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Characterization of Matrix Operators on [’-spaces
Ya Qiang Yan

ABSTRACT. A necessary and sufficient condition for a class of matrix operators
acting from [P! into [P2 to be continuous and compact is given in this paper, which
answers I. J. Maddox’s open problem.

Suppose A = (a;;) be an infinite real matrix. It determines a linear operator A
from IP* into 12 (1 < p1,p2 < 00) according to the following raw:

T

oo oo
Az = Zaljtj,Zagjtj, e € P2, for any x = (t1,tz,---)7 € 1P
j=1 j=1

The set of all such bounded matrix operators is denoted by B(IP*,[P?), in which the
set of all compact matrix operators is denoted by B.(IP*,[P?). The characterization
of B(IP1,1P2) (or B.(IP*,IP?)) has remained a problem (see I. J. Maddox [2], Ch.7, §5,
Problem 12) and attracted a lot of researchers (see[1], [3], [4]). Maddox|[2] characterized
B(IP*,1P2) in terms of their elements when p; or py is 1 or co. Crone[l] answered the
question when p; = py = 2. This paper is devoted to the case 1 < p1,ps < c0.

Let NV be the set of natural numbers and 1 < p < co. The Lebesgue matrix space
IP(N x N) is expressed as the set

1
P

A= (aij) : |4l = | DD layl? | < oo

i=1 j=1
If B = (b;;) € 19N xN) with 1/p+1/¢q =1, we denote
(A,B) =" ai;bi;.
i=1 j=1
Clearly, the Holder inequality holds:
(4, B)| < [|Allp[| Bllg-
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The tensor product "' ® ["2 of I™ and {"™2(1 < r; < 00,7 = 1,2) is defined as the
closure of the linear span {zr ® y : x € [",y €I}, where

tl t181 t182
_{L‘®y::x.yT: t2 (51,827"'): t2$1 t282

LEMMA 1. Let p,r1,79 be in (1,00), then the following are equivalent:
(i) p > max(ry, re);

(1) (wv)P < u™ o™ for all u,v € [0,1];

(iii)|x @ yllp < [|zllr, 1yllr,for all x € I and y € 172

() " @1 CIP(N x N).

PRrROOF. (i)=-(ii):(i) implies that P~ "1 vP~"2 L 1 for all u,v € [0, 1], which is equiv-
alent to (ii).
(ii)=(iii): For any 0 # x = (t1,t2---)T € 1" and 0 # y = (s1,82---)T € 1™, we have

i (i) = 1ona Z <y|||>

Therefore, (ii) implies (iii), since
£ )

’ p =g IIanllyHrz

(iii)= (iv):Trivial.

(iv)=-(i): Let us assume that (i) is not satisfied, then p < max(ry,r2). We claim that
there exist u, \, 0 and v, \, 0 such that

P
(0.1) (unvn) >uptopin=1,2,---.

4n n

In fact, if p < r; and p < ro, we choose

1
1 (r1—p)+(ra—p)
Up = Up = 7n:]_72’...7

TRy P

2l 1yl

4 41

which satisfy (1). If p < r1 and p > 72, we may select a real number K > 0 such that
K(ry —p) > p — 7o, then put

1

1 K(ri—p)—(p—r2)

Vp = and u, = vff
4nr + 1
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Therefore u, \, 0 and v, \, 0 and hence (1) is satisfied. Similarly one may check the
case of p > 1 and p < rq. Since u, \, 0 and v, N\, 0, we assume that ]! < 1/2" and

vp2 < 1/2™ for all n > 1, otherwise we pick up subsequences u,,, and v,,, satisfying

T1 _
My 277,’

Then we select integers K, > 1 and J, > 1 for each n > 1 such that

™1 _
Mn ™S on '’

u v

_— oo T re o~ 1
02) g1 < Kot < o g1 < Jntln’ < o
Define
K K,
T
$0—(U1,u17 SUL,y e s Uy Uy s s Uy st )
and
J1 In
N T
yO:(’Ul,'U17"'7'U17 ...... 7U’IL7U7L7"'7UTZ7 ...... ) .
Then by (2)a we have o € " and Yo c [ since
%) S
A T _
||$0||r1 - E Knun < g 2_n =1
n=1 n=1
and
oo 00 1
T2 _ T2 -
lvollrz = ZJnvn < 22_n - 1.
n=1 n=1
Observe that
J1 T
——— —_—
ULV, - , ULV - - ULVpy st s ULV e }Kl
_ uivy, , UV e UV, JULVpy e
ZTo @Yo = '
UQVL, * ++ , UV =+ v UQUpy*** y UV e e K2
U217, SUQVY st UgUn, L, UV e

It follows from (1) and (2) that

oo o0 o0
lzo @ gollh = > > Kidj(uiw;)? =Y Ky Jnd ™yt v}
n=1

i=1j=1
_ - n(p—1) _
> Z4n+1*424p = o0
n=1 n=1
That is, T ® yo & IP(N x N), which contradicts (i) finishes the proof. O

THEOREM 1. If p1,p2,p € (1,00) and 1/p1 +1/q1 =1/p2+1/q2 =1/p+1/q =1,
then the following conditions are equivalent:

(i) p = max(p1, ¢2);
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(ii) A € B(IP,1P2), for each A = (a;j) € 19N x N);
(iii) A € B.(IP*,1P2),for each A = (a;j) € IY(N x N).
PROOF. (i)=-(ii): Let (i) be satisfied. In view of the Lemma we have

(0.3) lz @ yllp < [|2p 1yl

for all z € [P and y € [%2. Therefore, A = (a;;) € 19(N x N) implies that ||A|, < oo
and we deduce from (3) that

[Allirs —ir2 = sup {[|Az(p, : [[]lp, <1}
= sup {[{Az,y)| : [lz]lp <L llylle, <1}
= sup {[{(AT, 2@ y)| : |zl <L llyllg <1}
< sup {[|AT [lgllz @ yllp : ll2llp, <1, M1yl <1}
< Al

That is, A is bounded on [P* into [P2.
(ii)=(iii):For any given A = (a;;) € I9(N x N), put

a1 a2 -+ a0
as1 agy -+ az, O
A, =
an1 Ap2  *°  Qnn 0

0 o --- 0 0

Then A,, is compact for each n > 1. Since

q

1A = Al e SHA=Aully=| D D layl”] —0
i=n+1 j=n+1
as n — 0o, we conclude that A is also compact and hence (iii) holds.
(iii)=(i): Suppose that (iii) holds and that (i) is not satisfied, then p < max(p1,¢2). In
virtue of (1), there exist u, \, 0 and v,, \, 0 such that

UnUn \P
P1,,92 — .
(4n> > uptvl?, n=12, .

Therefore, we have

UpUn, p1ogay ubtydz

el (un Up) )p = i
4 P1,.q2
(un'vn)
or
An P12\ ¢
(04) (—” n < uﬁlvzz.
UnUn

Without loss of generality, we may assume that uP! < 2% and v < 2% for every n > 1.
Let us choose two integers K,, > 1 and J,, > 1 for each n > 1 such that

1 1 1 1
(05) W < Knuﬁl < Q—n, W < Jn’l}gf < 2_n



CHARACTERIZATION OF MATRIX OPERATORS

Next we define

A 0 0
0 Ay, O
AO — P e ,
0 Ay,
Where
1 1 1
N ,,P1 9,92 .
An:_4unvn 1 1 1 N1
un/Un e P P PP
1 1 e 1 oK,
Therefore, Ag € 19(N x N). In fact, by (4) and (5) we have
1
oo 4nu211)%2 ql|a
n=1
> q 0o 1 %
< X Kanuz;lvze] < [z 47]
n=1 n=1
1
1)« -
= = 0.
3
Finally, we show that Ay & B.(IP*,1P2). Put
K1 Kn
e e —_————
xO:(ul7u17"'au17 """ sUn,Up,y - s Up, )T
and
J1 In
—— —_
Yo = (U1,v1, -+, 01, T T TR )7
Then by (5) we deduce that
L 1
& P1 oo 1 1
J— p _ _
ollp, = <nzl Knun1> < (; 2n> -1
and
L 1
0o ) o 1 2
ool = (z J) < (z 2_> )
n=1 n=1
Note that
J1 .
dgpg — | Tt Kadulof KAl Ko

) ) P e,

U1 V1 U U, ’
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by the notation ({&;}, {n:}) = >_ &ni and (5), we conclude that
i=1

[Allp,—~p, = sup {[[Aoz|lp, : [|z]|p,
> [ Aozollp, = sup {[{Azo, y)| : [yllq,
o0

> (Aoxo,yo) = Y KnJpd"ub v

n=1

n=1

Thus, we reach a contradiction to (iii). The proof is finished.

<
<

1}

1}

O
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