SCIENTIA

Series A: Mathematical Sciences, Vol. 13 (2006), 13-21
Universidad Técnica Federico Santa Maria

Valparaiso, Chile

ISSN 0716-8446

© Universidad Técnica Federico Santa Maria 2006

Numerical Method for a transport equation perturbed by
dispersive terms of 3rd and 5th order

Mauricio Sepilveda® and Octavio Paulo Vera Villagran®

ABSTRACT. We are concerned with the initial-boundary-value problem associated
to the Korteweg - de Vries - Kawahara (KdVK) equation, which is a transport
equation perturbed by dispersive terms of 3rd and 5th order. The (KdVK) equa-
tion appears in several fluid dynamics problems. We obtain local smoothing effects
that are uniform with respect to the size of the interval. We also propose a simple
finite-difference scheme for the problem and prove its stability. Finally, we give
some numerical examples.

1. Introduction

We study the following equation of Korteweg-de Vries-Kawahara type (KdV K)
in a bounded subdomain of R?
Ut + N Upzzzs + Ugze + Uy +u, =0, 2 €][0, L], te€]0,T],
(1.1) U(O, t) = gl(t)v ux(oa t) = 92(t)v te [Ov T[,
w(L,t) =0, wugy(L,t)=0, wg(L,t)=0, tel0,T],
u(z, 0) = uo(x),

where L > 0, T €]0, oo[ and n € R is a constant. The above equation is a particular
case of the Benney-Lin equation derived by Benney [1] and later by Lin [8, 9].

U + NUzgaze + B (Uazes + Uzz) + Uzge + Uty +u, =0, € [0, L],
w(0, t) = q1(t), u.(0, t) = ga(t), telo, T],

w(L, t) =0, ux(L,t)=0, wug(L,t)=0, telo, T,

u(z, 0) = up(x)

where L > 0, T €]0, oo and n € R is a constant (n < 0 and § > 0). It describes
the evolution of small but finite amplitude long waves in various problems in fluid
dynamics. This also can be seen as a hybrid of the well known fifth order Korteweg-de
Vries(KdV) equation or Kawahara equation. For comprehensive descriptions of results
pertaining to (1.1), the reader may consult the review articles [2, 10] and references

(1.2)

2000 Mathematics Subject Classification. Primary 35Q53, Secondary 46J353.
Key words and phrases. Evolution equations, gain in regularity, Sobolev space, numerical
methods.

13



14 MAURICIO SEPULVEDA AND OCTAVIO PAULO VERA VILLAGRAN

therein.

2. Results of Existence and Uniqueness
We introduce the spaces [E and H defined by
E = {f € L'(0, T5 L%((1 + 2%)da)), Vi f € L2(0, T3 L*((1 4 2%)da))}.

Al == £l L1 0, 7sL2((14a2)de) + |IVEFllL20, 7322 ((1402)da)

where [|u||L2((1422)dz) = \/fOL w(z)? (1 + 22)dx. Let T > 0. We define

Hr = {ueC([0, T); L*((1 + 2?)dx)), u, € C([0, T}; L*((1 + z)dx)),
Viug € L2([0, T); L*((1 + z)dz)),
\/iurx € LQ([Oa T]§ LZ(Oa L)), ‘/iumz € LQ([Ov T]; L2(0’ L))}7

ullb == |[ullze=(0, 7;2((1422)da)) + Uzl L2(0, T:02 (142)da))
IVt s o< 0, 702 ((142)dz)) T [1VEUss| 2200, 752200, 1))
|Vt tiaaa|l22(0, 751200, 1)) -

Following the proofs in [7] it is possible to find similar (or better) estimates for the
equations (1.1) and (1.2) obtaining the following result for both equations

THEOREM 2.1. (Emzistence and Uniqueness) Let n < 0, ug € L?((1 + 2?)dx),
g € H. . (R") and 0 < L < +oco. Then there exists a unique weak mazimal solution
of (KdVK) defined over [0, Tr]. Moreover, there exists Tpnin > 0 independent of L,
depending only on ||uo||r2(0, ) and ||g||gr (o, ) such that Ty, = Trnin. The solution u
depends continuously on ug and g in the following sense: Let a sequence uj — ug in
L?((1+2?)dx), let a sequence g™ — g in H} (RT) and denote by u™ the solution with

loc
data (ufy, g") and T} its existence time. Then

liminf T7 > T},

n—-+oo

and for all t < Ty, u™ exists on [0, T| if n is large enough and u™ — u in Hr.
REMARK 2.1. We consider the (KdVK) equation in a quarter plane

Ut + NUgzzzrr + Uzze T Ulg + Uy = 0; Tz 07 t > 07
u(0,t) =g(t), t=0
u(z, 0) = ug(x), x> 0.

In this context, we are interested in the following result: Consider a family of ini-

tial values ul € L*([0, L]) such that sup ;_, fOL lug (z)|? (1 + 22) dx < oo and such

that uf — g in L} (RY) strongly. Then, for all T > 0, if L is large enough, u®

the solution of (KAVK) with initial data ul is defined on [0, T] and u* — wu in
Lr(0, Ty L} (RY)) strongly for all 1 < p < +oo, where u is a solution of (KAVK)qp
with initial value ug.
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In order to prove this question, we need similar results for Korteweg-de Vries-
Kawahara equation as those obtained by J. Bona and R. Winther [3, 4, 5] for the
Korteweg-de Vries equation.

In the next section we present numerical results for regular solutions of the KdV-
Kawahara equation (1.1) describing a numerical scheme for the more general case
(1.2).

3. Numerical Methods

We consider finite differences based on the unconditionally stable schemes de-
scribed in [6, 7].
Description of the scheme. We note by v the approximate value of u(iAx,nAt),
solution of the nonlinear problem (BL), where Az is the space-step, and At is the
time-step, for i =0,..., N, and n =0, ..., M. Define the discrete space

Xn = {u=(uo,u1,...,un) e RN+! | up =u1 =0 and uy = un_1 =un_2 =0}

and (Du), = % and (D~ u), = % the classical difference operators.
In order to obtain a positive matrix we have to chose a particular discretization. The
numerical scheme for the nonlinear problem (1.2) reads as follows :

Un+1 _

TU + A’UnJrl + %Di[vn]Q = 0,
where A = nD*D*D*D=D~ + (D~ D*D*D~ +D*D~) + D*D*D~ + L(D+ +
D7), with a = 1 for the nonlinear case, and a = 0 for the linear case. We consider
the linear operators Dt and D~ as matrices of size (N +1) X (N + 1) and we note the
following internal product (z,w) = Zf[:o ziw; and (z,w), = (z,z2w) = Zi\;o 1Az z;w;,
and the norms in RN+ : |2| = \/(2,2) and |z|, = /(2,2).. Then, we have the

following lemma :

(3.1)

LEMMA 3.1. For all z,w € RN*! we have

(3.2) (D z,w) = zywy — 2owg — (2, D" w),
+ 1 (2% & +,12
(3.4) (D" z,w), = Nzywy —(2,D"w), + Ax(z, D" w) — (z,w),
+ 1 [Nz +,12 2
(3.5) (D7 z,2), = s\ Ay Az|D7z|Z — |27 ) -

PrOOF. Equations (3.2) and (3.4) are result of summing by parts. Equation (3.3)

is result of using (a — b)a = 1(a® — b%) + 1(a — b)%. with z; = a and 241 = b, and
summing over ¢ = 0,..., N. The last equality (3.5) is result of the same identity with

z; = a and z;4+1 = b, multiplying by ¢Az and summing over ¢ =0,..., N. O

In order to obtain estimates for the solution of the numerical scheme for the linear
case, we have the following lemmas describing the quadratic forms associated to the
different matrices.
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LEMMA 3.2. For allu € Xy, we have
1

(3.6) 5((D++D*)u,u) = 0,

(3.7) (DYD u,u) > f%(|D+D’u|2+|u|2),

(3.8) (DYDTD u,u) = %\D"‘D‘u\z,

(3.9) (D-D*D*D u,u) = |D"Dul?

(3.10) (DTDTDTD D u,u) = fﬁ [D*D*u]if%w*D*D*uF.

REMARK 3.1. Since v € Xy, the first term in the right-hand side of (3.10) is
given by A [D-D~u]} = (Az)ul.

ProoOF. The matrix %(D+ + D7) is clearly antisymmetric and we have (3.6). The

inequality (3.7) is a consequence of 2ab < a?+b?. Using (3.3) with z = D~ u we obtain
(3.8), and using the same identity with z = D~ D~ u we obtain (3.10). Finally, (3.9)
results of summing by parts. O

COROLLARY 3.1. Ifn <0, B8 > 0 and At is enough small, then I+ AtA is positive
definite, and for any u™ € Xy there exists a unique solution u™*1 of (3.1).

PrOOF. From Lemma 3.2 we have for all u € Xy with u # 0,

A At A
(I +AtA)u,u) > (1 - 62t> lul® + M|D+D*u|2
(3.11) —7nA§At|D+D_D_u\2 = —gﬁt [D~ D]} >0,
x
when SAt < 2 and n < 0. O

The following estimate shows that the numerical scheme (3.1) with o = 0 is [%-
stable and unconditionally stable.

ProprosITION 3.1. Letn < 0 and 8 = 0. For any v™ € Xy satisfying the linear
scheme (8.1) with a = 0, there exists C(T) > 0 such that [v"| < C(T)[v°|. Moreover,
if 3> 0 (n can be zero) we have

(Z At|D+D-uk2> < oM.

k=1

PROOF. Multiplying the numerical scheme (3.1) by v"*! we obtain

(3.12) [o" 2 4 At(Av L o) = (Tt on),
and then, using the same identity of the proof of the Lemma 3.1 with a = v**! and
b = v* and summing for k =0,...,n — 1 we have

n—1 n
0" 2 4+ o = oF P 4 248 T(AvF, 0F) = [0
k=0 k=1
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From (3.11) this last equality becomes

n2 = Rl k) + D= yk|2
P+ ALY At —x | +(B+Aw) ZAﬂD D~ v"|
k=0 k=1

— nAc Y AUD*D DM - LY At DD
k=1 k=1

(3.13) < OP+B) Atk
k=1

On the other hand, from (3.11) and (3.12) we deduce for k =0,...,N —1

At
< (1- 52) 0] < T/010),

with T' = nAt. Replacing this inequality in (3.13) we deduce

n—1 k+1 2 n
W+ At At % +(B+Ax) Y AtD* Dok
k=0 k=1

- nAxZAt\D+D Do = 23" At DD
k=1 k=1

< (1 + 5Te4T/ﬁ) 002
O

In order to obtain the unconditional stability for the nonlinear version of the
scheme, we will find a discrete estimate that is equivalent to that of (3.28) (see Propo-
sition 3.1). Let us denote by z the sequence x; = iAz. We have :

LEMMA 3.3. For all u € Xy, we have

1 1 1
5((D+ + D7 u,zu) = ZAxQ\D+u|2 - §\u|2,
A
(D*D u,zu) = —|D‘u|i—7x|D+ 2,
3 A Aq?
(D*D*D uau) = ZID7uf + Tx\D+D—u\§ - TxuﬁD—u\?,
(D"D*DTD u,zu) = |DTD uf?,
5 A
(D*D*D¥*D~D~u,zu) = —§|D_D_u|2—7x|D+D_D_u|i

1
+ A@DTD D’ - 5 [DD g

where (xu); = iAzu,;.
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Proor. Using (3.2), (3.3) and (3.4) we have
(DY +D 7 u,2u) = (D u,u)y — (u, D" u)y + Ax(u, D" u) — |u\2
+ o Az® +,12 2
= —Az(DTu,u) — |u|® = TlD ul® — |ul?,

and then we have the first identity of the Lemma. Following the same idea and
applying the identities of Lemma 3.1 is easy to prove the rest of the identities. O

PROPOSITION 3.2. Letn < 0 and 8 > 0. For any v € Xy satisfying the linear
scheme (8.1) with o = 0, there exists C(T) > 0 such that [v"|, < C(T)[v°|, and

(Z At|ka|2> < o),
k=1

SIS

(Z At|D+ka2> < C(D), if n <0 (B can be zero),

k=1

(Z At|D+kai> < C(D), if 8> 0 (n can be zero).
k=1

PROOF. We multiply the numerical scheme (3.1) with @ = 0 by zv"*!. Then,

applying Lemma 3.3, and the same identity of the proof of Lemma 3.1 with a =
VzuFtt and b = /zv*, we deduce

k41 _ )k

n—1
n2 v v
W2 Ath_OAtT

2 A(E2 n
—. k|2
m-&- (3+2 )kg_lAﬂD V"

+ (284 Az) > ADYD V2 — (5p+ Az®) Y AHDTD R
k=1 k=1

n n
— 1Az Y AYDTDD WM 4 2pA2” > AtDTDT D k|

k=1 k=1
o k2 - _
— DD = PO+ AL (R + 28D P).
k=1
Noting that |DtD~ok|2 — Az[DFD=oF2 = SN P Bk = 20k 40k )2 > 0,
and |Dt D~ D=0 — 22| DDk 2 + L [Dm DR = SN R ok 30k 4

3vk | —oF ,)? >0, and replacing this inequality, we deduce

n—1 2

W2+ ALY At

k=0

R ok

v - —, k2 - + 71—, k2
— +33 AD O+ 8 A DTD |
x k=1 k=1
— Y AYDTD TR < 02 + ) AL (1+ B) ok

k=1 k=1

Finally, using the inequalities of Proposition 3.1 and the fact that we have in a bound-
ary domain (0, L), we may conclude the proof. O
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Now, let us introduce the non-homogeneous linear scheme approximating the so-
lution of the (KdVK)y g problem :

,Un+1 o

At
The existence proof of the continuous case studied in the previous sections applies
in the discrete non-homogeneous linear case and the discrete nonlinear case for any
discretization of the non-linear part, in particular for f,, = %D‘ [u"]2 Thus, we obtain
the following result of convergence :

v +Avn+1 —_ f’n.

THEOREM 3.1. For any u™ € Xy satisfying the non-linear scheme (3.1), with
a =1, and n < 0, there exists £g > 0 such that, if At < eq, then there exists T > 0
and a constant C = C(T) > 0 (independent of At and Ax) such that :

p p
[0+ ALY DR = ALY T |IDTD TR < Clugl
p

sup
= k=0 k=0

k=0, ...,

This result means that the scheme is unconditionally stable. Let us observe that in

agreement with the gain of regularity of the (KdVK) equation, we obtain an additional

estimate respect to the analogous numerical scheme of the KdV equation, studied in
detail in [7].

4. Some numerical results

We study the re-normalized Korteweg-de Vries-Kawahara equation with initial
and boundary condition on [0, L], with L =10 :

1 1 1 1

We have taken n = —1, At = 2.5 x 107°, Az = 5 x 107%. We compute the solution
during 9600 iterations in time, that is on the time interval [0,7] with 7' = 0.24. The
initial value is

« 4o
~ cosh? (BL(z — 1/2)) T oosh? (2BL(z — 1/8))

with o = 1282 and 8 = 2. This correspond to the superposition of two solitons
with different speeds. Using, Matlab we obtain In Figure 1, we have represented the
solution at time ¢; =47/10 for i = 0,...,9.

The validity of the results can be expressed by the graph of the function ¢ —
lua(-,t)|lz2(0,), where ua is the discrete solution of the numerical scheme (see Figure
2). In theory, if the support of the solution stays in the interval (0, L), the L? norm
must be conserved. It is not rigorously the case of our simulations, but looking at the
graphs of Figures 2, we can say that it is approximately certain for the KdV equation
(n=0) : we have 0.06% of lost of the norm L? value. In the case of the simulation of
the KdV-K equation (Figure 1), we note that the first pic touch the boundary z =0
and then, we have 0.25% of lost of the norm L? value.
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FIGURE 1. Interaction of two solitons for the Korteweg-de Vries-
Kawahara equation (n = —1).
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