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ABSTRACT. The table of Gradshteyn and Ryzhik contains many integrals that
involve trigonometric functions. Some examples are discussed.

1. Introduction

The table of integrals by I. S. Gradshteyn and I. M. Ryzhik [5] contains a large
selection of integrals containing trigonometric functions. The evaluation of some of
them has appeared earlier papers in this collection, such as [1, 2, 3, 4, 9]. Naturally,
evaluation of integrals of this type appear throughout the literature. As examples we
cite [6, 7, 10, 11].

The goal of this work is to present all proofs of the entries in Sections 2.53 and
2.54 in [5]. This is a continuation of the program, initiated with [8] with the purpose
of providing proofs to all entries in the cited table. The definitions of sinx and cosz
leads directly to

(1.1) /sina:dacz —cosz and /cosxdx:sinm.

Only the elementary properties of the trigonometric functions, such as the addition
formulas
(1.2)  sin(u +v) =sinucosv + cosusinv  cos(u + v) = cosucosv — sinusin v,
and their consequences are used. All the proofs are given in complete detail.
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2. Entries in Section 2.531

This section contains two elementary entries.

2.1. Entry 2.531.1.

(2.1) /sin(aa: +b)dx = f% cos(ax +b)
PROOF. The change of variables ¢t = ax + b gives
(2.2) /sin(ax +0b) = é/sintdt
and the result follows from (1.1). O

2.2. Entry 2.531.2.
1
(2.3) /cos(ax +b)dx = o sin(ax + b)

PROOF. As in the proof of (2.1), let t = az + b and use (1.1) to obtain the
result. 0

3. Entries in Section 2.532
3.1. Entry 2.532.1.

sinf(a —¢)z +b—d] sin[(a+c)z +b+d
2(a—c) 2(a+c)

(3.1) /Sin(ax + b)sin(cx + d) de =
provided a? # 2.

PROOF. The identity sinasin 8 = 1 [cos(a — B) — cos(a + 3)] gives
/sin(ax+b) sin(cz+d) dz = % / [cos[(a — ¢)x + (b — d)] — cos|[(a + )z + (b+ d)]] dx.
The result now follows from Entry 2.531.2. g

3.2. Entry 2.532.2.

~cos[la—c)Jz+b—d] cos[(a+c)r+b+d]
2(a —¢) 2(a+ ¢)

(3.2) /sin(cwc +b) cos(cx + d) dx =
provided a? # c2.
PrOOF. The proof follows as in Entry 2.532.1 using the identity

(3.3) sinacosf = % [sin(a + B) + sin(a — B)] .
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3.3. Entry 2.532.3.
sin[f(a —c)x +b—d] sin[(a+ ¢)x + b+ d]

provided a? # 2.
PROOF. As before, now using cosacos 3 = £ [cos(a — 3) + cos(a + 3)].
The cases with ¢ = a are given below:

3.4. Entry 2.532.4.

(3.5) /sin(ax + b)sin(az + d) de = g cos(b—d) — w.
a
PROOF. The identity sinasin 8 = § [cos(aw — 8) — cos(av + f3)] yields
(3.6) sin(ax + b) sin(az + d) = £ [cos(b — d) — cos(2az + b+ d)]

and now integrate using (1.1).

3.5. Entry 2.532.5.
2 b+d
(3.7 /sin(aa: +b) cos(ax + d) dx = g sin(b — d) — w.
PROOF. The proof follows from integrating

sin(az + b) cos(az + d) = 1 [sin(b — d) + sin(2az + b+ d)] .

3.6. Entry 2.532.6.

sin(2azx + b + d|
4a

(3.8) /cos(ax + b) cos(ax + d) dex = g cos(b—d) +

PROOF. Integrate the identity
cos(az + b) cos(ax + d) = 3 ]cos(b — d) — cos(2az + b+ d)] .

4. Entries in Section 2.533
4.1. Entry 2.533.1.

cos(a+b)z  cos(a —b)z
2(a+b) 2(a —b)

(4.1) /Sin azr cosbr dx = —

provided a? # b2.
PROOF. Integrate

sin ax cos b = § [sin((a + b)x) + sin((a — b)x)] .
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4.2. Entry 2.533.2.

(4.2) / sin az sin bz sin cx do =

1 {cos(a —b+tecz cos(b+c—a)x  cos(atb—c)z cos(a+b+ c)x}

4 a—b+c b+c—a at+b—c a+b+ec

PROOF. Start with the trigonometric expression

(4.3) T :=sin Asin Bsin C' = (sin Asin B) sinC
to obtain
T = %(cos(AfB) —cos(A+ B))sinC

= % (cos(A— B)sinC — cos(A + B)sinC)
1

1
= Z(sin(AfB+C)+sin(fA+B+C) —sin(A+ B+ C) —sin(—A - B+ ()).
Now put A = ax, B = bx, C' = cx and integrate to obtain the result. O

4.3. Entry 2.533.3.

(4.4) / sin ax cos bx cos cx dx =

1 fcos(a+b+cjz  cos(btc—a)r cos(a+b—clz  cos(atc—b)z
4 a+b+c b+c—a a+b—c a+c—>

PROOF. Proceed as in Entry 2.533.2 using the identity
4sin Acos BeosC = sin(A+B+C)—sin(B+C — A)+sin(A+B—C)+sin(A+C — B).
O

4.4. Entry 2.533 4.

(4.5) / cos ax sin bz sin cx do =

1 {sin(a+b—c)z sinfa+c—bjz sin(a+b+cjz sinb+c—a

4 a+b—c a+c—> a+b+c b+c—a
PROOF. Proceed as in Entry 2.533.2 now using the identity

4cos Asin Bsin C = cos(A+B—C)+cos(A+C—B)—cos(A+B+C)—cos(B+C—A).

O

= 3 (; (sin(A— B+ C)+sin(-A+ B+ C)) — % (sin(A+ B+ C) +sin(—A— B+ O))>
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4.5. Entry 2.533.5.

(4.6) / cos ax cos bx cos cx dx =

1 {sin(a+b+c)z sin(b+c—a)z sin(fa+c—bjz sin(a+b—cx
4 a+b+c b+c—a a+c—b a+b—c

PROOF. Finally, proceed as in Entry 2.533.2 now using the identity

4cos Acos BeosC = cos(A+B+C)+cos(B+C—A)+cos(A—B+C)—cos(A+B—C).

O
5. Entries in Section 2.534
5.1. Entry 2.534.1.
9 i Qi ptn—1
(5.1) /wdx:_z/%dz
sinnx 1 — z2m
where z = cosx + isinx.
PROOF. Write z = €*® to obtain
optn—1 eilptn—1)z
_ . (%
ipx
eanL’ — e*’L’I’L(E
1 1pT
= = / c dx
2 sinnx
as claimed. O

5.2. Entry 2.534.2.

(5.3) /cospx + i sinpx do — —Qi/ Lptn—1 .

cosnT 14 22n

where z = cosz + isinz.
PRrROOF. Write z = €% to obtain, as in proof of entry 2.534.1
p+n—1 6i(p+n)x dx
(5.4) /7d:/7
1 + Z2n 1 + 627111:

A simple manipulation now gives the result. This entry has a typo: the denominator
appears as 1 — 227, O
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6. Entries in Section 2.539
6.1. Entry 2.539.1.

(6.1) / sin(2n + 1)z _o Z sin 2kw

sinx

ProoF. Differentiation shows that the problem is equivalent to the identity

sin(2n 4+ 1)x
sin x

= 22005(%:1‘) +1.

k=1
To prove this, start with

(6.3) Z cos(kz) = e””)
k=1

Re( |
(S
il
et

(6.2)

1(n+1)m -1
ew:/2 eir/2 _ e—zz/2> - 1)

z(n+1/2)T _ —zx/Q
_ 1)

elr/2 _ p—iz/2

_ sin(n + 1)z + sin(%) 71
2sin(§)
_ sin(n+ 3)z —sin g
2sin(%)
Now replace x by 2x and use the identity
(6.4) sin A —sin B = 25sin (A;B) cos (A;B)

to obtain

(6.5) Z cos(2kzx) =

sin(n) cos((n + 1)z) _ % <sin(2n+ Dz 1)

sinx sinx

using sin(nz) cos((n + 1)z) = 3 [sin(2n + 1)z — sinz]. Integration leads to the stated
formula. O
6.2. Entry 2.539.2.
sin 2nz " sin(2k — 1)z
6.6 der =2 —_—
(6.6) / sin x . Z 2k —1

k=1

ProOF. Differentiating the right-hand side shows that one needs to evaluate

(6.7) 2": cos(2k — 1)z = Re (i ei(%l)x)

k=1 k=1
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Using the value of the geometric sum and some simplification gives

En:ei@k—l)w B ein _ e?i(n+1)az _ 1— e2ina:
Pt  eir(l —e2i®)  2sina’
Taking the real part shows that
~ sin(2nx)
6.8 2k — 1)z = .
(6:8) kz_:l cos( e 2sinzx
Now integrate to get the result. O
6.3. Entry 2.539.3.
(20 + 1 " cos 2k
(6.9) /w =23 L nsing
sinz — 2k
PROOF. The evaluation requires the computation of
(6.10) Z sin(2kx) Im (Z eW“”)
k=1 k=1
I 1— eQ(n—i—l)iz
M\ =7 2w
, e(2n+1)iz _ e
m - - -
eZ[L’ — e*Zl}
—cos(2n 4 1)x + cosx
2sinx '
The result follows by integration. O
6.4. Entry 2.539.4.
cos 2nx cos(2k — 1)z x
vl = — —
(6.11) / - dz 221 5% 1 +lntan2
PRrROOF. This entry follows directly by integration of the identity
° 1 — cos(2nzx)
6.12 2kl = ——"—"=
( ) ; sin ) 2sinx
This is establish using the method described in the proof of formula (6.11). O
6.5. Entry 2.539.5.
sin(2n + 1)z " _ k1 COS 2kx
6.13 ———dr=2) (-1 (—1)nt
(6.13) / o x kz::l( ) ok +(-1) ncosx

PROOF. The proof follows directly by integrating the expression

n

(6.14) > (-1)F sin(2kz) =

k=1

(=1)"sin(2n + 1)z — sinzx

2cosx
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The proof of this identity follows the usual procedure. O
6.6. Entry 2.539.6.

sin 2nx - _riqc08(2k — Dz
1 — -1 n—k+1
(6.15) / Ccos T dv =2 ;( ) 2k —1

PROOF. The proof follows directly from the formula

n

. —1)"sin(2nx)
.1 —1)* 2k —1)z = (—
(6.16) > (1)t sin(ak 1y = SRR
establish by the procedure indicated in the proof of (6.9). O
6.7. Entry 2.539.7.
cos(2n + 1)z = _psin 2kz
6.17 ———dr =2 o -1
(617) [ e =

PROOF. The proof is a direct consequence of the identity
- (=D)"cos(2n+ 1)z 1

6.18 —1)* cos(2kz) = ,
(6.18) > (=) cos(2ke) S ;
established by the familiar procedure. O

6.8. Entry 2.539.8.
2 - in(2k — 1
o19) [ 23 (-1 SO DT g (T4 )

cos T 2k —1 4 2
k=1

PROOF. The proof follows from the identity

i —1)"cos2nx — 1
2 —1DFcos(2k — 1) = (
(6.20) ;( )¥ cos(2k ) 5 cos 1

established as before. O

)

7. Entries in Section 2.541
7.1. Entry 2.541.1.

1
(7.1) /Sin(n + 1Dzsin" 'z de = —sin” ¢ sinnz
n
PROOF. The entry can be written as
(7.2) /sin(n + Dasin" tarde = /sin(mc) cosz (sinz)" ! da + /cos x(sinz)" dx.

Integrate the first term by parts, with u = sin(nz) and dv = cosz(sinz)"~!dz to
obtain
d (sinz)™

(7.3) /sin(nm)%i dx = sin(nx)

n n

(sina)™

—/cosx(sinx)" dx.
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Replacing in (7.2) gives the result. O
7.2. Entry 2.541.2.

1
(7.4) /sin(n + 1)z cos" taxdr = —— cos" x cosnx
n
Proor. Expand sin(n + 1)z = sin nz cos x 4 cosnz sinz to obtain
(7.5) /sin(n + Dz cos" tadr = /sin nx cos” x dr + /cos nasinz cos" ! x da.

Integrate by parts the first integral with v = cos™ z and dv = sinnzx dz, to produce

(7.6) / sinnzx cos™ x dx = f% cos™ x cos nx — / cosnx cos™" ! xsin x da.

Then (7.5) gives the result. O
7.3. Entry 2.541.3.

(7.7) /cos(n + Dasin" taede = % sin” x cos nz

PRrROOF. The addition formula for cosz gives

(7.8) /Cos(n + Dasin" tedr = /cos nx cos xsin™ ! x dr — /sin nxsin” x dx.

Integrate by parts the first integral on the right, with u = cos na and dv = cos zsin" ' z

to obtain the result, making use of the cancellation of two integrals. O

7.4. Entry 2.541.4.
(7.9) /cos(n +1zcos" tadr = % cos™ x sinnx
PRrROOF. The addition formula for cosz gives
(7.10) /cos(n + Dzsin"trde = /cos na cos xsin™ ! x dx — /sin nxsin” z dzx.

Integrate by parts the first integral on the right, with v = cos™ z and dv = cosnx to
obtain the result, making use of the cancellation of two integrals. O

7.5. Entry 2.541.5.
1
(7.11) /sin[(n +1)(% —2)]sin 2 dr = - sin” z cosn (3 — )
PROOF. The expansion of sin[(n + 1)(§ — z)] gives

(7.12) /sin[(n +1)(% —2)]sin" ' adr =

/sin [n (g — x)] coszsin” txdx + /cos [n (g — x)] sin” x dx.
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Integrate the first new integral by parts with u = sin [n (g — 3’3)] and dv = sin" "' x cos z dz.
This yields the second new integral, with the opposite sign. This cancellation com-

pletes the proof. O

7.6. Entry 2.541.6.

(7.13) /cos[(n +1)(% —2)]sin" ' zdr = 1 sin” z sinn (3 — z)
n

PROOF. Proceed as in the previous entry using the expansion

(7.14)  cos[(n+1)(3 —2)]sin" 'z =

cos [n (g — x)} cosxsin”~ z

T — sin [n (5 — :v)] sin” x.

O
8. Entries in Section 2.542
8.1. Entry 2.542.1.
in 2 2
(8.1) / S.mnx dr = ——————5—
sin” z (n—2)sin" "z
for n # 2.
ProOF. The double angle formula sin(2x) = 2sinz cosx yields
in 2
(8.2) / S.mnx dox = Q/Sinl_" x cosz dx.
sin” x
The change of variables u = sin x now produces
2
(8.3) 2/sin17” x cosxdr = 2/u1_" du = TR
2—n
completing the proof. d

8.2. Entry 2.542.2.

in 2
(8.4) / sm2 ® dr =2Insinz

sin“

PRrOOF. The relation sin(2z) = 2sinx cosz and the change of variables u = sinz
give

in 2 d
(8.5) /S?n2$dx:2/cf)sxdx:2/ﬁ — 2.
Sin- xr Sinx u

This confirms the result. O
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9. Entries in Section 2.543
9.1. Entry 2.543.1.

(9.1) / sin 2x do — 2

cos™ & (n—2)cos" 2z
for n # 2.
PRrROOF. The fact that d% cos?x = —2coszsinz = — sin(2x) suggests the change
of variables u = cos? z. Then
(9.2) / sin 20 dx = — /QF"/2 du = 7;,“1771/2.
cos" 1—n/2
This simplifies to the expression given above. O

9.2. Entry 2.543.2.

in 2
(9.3) / ST Jr = —2Incosa

cos? x

PROOF. As in the proof of entry 2.543.1 let u = cos® z to obtain

sin 2x du
9.4 de=— | —
(94) / cos2z ¥ u’
and this completes this evaluation. O

10. Entries in Section 2.544
10.1. Entry 2.544.1.

2
(10.1) /COS Lo = 2cosx+lntang

sinx
PROOF. Start with cos2z =1 — 2sin® z so that

2 d
(10.2) /C?S xdas:/ 'x —2/Sinmdm.
sinz sinz

The first integral is evaluated using Weierstrass substitution ¢ = tan(z/2). The ex-
pressions

. 2t 2dt
(10.3) sinw = -5 and dx = T e
then give
d dt
(10.4) / .a: = [ @ —mt=IntanZ.
sin t 2

This completes the evaluation. O
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10.2. Entry 2.544.2.

2
(10.5) / C?S2 Tdzr = —cotz — 2z
sin®

PROOF. Start with
cos 2z cos?x —sin?z
(10.6) —5— = —5 = cot’r — 1 = cosec’s — 2.
sin® x sin“ x

Now use the elementary formula

(10.7) —cot & = —cosec’x

dx

to complete the evaluation. O

10.3. Entry 2.544.3.

cos 2x cos T 3 T
10.8  dr=——" — Zlntan =
( ) / sin® z * 2sin’zx 2 ntan 2

PROOF. The Weierstrass change of variables (10.3) gives, with ¢t = tan(z/2),

cos 2x tr—6t2+1
10.9 der = ——dt
( ) / sin® o / 4¢3
1 1
B P T
8 2 8t2

Now use the identity
1 —
(10.10) tan? (g) _ oo
1+ cosx

to complete the evaluation. O

10.4. Entry 2.544.4.

2
(10.11) /COS ? 4 = 2sinz — Intan (f+f)
cos T 4 2
PRrROOF. The identity cos2x = 2cos? x — 1 leads to
2 d
(10.12) /COS xdx:2/cosmdx—/ *
cosx cosx
and each of the integral can be evaluated by elementary methods to confirm the
result. g

10.5. Entry 2.544.5.

2
(10.13) / COS2 T dr = 2z — tanz
cos? x
PrRoOOF. The identity
2
(10.14) B 1 —tan?w = 2 — sec’w
cos? x

and the result follows from % tanz = sec?z. O
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10.6. Entry 2.544.6.

cos 2x sin 3 T T
10.15 —dx = — —Int (f 7)
( ) /cos%c v deostr 2 gty

PROOF. The identity cos 2z = 1 — 2sin? z leads to

2
(10.16) /COSBxdx:Q/ d —/ dﬁ .
COS° T COS T COS° T

The first integral is evaluated using the Weiestrass substitution ¢ = tan /2 to obtain

dx 2dt
10.1 =
(10.17) /cosx /1—t2’

and this is evaluated using the partial fraction expansion
2 1 1
10.18 = — .
( ) 1-t2 t+1 t-1

The second integral is evaluated using the substitution v = sinx

dzx cosx dr cosx dx du
10.19 = = —
( ) / cos3 / costz / (1 — sin® x)2 / (1 — u2)2

and then employing the partial fraction expansion

(10.20) ! _1 ! ! + ! + !
’ 1—u2)2 4\ (u—-12 u—-1 (u+1)2 u+l
and simplifying the result to complete the proof. O

10.7. Entry 2.544.7.

(10.21) / ST &4 sin2a

sinx

PROOF. The identity sin 3z = 3sinz — 4sin® z shows that

in3
(10.22) /51.11 Tz = /3dw—4/sin2xda:.
sinx

The result now follows from the identity sin® 2 = (1 — cos 2z). O

10.8. Entry 2.544.8.

(10.23) / 5%1123x dz = 3Intan = + 4cosz
sin® x 2

PROOF. The identity sin3z = 3sinz — 4sin® z gives

in3 3
(10.24) =2 — 4sinz.

sin“ x sinx

The first integral was evaluated in the proof of (10.1) and the second one is elementary.
O
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10.9. Entry 2.544.9.

sin® x

in 3
(10.25) / SO 4z = —3cota — 4x
PROOF. The identity sin3z = 3sinz — 4sin® z gives

i d
(10.26) /an;’xdx:za/ = —4/1dx.
S10 0 R A S10 0B A

The elementary result

(10.27) / df = /cosech dxr = —cot x

sin” x

completes the evaluation. O

11. Entries in Section 2.545
11.1. Entry 2.545.1.

sin 3z 4 1
11.1 dx = —
(11.1) / cosnz (n—=3)cos" 3z (n—1)cos"1x
For n # 1, 3.
PROOF. Use the identity sin 3z = 3sinx — 4sin® z = —sinz + 4sin z cos® x gives

11 3

(11.2) / ST dr = — /cos_”xsinxdx + 4/c052_”xsinxdac.
cos™ x

The change of variables u = cosx confirms (11.1). O

11.2. Entry 2.545.2.

3 3
(11.3) /bm ® dz = 2sin?z + Incos x
cos

PROOF. Start with the identity sin3z = 3sinz — 4sin® z to convert the integral
into

. .3
(11.4) /3111393 dsz/tanxdm—4/sm ° dx.

COS T COST

The first integral is elementary

(11.5) /tanx dzx = / ST o = —lncosz

CoOsT

and to evaluate the second integral write it as

(11.6) /Sin3xdx _ /sinx(lcoszx) d

COS T COsS T

sinx .
= dr — [ coszsinxzdxr
cosx

= —Incosxz — Esin2x.

Replacing in (11.4) gives the result. O
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11.3. Entry 2.545.3.

sin 3z 1
11.7 ——dr=———— —41
(11.7) /cos3:13 . 2cos? x Heos®

PROOF. The identity sin 3z = 3sinz — 4sin® z gives

in 3
(11.8) / 511131: dx = 3/cos*3x sinz dz — 4/(:05733: (1 —cos®z) sinz dx.
cos3 x

The change of variables u = cos x evaluates these integrals and confirms (11.7).

12. Entries in Section 2.546
12.1. Entry 2.546.1.

3 4 1
(12.1) /Cf)snxdx: - R
sin” x (n—=3)sin" 2z (n—1)sin" "z
for n # 1, 3.
PROOF. Start with the identity cos 3z = 4 cos® x — 3sinx and write

(12.2) cos3z  4cosz(l —sin®z) —3cosx

' sin"x sin"

cos T 4cosx

sin"x  sin®" %z’

Now let u = sinx to obtain

1-n
(12.3) /COS&E dzx = /ufndu—él/uzfn du = — — TR

sin” x 1-n 3—-n

This is the claim.

12.2. Entry 2.546.2.

3
(12.4) / BT gz = —2sin?z + Insin

sinx

PROOF. The identity cos 3z = 4 cos® z — 3cosz = cosz — 4cos zsin? = gives

(12.5) /co.s?mc dx = / C?Sx dr — 4/cosxsinxdx.
sinx sinz

Now make the change of variables v = sinx to obtain the result.

12.3. Entry 2.546.3.

53 1
(12.6) / O dr = ———5— — 4lnsinz
sin® x 2sin“ x

53

O

PROOF. The identity cos3z = cosx — 4cosxsin®? 2 and the change of variables

u = sinx gives the result.

O
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13. Entries in Section 2.547
13.1. Entry 2.547.1.

(13.1) /smnz dr — 2/ sin(n — 1)z dr / sin(n — 2)x d

cosP x cosP—1x cosP x

PROOF. The fact that the integrands match is the identity
(13.2) sinnz = 2coszsin(n — 1)z — sin(n — 2)z.

To prove it, use

(13.3) sinA+sinB:2sin<A;B>cos(A;B>,
with A = nz and B = (n — 2)z. This completes the proof. O
13.2. Entry 2.547.2.
(13.4) / cos 3 dr =sin2z —x
cos

ProoOF. The identity
(13.5) cos 3z = 4cos® x — 3cosx

follows from the addition formula for trigonometric functions. Then

(13.6) / cos 3 dx = / (4cos® z — 3) da.

COS T

The result now follows from the identity cos® z = (1 + cos 2x). O

13.3. Entry 2.547.3.
(13.7) / cos 3 dxr = 4sinx — 31ntan (% + f)

cos? x 2

PROOF. The identity cos 3z = 4 cos® x — 3 cosx gives

3 d
(13.8) /COSdexzél/cosxda:—fS/ T
COS“ T COSsx

The first integral is elementary and the second one is evaluated by the Weiestrass
substitution ¢ = tan /2 from which
1—¢2 2dt

(13.9) COST = and dx = e

Then

dx 2 1 1
(13.10) /cosx /1—t2 /(1—t+1—|—t> ’

so it follows that
d 1+t 1+tanZ
(13.11) / T () o (RS
cos T 1—-t 1—tan§
and this reduces to the stated expression by the addition theorem for tangent. O
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13.4. Entry 2.547.4.

5 3
(13.12) / 0053 T dr =4z — 3tanz
cos3

PRrROOF. The identity cos 3z = 4 cos® z — 3 cos z yields

d
(13.13) /Cosgx dz:4/1dx73/7$:4x73tanx

cosS x cos? x

as claimed. O

14. A non-elementary evaluation

The goal of this section is to present an expression for
(14.1) Iy q(z) = /sinp zsin(gx) dx
as a finite sum involving the integrals
(14.2) Jo(z) = /sina xd.
The special case
(14.3) Iponti(z) = /sinp xsin(2n + 1)z dx

appearing as entry 2.535.2 is discussed in detail.
The first step is a reduction formula transforming the term sin ax into a cos(a—1)x
form.

LEMMA 14.1. The identity

(14.4) /sinp z sinax dr = { sin x cos ax er/ sin? ! 2 cos(a — 1)z dx}

p+a
holds.

PRrOOF. Integrate by parts to obtain

: . L. P oope
(14.5) /smp x sinax dr = ——sin? xcosax + = [ sin? !z cos x cos ax da.
a a
Now use cos az cos z = cos(a — 1)z — sinax sinz to obtain the result. 0

The second step proves a similar reduction converting cos ax back into a sine term.

LEMMA 14.2. The identity

(14.6) /sinp x cosax dr = {sinp rsinar — p/sinp_1 xzsin(a — 1)z d:z:}

p+a
holds.
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PRrOOF. Integration by parts gives
. 1 . . p c p—1 .
(14.7) sin? x cosardr = —sin? x sinax — = [ sin”" " x cosz sinaz dz.
a a
Now use cosx sinaz = sin((a — 1)z) + cosaz sinx to obtain the result. O

Now use Lemma 14.2 in Lemma 14.1, with a = 2n 4+ 1, to produce, with the
notation in (14.3),

p

sin? ™! z sin 2nx
(p+2n+1)(p+2n—1)

sin? x cos(2n + 1)z +

I - -
p2n+l p+2n+1

p(p—1)
(p+2n+1)(p+2n—1)

Ip_29n—1.

A one step iteration of this recurrence produces

(14.8)
1
Ip,2'll+1 = —m Sinp X COS(2TL —+ 1).’13
p s p—1 .

+ sin?™ " z sin(2nx

(p+2n+1)(p+2n-1) (2n2)
1 ,

+ pp—1) sin?~? z cos(2n — 1)z

(p+2n+1)(p+2n—1)(p+2n—3)

plp—1)(p - 2) s o
T De Do ey e -2

N pp—1)(p—2)(p—3)
(p+2n+1)(p+2n—1)(p+2n—3)(p+2n-5)

Ip_42n_3.

It is convenient to write this recurrences using the Pochhammer symbol defined,
forceRand ¢ =0,1,2,---, by

(14.9) (x)z{w(w+1)(:v+2)~--(x+£—1) for 6 =1,2,-

1, for £ = 0.
Introduce the notation
(14.10) T=
Then (14.8) can be written as

(@)o
2(T)

(14.11) Ipon+1 = — sin? x cos(2n + 1)z

s op—1 in(2 _ (Q)Q I
(1), sin? ™" x sin(2nz) 2(T), p—2,2n—1-
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Iterating this procedure leads to the recurrence

S D Q)
(14.12) Lyont1 = Z W sin? 2% z cos[2(n — k) + 1]z
= 2k+1

27—1
- Z 22(k+1 2k+1 sin? =21 zsin[2(n — k)]
k=0

2(k+1)
@ ,
. p—
24(T)4;
The last reduction step is to write the quotients of Pochhammer symbols. In detail

(@2 _ _ Tty T(5+n—2%)
(14.13) (Tark+1 T(22+n) T+1-2k)

(Qar1  T(p+1) T (B +n—2k)

(Taky2 T (E24n)  T(p—2k)
This leads to the proof of Entry 2.535.2:

+ 45,2n—45+1-

(14.14) /sinp x sin(2n+ 1)x dx =

Dlp+1) [~ [CDT (B n =28 sy
—_— 2n —2k+1
r
+(=1)k Q(QkiQF( 2k)) sin? =2k =1 g sin(2n2k)x]

1) (2R3
+( ) ( 2 Tl) /Sinp_2n+1l‘d:6}

22nD(p—2n+1)

This entry also includes and alternative expression for this integral based on the
fact that sin(2n + 1)z can be expressed in terms of the Chebyshev polynomial of the
second kind. Details will appear elsewhere.

There is a small list of entries with similar statements as the example discussed
above. The proofs are similar and are left to the reader.

Entry 2.535.3.

sinPt? ¢
/sinp z sin2nx dx = 2n
p+2

I'(p+1) e O N 'T (5 +n—2k) p—2k
TE4n+) { g ST — 2k 1) sin x cos(2n — 2k)x

_|_

—(—1)’“F (5+n—2k—-1)
22k+2T(p — 2k)

sin?~ 21 g sin(2n — 2k — 1)96}

for p not equal to —2, —4, ..., —2n.
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Entry 2.536.2.

. Pp+1) [S[CEDT(PE 4n=2k)
sin? x cos(2n+1)r der = ——=——~ sin? =" x sin(2n — 2k + 1)z
/ T\ | s

(1T (252 +n— 20)
226421 (p — 2k)

)" T (%2 =n) [,
+ P — 20+ 1) /Slnp x cos x dx

sin? 21 2 cos(2n — Qk)x]

for p not equal to =3, =5, ..., —(2n+1).

Entry 2.536.3.

n—1
. C(p+1) (5+n—2k) o .
p nrde = ————— p 2n — 2k
/Sln x cos 2nx dx FE4n+l) {EO[Q%HF p—2k 1) sin xsin(2n )z

(—D)FT (5 +n—2k—1)
226421 (p — 2k)

sin? =21 g cos(2n — 2k — 1):101

—)MT (B —n+1
+( ) (2 n )/sinp_2”xdx}

22T (p—2n+ 1)

Entry 2.537.2.

: T(p+1) — (2 +n—k) L
P m+eder = —L 7 ) _ E P 2n—k+1
/COS zsin(2ntl)z do I (22 +n) — 2P (p — 2k + 1) cos” "z eos(2n —k+ L)z

r(252)

T —nt1)

/cos”*" xsin(n + 1)z dx}
for p not equal to =3, =5, ..., —(2n+1).

Entry 2.537.3.

: I(p 1) - I (g n k) —k
P nrde = ——F—= 19 — E P 2n —k
/COS x sin 2nz dx (g - 1) . T — k+1) cosP ™" xcos(2n — k)x

r¢+1
+(2+))/c0sp_"a: sinnazdx}

22T(p—n+1
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Entry 2.538.2.

/cospa: cos(2n + 1)z dx x /cos%“’+1 xdx}

cosP Fasin(2n — k+ 1)z

T(p+1) ’Lir(%w—k)

TR \ & TGk
r(e2
M@(_Qn)_'_l)/cosp_"xcos(n—&— D dx

Entry 2.538.3.

cosP* zsin(2n — k)z

T(p+1) "i T (24+n—k)

D 2 dx =
/cos T COS 2nT ax F(§+n+1) 2k (p — k + 1)

k=0
r(x+1)

m /COSpin x cosnz dx
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