root—finding maps presented in
Section 3, we have the following result.

THEOREM 4.1. (Scaling Theorem) Let T(z) = az+ 3, with « # 0, be an affine
map on the complex plane, and let A € C be a non—zero constant. Let f(z) be a poly-
nomial; define the polynomial g(z) = A(foT)(z). Let F(z) denote any of the iterative
root—finding maps described above. Then the iterative root—finding maps Fy and Fy,
which are obtained applying F to f and g, respectively, are affinely conjugated by T .
In other words, T o FyoT~1(2) = F¢(z) (scaling equation), for all z .

Proof. We give the proofs for Newton’s, Schroder’s, and the midpoint iterative maps.
For the remaining iterative root—finding maps presented in Section 3, the arguments
are similar.

In the case of Newton’s iterative root—finding map, we have

ToN,oT '2) = z—au,(T " (2)) = Ns(2);

in the case of Schroder’s iterative root—finding map, we have
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) B uy (T~ (2))
ToMyoT™(2) = z=ay " iy
_ L w)
1—Ly(2)

and in the case of the midpoint iterative map we have

ToMdp,oT Y(z) = 2—a 9(T~1(2))

Using a Taylor series, we have

§ )~ kuy(TE) = g~k Suy(2)
= @) - ) (SR +

59" (T (2)) (é kuf(z))2 b

= (F6) = 1) B + g ) 4 )
= af (z—kuys(2)) .
Setting k = 1 in the Taylor series above, we obtain ¢/(T~!(z) — 2u,(T~(2))) =
af’(z — 3us(z)). Therefore,

f(2)
af' (z = 5us(2)

ToMdp,oT ' z) = z—a = Mdpy(z),

which completes the proof.

5. Two Iterative root—finding maps which do not satisfy the Scaling
Theorem

In this section we give two iterative root—finding maps which do not satisfy the
Scaling Theorem.
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5.1. Stirling’s iterative map. Stirling’s iterative map is an order 2 iterative
map given by

Ste(z) =2z —

Now we have

9(T~1())
g (T H(z) —g(T71(2)))
and it is easy to see that this method does not satisfy the scaling equation.
The next three pictures show the basins of attraction of the roots when we apply
Stirling’s iterative map to the corresponding polynomials.

ToStyoT '(2) = z-a

f(z) =221 f(z) =21 f() =2~

For the quadratic polynomial f(z) = (z—a)(z—b), with a # b, Stirling’s iterative
map is given by

Sty(2) = 223 — (2a + 2b+ 1)22 + 2abz + ab
92 22+ b+ 1)z +a+2ab+b’
which is conjugated to the map

2%+ (2a — 2b — 1)22
(2a—-2b+1)z—1

zZ—a

z—b

via the Mdbius transformation M (z) =

5.2. Steffensen’s iterative map. Steffensen’s iterative map is an order 2 itera-
[+ f(2) — f(2)
f(z)

tive map obtained as follows. Defining g;(z) = , this algorithm is

given by

Stefr(z) = z—

B f(z)°
flz+1(2) = f(2)
The next four pictures show the basins of attraction of the roots when we apply
Steffensen’s iterative map to the corresponding polynomials.
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—z -1 —z -1
—z —z —z +0.5z—1.5

As in case of Stlrhng s method, we see that thls algorithm does not satisfy the
scaling equation.

Steffensen’s iterative map apply to the polynomial f(z) = (z — a)(z — b), with
a # b, yields the rational map

22— (a+b—-1)22+abz—ab
Stf(z) = 5 — —— ,
22— (a+b—2)z—(a—ab+b)
which is conjugated to the map

22 —(a—b+1)
(I—a+b)z-1
via the Mébius transformation M(z) = =% .

6. Three third—order iterative methods whichdo not require the use of
second derivatives

We consider three third—order iterative root—finding methods that do not require
the use of second derivatives which, for n > 0, are given by

W, = Zn — ){/((sz;)),
Zn+1 = Wp — JJ:/(ZZng
W= = P
— 2f(2n)
Antl = En T T N (wn)

and
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f(zn)

W, = Zn — 27 (2n)
Znbl = =

These three third—order root—finding iterative methods are studied in [25], [41],
[45], [59].
The iterative maps defining the preceding three iterative methods are given by

My s(z) = Z_uf(z)_WV

- 2f(2) .
My ¢(z) = P&+ [ (z—us(2))’ d
Msp(z) = z-— f(f)

respectively.
The next three pictures show the basins of attraction of the roots when we apply
iterative maps My ;, with j = 1,2,3, to the polynomial f(z)=2z%—1.

M;, s—method for f(z) =23 —1 My, —method for f(z) =23 —1

M3, s~method for f(z) =23 —1

Observe that when we apply the iterative maps M, ; (with ¢ = 1,2,3) to a poly-
nomial, we obtain a rational map on the Riemann sphere.
We now have the following.

THEOREM 6.1. (Scaling Theorem) Let f(z) be an analytic function on the Rie-
mann sphere, and let T(z) = az + [, with o # 0, be an affine map. Define
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g(z) = MfoT(z)). Then ToM;,0T " = M,;(z), that is, M; s and M,, are
conjugated by T , with i =1,2,3.

Proof. We give the proof only for the iterative map M3 ;. The arguments for the
proofs of the maps M, ¢ (with j =1,2) are similar. We have

) STl — e g(T_l(Z)
ToMyyoT(2) 7T () - u (7))
o f(2)
af' (z— ug(z))
= Ms34(2)

7. Families of iterative maps

There are many iterative maps for solving non-linear equations which depend on
one or more complex parameter(s). In this case, we speak of families of iterative root—
finding maps.

7.1. Schréder’s family of iterative maps. Let f be an analytic function on
the Riemann sphere, and let ¢ be a positive integer greater than or equal to two. For
each o, with ¢ = 1,2,3,..., Schroder’s iterative map S,  is an algorithm of order
0.

We next show how to obtain Schroder’s iterative maps. Let F' be an analytic
function, and let |h| be sufficiently small. Then by the Taylor expansion

F(z+h)=F(2) + Z bn(2)h"™ = F(z) + B(2)
n=1

where b,(z) = %, with n = 1,2,..., the function B(z) may be considered as

a formal power series in the variable h whose coefficients depend on z. If bi(z) =
F'(2) # 0, then B(z) has a formal inverse B~1(z). Thus we may write

B72) = calz)h",

where c¢,(z) = %res(B_") , with n=1,2,..., by the Lagrange-Bilirmann formula.

Using the approximation above for an analytic function, we may define Schroder’s
iterative maps of order o = 2,3,... associated to f by

Sor(2) =24 3 enlz) (1) |
k=1

where
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and

(f’}z) d%)(“) B (f’L) di (f’EZ) di ( (f’EZ) di> ))) '

(k—1)— factors

The coefficients ¢, (z) are analytic functions in every region U C C in which

F'(z) £0.
For example, Schroder’s iterative maps Ss ; and Sy f associated to f are given
by

S3.p(2) =2— JJ:,((?) - QJ;CI:((E))Bf(z)? =z —us(2) (1 + %Lf(z)> ,

which is Chebyshev’s method, and by

L 1E) TG e BIEP R s
S47f(Z) - f/(Z) 2fl(2)3f( ) 6f/(2)5 .f( ) ’

respectively. Note that Sz y = Ny, or in other words Schroder’s iterative map of order
2 corresponds to Newton’s iterative map.

In order to obtain a more explicit formula for S, 5, set hy ¢(2) =1 and hgy1,¢(2) =
by §(2)f'(2) = (2k = D)hg, ¢ (2) f"(2) , with k =1,2,.... It then follows that

1 ( hk,f(z) )I _ hk-‘,—l,f(z)
f/(Z) f/(Z)Qkfl f/(z)2k+1 .

Thus the formula for S, ¢y becomes

o—1
N s (D hyal(2)
SU,f( ) - +; k! (f’(z))%*l (f( )) .

For a proof that Schréoder’s family of iterative methods satisfies the Scaling Theo-
rem, see [43].

The next three pictures show the basins of attraction of the roots when we apply
the iterative map Ss ¢ to the corresponding polynomials,
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—z -1 —z —z —z + 0.5z —1.5

and the next three pictures show the basins of attraction of the roots when we apply
the iterative map Sy ¢ to the corresponding polynomials,

—z —1 —z -z —z +0.52—1.5

7.2. Konig’s familiy of iterative maps. Consider Konig’s family of iterative
maps. For an analytic function f on the Riemann sphere and a positive integer o
greater than or equal to two, Konig’s iterative map of order o, denoted K, s, associ-
ated to f is defined by

Iz)

L\
Ko f(z) =2+ (a—l)i

(ﬁya—l)'

Note that K3y = Ny (Newton’s map) and that K3y = Hy (Halley’s map). For
o =4 we have
3f(2) (f()f"(2) — 2f'(2)?)
6f(2)f"(2)f"(2) = 6'(2)> = f(2)2f"(2)
It is clear that the construction of K, y requires the computation of the first o —1
derivatives of f. Letting h1 f(z) = 1 and hyy1,5(2) = by ((2)f(2) — khe, ¢ (2) f'(2)
for k=1,2,...,0 — 1, we have

<L>(k) _ T (2)
f(2) flz)ktt

Kyf(z)=2—

Thus we may write
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ho—1(2)f(2)

he(z)

For a proof that Konig family of iterative methods satisfies the Scaling Theorem,
see [43], as well as [16].

The next three pictures show the basins of attraction of the roots when we apply
the iterative map Ky ; to the corresponding polynomials.

K,i(z)=2+(c—1)

f(z)=23—1 f(z)=2%—z f(z)=234052—-15

7.3. A family of third—order iterative methods. We consider the family of
third-order iterative root—finding methods

Zny1 = My g.c(2n) = 2n — <1 + #Zi)(zm + ch(zn)z) up(zn),

where zg is an initial guess, and 6 and c¢ are complex parameters both to be chosen

conveniently for each case. This family of iterative root—finding methods is induced by
the family of iterative maps

Mfﬂ,c(z) =z — (1 + #(;2(2)) + CLf(Z)2> uf(z) .

Observe that when we apply the iterative maps My . to a polynomial, we obtain
a rational map on the Riemann sphere.
As particular cases, this family of third—order iterative methods includes the fol-
lowing (see [3]).
(1) When ¢ = 0 and the parameter 6 is real and non—negative, we obtain the
family of third-order iterative functions My g(z) = My g,0(z) studied in [28],
which is called Chebyshev—Halley’s family of iterative root—finding maps

Cny@ = Mf)g(z) =z — (1 + #%) uf(z) .

In particular, we have
(a) The well known iterative function Ch; due to Chebyshev

Chy(z) = = (1 + % Lf(z)) s (2)



26 S. AMAT, S. BUSQUIER, AND S. PLAZA

is obtained from the family above when 6 = 0.
(b) The well known iterative function H; due to Halley.

2
Hi#) === gm0 o)

is obtained from the family above when 6 = % . The dynamics of Halley’s
iterative function is studied in [16] and [47].

(¢) Another third-order iterative function is the super—Halley iterative func-
tion, denoted SHy , which is given by

SHy(z) =z — (1 + 2(1[_4722;)(2))> us(z),

and is obtained from the family above when 6 =1. (See [29].)
(d) Finally, Newton’s method is obtained as the limit case when § — +o0.
(2) When c is a non—zero constant and 6 = 0, we obtain the so—called ¢ —iterative
methods

in which case My . = My, . This family of iterative map is introduced
in [2] and [24].

The next two pictures show the basins of attraction of the roots when we
apply c-iterative method to the corresponding polynomials.

c-method for 22 —1 c-method for 23 —1

We now show that Chebyshev—Halley’s family of iterative root—finding maps sat-
isfies the Scaling Theorem.

THEOREM 7.1. (Scaling Theorem for Chebyshev—Halley’s family) Let T'(z) = az+
B, with a # 0, be an affine map on the complex plane, and let A € C be a non—zero
constant. Let f(z) be polynomial; define the polynomial g(z) = A(f oT)(z). Then
My, and My g . are affinely conjugated by T , that is, ToMyg .oT ' (2) = My .(2),
for all z.
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Proof. We have

ToMyp T ) = 2= au (@) (14 gyt + el ()
_ Ly(2) 2
= z—us(2) (1+m+6Lf(Z) )

Therefore, the family of iterative root—finding maps Mg . satisfies the Scaling
Theorem.

For the quadratic polynomial f(z) = (z —a)(z — b), with a # b, we have that
CHjyg(z) is conjugated to the map

22 +2(1-0)2
A Nk S o
201 —0)z + 1

zZ—a

z—b "

via the Mdbius transformation M (z) =

7.4. A King family of multipoint iterative methods. The following order
four multipoint family of iterative root—finding methods is studied by R. King in [34].

o ug(e) - S w @) SE) + BT (2~ up(2)
K@f(z) = f( ) f/(Z) f(Z) T (6_ 2)f (z — uf(z))

where [ is a complex parameter. The family Kg ; contains Traub—Ostrowski’s itera-
tive map, which is obtained when 3 = 0. In other words,

T0;(5) = Kose) = 2-use) - o) o I ur ()
_ B f(z—uys(2)) — f(2)
z—us(2) :

2f(z —uy(2)) = f(2)

THEOREM 7.2. (Scaling Theorem) Let T'(z) = az + 3, with a # 0, be an affine
map on the complex plane, and let X € C be a non—zero constant. Let f(z) be a
polynomial; define the polynomial g(z) = X foT)(z). Then Kg; and Kz, are
affinely conjugated by T', or in other words T o Kz 0T ! (2) = Kp,f(2), for all z.

Proof. We have
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g (T71(2) —uy(T ()
g (T~1(2))
9g(T71(2)) + By (T~ (2) — ug(T~'(2)))
g(T=1(2)) + (B —2)g (T (2) —ug(T1(2)))
flz—wuyp(2))  f(2)+ flz —us(2))

= z—us(z) —« .

af'(z) f(2) =z —us(2))

ToKgyoT '(2) = z—au,(T ' 2) -«

= Kpy(2).

Therefore, the family of iterative root—finding maps Kz satisfies the Scaling
Theorem.

For the quadratic polynomial f(z) = (z —a)(z — b), with a # b, we have that
Kpg ¢ is conjugated to the one-parameter family of rational maps

20+ (B+2)2° + (1 +28)2"
(1+28)224+ (B+2)z+1

zZ—a

via the Mébius transformation M(z) = Z=¢ .

7.5. Another King family of multipoint iterative methods. Let §, a1, as
and as be complex parameters. Define the following family of iterative root—finding
maps

ooy, (7
f'(z) uy(z)

For § =1, ay =1, ap =1 and a3z = 2, we obtain the following root—finding
iterative method

Ksay.am.as.f(2) = 2 — ayus(z) — as

Ki(z) =2 —up(z) — f(Z;I(ZJ;(z)) f(z) +2§Ej)— uf(z)) .

THEOREM 7.3. (Scaling Theorem) Let T'(z) = az+3, with o # 0, be an affine map
on the complex plane, and let X\ € C be a non—zero constant. Let f(z) be a polynomial;
define the polynomial g(z) = N(foT)(2). Then Ksay.anasf @00 Ksar apas.g are
affinely conjugated by T, that is, T 0 Ks.ay.ap.a5.9° T " (2) = Ks.01.a9.a5.7(2) , for all
z.

Proof. We have
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i ety ey o 9T = Suy(T ()
T K5,a1,a2,0«3»9 T ( ) 1 Q(T ( )) 2 g/(T_l(Z))

<g<T—1(z)75ug(T—1<z>)>>2
7 (T1(2))

ug(T~1(2))

aas

Fla=dus ()|
flz =dup(2) 4 3( af’() )

ofz) " Tu(z)

= z—ajus(z) —aas

= K&al,az,as,f(z) )

which proves that the family of iterative root-finding maps Kj 4, ay.a5.¢ Satisfies the
Scaling Theorem.

7.6. A Jarratt family of iterative root—finding methods. Any method (a

member) contained in the Jarratt family is an order four iterative root—finding method.

Let by (z) = 2C=Aur)=r6)
(=)

Jarratt family of iterative root—finding maps by

, and let 8 be a complex parameter. Define a the

1+ Bhy(z)
1+ (3 +8) hy(2)

This family contains Jarratt’s iterative map, which is obtained by setting 5 = 0.
For ¢ = —% , we obtain the inverse—free Jarratt’s map.

Wy p(z) = 2 up(2) + 5 up(2)hy(2)

THEOREM 7.4. Let T(z) = az + (3, with a # 0, be an affine map on the complex
plane, and let A € C be a non—zero constant. Let f(z) be polynomial; define the
polynomial g(z) = X(f o T)(z). Then the Jarratt families of iterative root—finding
methods Vg and V, 5 are affinely conjugated by T, that is, T oW, 50T~ 1(z) =
Vs (2), forall z.

Proof. We have

ToWysoT '(2) = z—auy(T™'(2)) +
3

a7 ug(T™H(2)hy(T71(2)) T

1+ Bhy(T~'(2))

(3 +8) hy(T=1(2))
1+ 6hf(z)

1+ (2 + ) hy(z)

= z—up(z)+ Zuf(z)hf(z)

= VUsp(2),

and hence the family ¥, 3 satisfies the Scaling Theorem.
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For the quadratic polynomial f(z) = (2 —a)(z—b), with a # b, the iterative map
U 3(z) is conjugated to the map
325 + (6 —48)2° + (3 — 803)2*
(3—803)22+ (6 —46)z+3

via the M&bius transformation M(z) = =3 .

7.7. A Steffensen family of multipoint iterative root—finding maps. De-

fz+81(2) = f(2)

fine gg f(z) = 3F(2) , where (3 is a complex parameter. Define the
multipoint family of iterative root-finding maps Af(z) by
2
M) m IO BIC)

95(2) fla+B8f(2) - f(2)

Any method (a member) contained in this family is an order 2 iterative root—finding
method. This family contains, as a particular case, Steffesen’s map, which is obtained
by setting § = 1. Note that this family of iterative methods does not satisfy the
Scaling Theorem.

For the quadratic polynomial f(z) = (z—a)(z—b), with a # b, the iterative map
A¢(z) is given by

Bz% — (aff +bB3 — 1)2% + abBz — ab
Ag.r(2) = 522 — (aB+05—2)z+abf—a—b’
which is conjugated to the map

25— (af — b3+ 1)22
@B —b3— 1)z +1

z—a
z—b "

via the Mobius transformation M(z) =

7.8. A Murakami family of iterative root—finding maps. Let

e
R (Il
(2 + Bug(2) + ywa(2))
bz = i

bif'(2) + b2 f' (2 — us(2))
where 3, v, by and by are complex parameters. We define a Murakami family of the
iterative root—finding maps by

Mkys(z) = z — aruy(2) — agwa(2) — azws(2) — ¥(2),
where a1, as and ag are complex parameters.
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A proof that the Scaling Theorem holds for this family of iterative root—finding
maps is obtained through a great deal of calculations

8. Constructing attracting periodic orbits for three third—order iterative
methods

The problem of the existence of periodic orbits for Newton’s iterative map associ-
ated to real polynomials was first studied by B. Barna. (See [9].) For other contribu-
tions to this problem, see [31]. In [9], we find the well known examples given by the
polynomials p(z) = 32° — 102 + 232 and p(z) = 112° — 342% + 3922 whose Newton
maps have {—1,1} as a superattracting periodic orbit of period two. Another example
of such a polynomial is given by f(z) = 23 — z + ‘/75 :

The next two picture show the basin of attraction of the roots when we apply
Newton’s iterative map to the corresponding polynomials.

p(z) = 32° — 1023 + 232 p(z) =22 -2+ @
In [44], a general method for constructing polynomials whose Newton maps have
a superattracting periodic orbit of period n > 2 is presented.
Now we are interested in constructing a periodic orbit for the iterative methods
My, r given in Section 6.
For a proof of the following results, see [6].

PROPOSITION 8.1. Let Q = {x1,z9,...,2,} be a set of n distinct complex num-
bers, and let f be a complex analytic function. Then 2 is a periodic orbit of period
n  of iteration maps My ¢ (with k =1,2,3) if and only if

fxi) + flzi —ug(z:))

51) f(x) = po— . withi=1,...,n—1,
’ ’ o f(xn) + f(xn - uf(l’n))
fa) = p—
holds for M ¢ ;
fi@) + o —up(z;) = M, withi=1,...,n—1,
(8.2) 9%% (xiz)+1

(@) + fl(2n — Uf(xn))
holds for Ms ¢ ;

Ty — T
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(8.3) Fwi = up(@)) = xf—(iic)ﬂ
f/ (iUn — %Uf($n)) = %

withi=1,...,n—1,

holds for Ms ¢ .

PROPOSITION 8.2. For any positive integer n > 2 and k = 1,2,3, there exists a
polynomial fi, of degree less than or equal to 3n — 1 for which My s, has a periodic
orbit of period n .

EXAMPLE 8.1. Let us give a polynomial f for which the iterative method M,
has a periodic orbit of period 2. For this, let ;1 = 0, and let x5 = 2. We must

construct a polynomial f such that M; ((0) =2 and M ;(2) = 0. The polynomial

17 1
f is given by f(z) =1+ 2 — 1—8x2 + —23 — 1—8964 + E:ﬁ. A computation yields
My,7(0) =2 and M ;(2) =0, that is, © = {0,2} is a periodic orbit of period 2 for

the method M, f(x).

EXAMPLE 8.2. Let us give a polynomial f for which the iterative method Ms ¢
has a periodic orbit of period 2. For this, we consider Q = {x1,22}, where z; = 0
and zo = 2. The polynomial is given by f(z) =1— %x — %x2 + ixS. We have that
M, ¢(0) =2 and M, f(2) =0, that is, Q is a periodic orbit of period 2 for My ;.

PROPOSITION 8.3. Let f be a polynomial for which My ¢ (with k =1,2,3) has
a periodic orbit of period n, say Q = {x1,22,...,x,}. If f"(x;) =0, for some i =
1,...,n, then Q is a superattracting periodic orbit of period n for My ¢ . If f"(z;) =
0 and f'(x;) = f'(x; —us(z;)) for some i =1,...,n, then Q is a superattracting
periodic orbit of period n for Ms ¢ . Finally, if f"(x; — %uf(xl)) =0 and f'(z;) =
f'(zi — Sus(x;)) for some i =1,...,n, then Q is a superattracting periodic orbit of
period n for Ms ¢ .

The following gives a procedure for constructing a superattracting periodic orbit
for the iterative methods M; ;, with ¢ =1,2,3.

THEOREM 8.1. Let n > 2 be an integer. Then there exist polynomials fk (with
k =1,2,3) of degree less than or equal to 3n (resp. 3n—1 ) such that when we apply the
iterative methods My ¢, with k=1,3, (resp. Ms s ) to fk , we have a superattracting
periodic orbit of period n for the corresponding iterative methods.

EXAMPLE 8.3. . We continue with Example 8.1. For M ;, we consider f(z) =
f(@)+arfr(x), where f is the polynomial given in Example 8.1 and a7 is a parameter

~ 7 113
to be determined. The polynomial obtained in this case is f(z) = 14z — §a:3 — EZA
1 1
361:5 — :;—21'6. Now M, 7(0) =2 and M, 7(2) = 0, or in other words, 2 = {0,2} is a
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periodic orbit of period 2 for M, P On the other hand, an easy calculation shows that
(M12 f)’(()) = 0. Therefore, €2 is a superattracting periodic orbit of period 2 for M, .

ExAMPLE 8.4. For Example 8.2 and in order to construct a superattracting periodic
orbit for My, we consider the polynomial f(z) = f(x) + asfs(z) where f is the
polynomial given in Example 8.2 and a5 is a parameter to be determined. Using
the condition of Theorem 8.1, we have f(z) = f(z) + Za*(x —2)%. We have that
M, 7(0) = 2 and that M, §(2) = 0, that is, Q& = {0,2} is a periodic orbit of period
2 for M, ;. We finally have that € is a superattracting periodic orbit of period 2 for
M, f.

Since the hyperbolic periodic orbits of a rational map are stable, we have the
following.

THEOREM 8.2. There is an open set U of the set consisting of the analytic complex
functions such that for any f € U, the associated iterative method My ; (with k =
1,2,3 ) has an attracting periodic orbit of period greater than or equal to two.

Remark . For King’s and Jarratt’s iterative maps we have similar results. (See [5].)
We show a similar result for the family (7.3). (See [4].)
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